
Îáîáùåííûå ðåøåíèÿ óðàâíåíèé Ïóàññîíà è

Ãåëüìãîëüöà â S ′(R3). Ïðèìåðû ðåøåíèÿ çàäà÷

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ðàññìàòðèâàþòñÿ ìåòîäû
ðåøåíèÿ óðàâíåíèé Ïóàññîíà

∆u(x) = f(x)

è Ãåëüìãîëüöà
∆u(x)− a2u(x) = f(x)

â ïðîñòðàíñòâå S ′(R3).

Âû÷èñëåíèå ôóíêöèé Ãðèíà äëÿ îïåðàòîðîâ Ãåëüìãîëüöà è
Ëàïëàñà â ïðîñòðàíñòâå S ′(R3) .

Çàäà÷à 1 (çàäàíèå 2.7) Ïóñòü a > 0 .

1. Äîêàçàòü, ÷òî îïåðàòîð Ãåëüìãîëüöà

∆− a2

èìååò â ïðîñòðàíñòâå S ′(R3) åäèíñòâåííóþ ôóíêöèþ Ãðèíà Ea(x) .

2. Âû÷èñëèòü Ea(x) ∈ S ′(R3) è íàéòè â S ′(R3) åå ïðåäåë E0(x)
ïðè a→ +0 .
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3. Äîêàçàòü, ÷òî E0(x) � ôóíêöèÿ Ãðèíà îïåðàòîðà Ëàïëàñà â S ′(R3) .

Ðåøåíèå.
1. Ôóíêöèÿ Ãðèíà Ea(x) îïåðàòîðà Ãåëüìãîëüöà ÿâëÿåòñÿ ðåøåíèåì óðàâ-

íåíèÿ

∆ Ea(x)− a2Ea(x) = δ(x)

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ýòîãî óðàâíåíèÿ, ïîëó÷èì(
(−iy1)2 + (−iy2)2 + (−iy3)2

)
F
[
Ea
]
(y)− a2F

[
Ea
]
(y) = 1

(
−|y|2 − a2

)
F
[
Ea
]
(y) = 1 (1)

Ïîñêîëüêó äëÿ ëþáîãî y ∈ R3 âûïîëíåíî íåðàâåíñòâî∣∣∣−|y|2 − a2∣∣∣ > a2 > 0

òî ðåøåíèå óðàâíåíèå (1) åäèíñòâåííî è èìååò âèä

F
[
Ea
]
(y) = − 1

|y|2 + a2

Òàêèì îáðàçîì, äîêàçàíî, ÷òî îïåðàòîð Ãåëüìãîëüöà èìååò â ïðîñòðàíñòâå
S ′(R3) åäèíñòâåííóþ ôóíêöèþ Ãðèíà Ea(x) .

2. Ïîñêîëüêó

Ea(x) = −F−1
[

1

|y|2 + a2

]
òî äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(y) ∈ S(R3) âûïîëíåíû ðàâåíñòâà

〈
Ea(x) , ϕ(x)

〉
= −

〈
F−1

[
1

|y|2 + a2

]
, ϕ(x)

〉
= −

〈
1

|y|2 + a2
, F−1 [ϕ(x)]

〉
=

= −
∫
R3

dy

|y|2 + a2
F−1 [ϕ(x)] = − 1

(2π)3

∫
R3

dy

∫
R3

1

|y|2 + a2
e−i(x,y) ϕ(x) dx (2)

Çàìåòèì, ÷òî â ïðîñòðàíñòâå R3 ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå ÿâëÿåòñÿ
àáñîëþòíî èíòåãðèðóåìîé ïî y , è ñðàçó ïðèìåíÿòü òåîðåìó Ôóáèíè íåëüçÿ.
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Ïîýòîìó, âîñïîëüçîâàâøèñü ñõîäèìîñòüþ èíòåãðàëà â ïðàâîé ÷àñòè ôîðìóëû
(2), ïåðåïèøåì ïðàâóþ ÷àñòü â äðóãîì âèäå

− 1

(2π)3

∫
R3

dy

∫
R3

1

|y|2 + a2
e−i(x,y) ϕ(x) dx =

= − 1

(2π)3
lim

R→+∞

∫
|y|<R

dy

∫
R3

1

|y|2 + a2
e−i(x,y) ϕ(x) dx

Òåïåðü, ïðèìåíÿÿ òåîðåìó Ôóáèíè, ïîëó÷àåì

− 1

(2π)3
lim

R→+∞

∫
|y|<R

dy

∫
R3

1

|y|2 + a2
e−i(x,y) ϕ(x) dx =

= − 1

(2π)3
lim

R→+∞

∫
R3

dxϕ(x)

∫
|y|<R

1

|y|2 + a2
e−i(x,y) dy (3)

Âû÷èñëèì îòäåëüíî âíóòðåííèé èíòåãðàë èç ôîðìóëû (3)∫
|y|<R

1

|y|2 + a2
e−i(x,y) dy

Äëÿ ýòîãî ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, âûáðàâ â êà÷åñòâå óãëà θ

óãîë ìåæäó íàïðàâëåíèÿìè âåêòîðîâ y è x , à â êà÷åñòâå óãëà ψ óãîë ñ
ïðîèçâîëüíî âûáðàííûì ôèêñèðîâàííûì íàïðàâëåíèåì â ïëîñêîñòè, ïåðïåí-
äèêóëÿðíîé x . Òîãäà

(x, y) = r|x| cos θ, |J | = r2 sin θ,

è èíòåãðàë (3) ìîæíî ïðåîáðàçîâàòü

∫
|y|<R

1

|y|2 + a2
e−i(x,y) dy =

2π∫
0

dψ

R∫
0

dr

π∫
0

e−ir|x| cos θr2 sin θ

r2 + a2
dθ =

=
2π

|x|

R∫
0

e−ir|x| cos θr

i(r2 + a2)

∣∣∣∣π
0

dr =
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=
2π

|x|

R∫
0

r
(
eir|x| − e−ir|x|

)
i(r2 + a2)

dr =
4π

|x|

R∫
0

r sin
(
r|x|
)

r2 + a2
dr

Ïîäñòàâèì ïîëó÷åííûé ðåçóëüòàò â ôîðìóëó

− 1

(2π)3
lim

R→+∞

∫
R3

dxϕ(x)

∫
|y|<R

1

|y|2 + a2
e−i(x,y) dy =

= − 1

2π2
lim

R→+∞

∫
R3

dx
ϕ(x)

|x|

R∫
0

r sin
(
r|x|
)

r2 + a2
dