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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ýòîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ìû íàéäåì ôóíêöèþ Ãðèíà
îïåðàòîðà òåïëîïðîâîäíîñòè è ðàññìîòðèì ïðèìåðû ðåøåíèÿ îáîáùåííûõ
çàäà÷ Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ïîñòàíîâêà îáîáùåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè â ïðîñòðàíñòâå S ′(R× Rn) .

Ïóñòü a > 0 è îáîáùåííàÿ ôóíêöèÿ f(t, x) ∈ S ′(R× Rn) òàêîâà, ÷òî åå
íîñèòåëü ñîäåðæèòñÿ â ïîëóïðîñòðàíñòâå {(t, x) ∈ R× Rn : t > 0} .

Îïðåäåëåíèå 1 Îáîáùåííîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíî-

ñòè

ut − a2∆xu = f(t, x), t > 0, x ∈ Rn, (1)

íàçûâàþò çàäà÷ó, â êîòîðîé òðåáóåòñÿ íàéòè ðåøåíèÿ u(t, x) ∈ S ′(R× Rn)
óðàâíåíèÿ (1), ó êîòîðûõ íîñèòåëè ñîäåðæàòñÿ â ïîëóïðîñòðàíñòâå

{(t, x) ∈ R× Rn : t > 0, x ∈ Rn}
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Îïðåäåëåíèå 2 Îïåðàòîð
∂

∂t
−−a2∆x

ñòîÿùèé â ëåâîé ÷àñòè óðàâíåíèÿ (1), íàçûâàþò îïåðàòîðîì òåïëîïðîâîä-

íîñòè.
Çàìå÷àíèå 1. Êëàññè÷åñêóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîä-

íîñòè

ut − a2∆xu = f(t, x), t > 0, x ∈ Rn,

u|t=0 = u0(x).

ìîæíî ñâåñòè ê ðåøåíèþ îáîáùåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðî-
âîäíîñòè

ut − a2∆xu = f(t, x) + δ(t)u0(x)

â ñëó÷àå, êîãäà ôóíêöèè u0(x), f(x, t) ÿâëÿþòñÿ ôóíêöèÿìè ìåäëåííîãî ðî-
ñòà.

Âû÷èñëåíèå ôóíêöèè Ãðèíà äëÿ îïåðàòîðà òåïëîïðîâîäíîñòè â
ïðîñòðàíñòâå S ′(R× Rn) .

Çàäà÷à 1 Íàéòè â S ′(Rn+1) ôóíêöèþ Ãðèíà E(t, x) îïåðàòîðà òåïëîïðî-

âîäíîñòè

L =
∂

∂t
− a2∆x

óäîâëåòâîðÿþùóþ óñëîâèþ

supp E(t, x) ⊂ {(t, x) ∈ R× Rn : t > 0, x ∈ Rn}

Ðåøåíèå.
Ôóíêöèÿ E(t, x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂E
∂t
− a2∆x E = δ(t, x)

Âîçüìåì ïðåîáðàçîâàíèå Ôóðüå ïî x

∂

∂t
Fx
[
E
]
− a2

(
(−iξ1)2 + . . .+ (−iξn)2

)
Fx
[
E
]

= δ(t)
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∂

∂t
Fx
[
E
]

+ a2|ξ|2Fx
[
E
]

= δ(t)

Îáîçíà÷èì g(t, ξ) = Fx[E ](t, ξ) è äëÿ êàæäîãî ôèêñèðîâàííîãî ξ ðåøèì
óðàâíåíèå

∂g

∂t
+ a2|ξ|2g = δ(t) (2)

â S ′(R) .
Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2). Äëÿ ýòîãî ðåøèì çàäà÷ó

Êîøè

y′ + a2|ξ|2y = 0,

y(0) = 1.

è ïîëó÷èì
y = e−a

2|ξ|2t

Ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2)

g÷àñò(t, ξ) = θ(t) e−a
2|ξ|2t

Òåïåðü ðåøèì îäíîðîäíîå óðàâíåíèå

∂g

∂t
+ a2|ξ|2g = 0

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå ïî t , ïîëó÷èì

(−iτ)Ft[g] + a2|ξ|2Ft[g] = 0(
−iτ + a2|ξ|2

)
Ft[g] = 0 (3)

Ðàññìîòðèì äâà ñëó÷àÿ.

1. |ξ| > 0.

Â ýòîì ñëó÷àå äëÿ âñåõ τ ∈ R âûïîëíåíî íåðàâåíñòâî

∣∣−iτ + a2|ξ|2
∣∣ > a2|ξ|2 > 0

Ïîýòîìó óðàâíåíèå (3) èìååò òîëüêî íóëåâîå ðåøåíèå, è, ñëåäîâàòåëüíî,
óðàâíåíèå (2) èìååò åäèíñòâåííîå ðåøåíèå

g(t, ξ) = g÷àñò(t, ξ) = θ(t) e−a
2|ξ|2t
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2. ξ = 0

Ïðè ξ = 0 óðàâíåíèå (3) ïðèíèìàåò âèä

τ · Ft[g](τ) = 0

è âñå åãî ðåøåíèÿ â ïðîñòðàíñòâå S ′(R) îïèñûâàþòñÿ ôîðìóëîé

Ft[g](τ) = Cδ(τ)

Ñëåäîâàòåëüíî,

gîäí(t, 0) = F−1
[
Cδ(τ)

]
=

C

2π

è îáùåå ðåøåíèå óðàâíåíèÿ (2) èìååò âèä

g(t, 0) = g÷àñò(t, 0) + gîäí(t, 0) = θ(t) +
C

2π

Ïîñêîëüêó ïî óñëîâèþ çàäà÷è íàì íóæíî, ÷òîáû g(t, 0) = 0 ïðè t < 0 ,
òî C = 0 è ìû íàõîäèì åäèíñòâåííóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ
ýòîìó óñëîâèþ

g(t, 0) = θ(t)

Ðåçóëüòàòû êàæäîãî èç ðàññìîòðåííûõ ñëó÷àåâ 1 è 2 îïèñûâàþòñÿ îáùåé
ôîðìóëîé

g(t, ξ) = θ(t) e−a
2|ξ|2t

Ïîêàæåì, ÷òî g(t, ξ) áóäåò ðåøåíèåì óðàâíåíèÿ (2) â S ′(R× Rn) .
Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, ξ) ∈ S(R×Rn) ñïðàâåäëèâû ðàâåíñòâà

〈
gt , ϕ

〉
= −

〈
g , ϕt

〉
= −

∫
Rn+1

θ(t) e−a
2|ξ|2t ϕt dtdξ

Â ñèëó àáñîëþòíîé èíòåãðèðóåìîñòè ïîäûíòåãðàëüíîé ôóíêöèè ïîëó÷àåì

−
∫

Rn+1

θ(t) e−a
2|ξ|2t ϕt dtdξ = −

∫
Rn

dξ

+∞∫
0

e−a
2|ξ|2t ϕt dt =
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= −
∫
Rn

dξ

e−a2|ξ|2t ϕ∣∣∣+∞
0

+ a2|ξ|2
+∞∫
0

e−a
2|ξ|2t ϕdt

 =

= −
∫
Rn

dξ

−ϕ(0, ξ) + a2|ξ|2
+∞∫
0

e−a
2|ξ|2t ϕdt

 =
〈
δ(t)− a2|ξ|2g , ϕ

〉
Äîêàçàíî.

Òåïåðü íàéäåì ôóíêöèþ Ãðèíà

E(t, x) = F−1ξ [g](t, x) = F−1ξ

[
θ(t) e−a

2|ξ|2t
]

(t, x) = θ(t)F−1ξ

[
e−a

2|ξ|2t
]

(t, x)

Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, x) ∈ S(R×Rn) âûïîëíåíû ðàâåíñòâà〈
F−1ξ

[
e−a

2|ξ|2t
]
, ϕ

〉
=
〈
e−a

2|ξ|2t , F−1x [ϕ]
〉

=

=
1

(2π)n

∫
Rn+1

dtdξ

∫
Rn

e−a
2|ξ|2t e−i(ξ,x) ϕ(t, x)dx

Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ àáñîëþòíî èíòåãðèðóåìà ïî âñåì
ïåðåìåííûì, òî, ïðèìåíÿÿ òåîðåìó Ôóáèíè, ïîëó÷àåì

1

(2π)n

∫
Rn+1

dtdξ

∫
Rn

e−a
2|ξ|2t e−i(ξ,x) ϕ(t, x)dx =

=
1

(2π)n

∫
Rn+1

dtdxϕ(t, x)

∫
Rn

e−a
2|ξ|2t−i(ξ,x)dξ (4)

Âû÷èñëèì îòäåëüíî èíòåãðàë

∫
Rn

e−a
2|ξ|2t−i(ξ,x)dξ =

n∏
k=1

+∞∫
−∞

e−a
2tξ2k − iξkxk dξk =

n∏
k=1

Jk(a
2t, xk)

ãäå
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Jk(a
2t, xk) =

+∞∫
−∞

e−a
2tξ2k − iξkxk dξk =

=

+∞∫
−∞

e−a
2tξ2k cos(ξkxk) dξk − i

+∞∫
−∞

e−a
2tξ2k sin(ξkxk) dξk

Âòîðîé èíòåãðàë ðàâåí íóëþ â ñèëó íå÷åòíîñòè ïîäûíòåãðàëüíîé ôóíê-
öèè, ïîýòîìó èìååì

Jk(a
2t, xk) =

+∞∫
−∞

e−a
2tξ2k cos(ξkxk) dξk

Ïðîäèôôåðåíöèðîâàâ ôîðìàëüíî èíòåãðàë ïî xk , ïîëó÷èì

−
+∞∫
−∞

ξk e
−a2tξ2k sin(ξkxk)dξk

Ïîñêîëüêó ïðîäèôôåðåíöèðîâàííûé èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî ïî xk ,
òî (

Jk(a
2t, xk)

)′
xk

= −
+∞∫
−∞

ξk e
−a2tξ2k sin(ξkxk) dξk

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì

(
Jk(a

2t, xk)
)′
xk

=
e−a

2tξ2k

2a2t
sin(ξkxk)

∣∣∣∣∣
+∞

−∞

− xk
2a2t

+∞∫
−∞

e−a
2tξ2k cos(ξkxk) dξk =

= − xk
2a2t

Jk(a
2t, xk)

Çàìå÷àÿ, ÷òî ïðè xk = 0 èíòåãðàë Jk ïðåâðàùàåòñÿ â èíòåãðàë Ïóàññîíà

Jk(a
2t, 0) =

+∞∫
−∞

e−a
2tξ2kdξk =

√
π

a2t
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Íàéäåì Jk(a
2t, xk) , ðåøèâ çàäà÷ó Êîøè

(
Jk(a

2t, xk)
)′
xk

= − xk
2a2t

Jk(a
2t, xk) , Jk(a

2t, 0) =

√
π

a2t
,

Jk(a
2t, xk) =

√
π

a2t
e−

x2k
4a2t

Ñëåäîâàòåëüíî,∫
Rn

e−a
2|ξ|2t−i(ξ,x) dξ =

n∏
k=1

Jk(a
2t, xk) =

(√
π

a2t

)n
e−

|x|2
4a2t

Ïîäñòàâëÿÿ ïîëó÷åííûé ðåçóëüòàò â ôîðìóëó (4), íàõîäèì

〈
F−1ξ

[
e−a

2|ξ|2t
]
, ϕ

〉
=

1

(2π)n

∫
Rn+1

ϕ(t, x)

(√
π

a2t

)n
e−

|x|2
4a2t dtdx =

=
1

(2a
√
πt)n

∫
Rn+1

e−
|x|2
4a2t ϕ(t, x) dtdx =

〈
1

(2a
√
πt)n

e−
|x|2
4a2t , ϕ

〉

Îòâåò. E(t, x) =
θ(t)

(2a
√
πt)n

e−
|x|2
4a2t

Ïðèìåð ðåøåíèÿ îáîáùåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè

Çàäà÷à 2 (çàäàíèå 2.23 ã)) Â ïðîñòðàíñòâå S ′(R×R) ðåøèòü îáîáùåí-

íóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut − uxx = θ(t) θ(1− |x|)

Ðåøåíèå. Èñêîìîå ðåøåíèå áóäåò ñâåðòêîé ïðàâîé ÷àñòè óðàâíåíèÿ ñ
ôóíêöèåé Ãðèíà äëÿ îïåðàòîðà òåïëîïðîâîäíîñòè

u(t, x) =
(
θ(t) θ(1− |x|)

)
∗
(
θ(t)

2
√
πt

e−
x2

4t

)
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Ïî îïðåäåëåíèþ ñâåðòêè îáîáùåííûõ ôóíêöèé äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ(t, x) ∈ S(R × R) è ëþáîé 1-ñðåçêè η1(t, x) äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî〈(

θ(t) θ(1− |x|)
)
∗
(
θ(t)

2
√
πt

e−
x2

4t

)
, ϕ(t, x)

〉
=

= lim
R→+∞

〈
θ(t) θ(1− |x|) , η1

(
t

R
,
x

R

)〈
θ(τ)

2
√
πτ

e−
y2

4τ , ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

∫
R2

dx dt θ(t) θ(1− |x|) η1
(
t

R
,
x

R

)∫
R2

θ(τ)

2
√
πτ

e−
y2

4τ ϕ(t+ τ, x+ y) dτdy

Ñäåëàâ âî âíóòðåííåì èíòåãðàëå çàìåíó ïåðåìåííûõ{
s = t+ τ,

z = x+ y,
|J | = 1,

ïîëó÷èì

lim
R→+∞

∫
R2

dx dt θ(t) θ(1− |x|) η1
(
t

R
,
x

R

)∫
R2

θ(s− t)
2
√
π(s− t)

e
− (z−x)2

4(s−t) ϕ(s, z) dsdz

(5)
Îöåíèì ïîäûíòåãðàëüíóþ ôóíêöèþ. Äëÿ ýòîãî, âîñïîëüçîâàâøèñü îãðà-

íè÷åííîñòüþ 1-ñðåçêè è ñâîéñòâàìè ôóíêöèè ϕ(s, z) ∈ S(R× R) , ïîëó÷àåì,
÷òî ∃M > 0 ∃A > 0 òàêèå, ÷òî∣∣∣∣ η1( t

R
,
x

R

)∣∣∣∣ 6M

|ϕ(s, z)| 6 A

(1 + s2)2(1 + z2)

Êðîìå òîãî, çàìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ôîðìóëå (5) ìîæåò
áûòü îòëè÷íà îò íóëÿ ëèøü ïðè 0 < t < s , ïîýòîìó∣∣∣∣∣ θ(t) θ(1− |x|) η1

(
t

R
,
x

R

)
θ(s− t)

2
√
π(s− t)

e
− (z−x)2

4(s−t) ϕ(s, z)

∣∣∣∣∣ 6
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6
M · A · θ(1− |x|)
(1 + s2)2(1 + z2)

6
M · A · θ(1− |x|)

(1 + s2)(1 + t2)(1 + z2)

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî
èíòåãðèðóåìîé ôóíêöèåé ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (5) ìîæíî
ïðèìåíèòü è òåîðåìó Ôóáèíè, è òåîðåìó îá îãðàíè÷åííîé ñõîäèìîñòè. Òàêèì
îáðàçîì,

lim
R→+∞

∫
R2

dx dt θ(t) θ(1− |x|) η1
(
t

R
,
x

R

)∫
R2

θ(s− t)
2
√
π(s− t)

e
− (z−x)2

4(s−t) ϕ(s, z) dsdz =

= lim
R→+∞

∫
R4

θ(t) θ(1− |x|) η1
(
t

R
,
x

R

)
θ(s− t)

2
√
π(s− t)

e
− (z−x)2

4(s−t) ϕ(s, z) ds dt dx dz =

=

∫
R4

θ(t) θ(1− |x|) θ(s− t)
2
√
π(s− t)

e
− (z−x)2

4(s−t) ϕ(s, z) ds dt dx dz =

=

∫
R2

dsdz θ(s)ϕ(s, z)

s∫
0

dt

1∫
−1

1

2
√
π(s− t)

e
− (z−x)2

4(s−t) dx

Ïîñëå çàìåíû ïåðåìåííîé âî âíóòðåííåì èíòåãðàëå

v =
x− z√
2(s− t)

, dv =
dx√

2(s− t)
ïîëó÷àåì

∫
R2

dsdz θ(s)ϕ(s, z)

s∫
0

dt

1−z√
2(s−t)∫

−1−z√
2(s−t)

1√
2π

e−
v2

2 dv =

=

∫
R2

dsdz θ(s)ϕ(s, z)

s∫
0

(
Φ0

(
1− z√
2(s− t)

)
− Φ0

(
−1− z√
2(s− t)

))
dt
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ãäå ôóíêöèÿ

Φ0(x) =
1√
2π

x∫
0

e−
t2

2 dt

êàê ìû ïîìíèì èç êóðñà òåîðèè âåðîÿòíîñòåé, íîñèò íàçâàíèå ôóíêöèè Ëà-
ïëàñà.

Òàêèì îáðàçîì, ìû âû÷èñëèëè, ÷òî〈(
θ(t) θ(1− |x|)

)
∗
(
θ(t)

2
√
πt

e−
x2

4t

)
, ϕ(t, x)

〉
=

=

∫
R2

dsdz θ(s)ϕ(s, z)

s∫
0

(
Φ0

(
1− z√
2(s− t)

)
− Φ0

(
−1− z√
2(s− t)

))
dt

Îòâåò. (
θ(t)θ(1− |x|)

)
∗
(
θ(t)

2
√
πt

e−
x2

4t

)
=

= θ(s)

s∫
0

(
Φ0

(
1− z√
2(s− t)

)
− Φ0

(
−1− z√
2(s− t)

))
dt

ãäå Φ0(x) - ôóíêöèÿ Ëàïëàñà.

Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ îáîáùåííîé çàäà÷åé
Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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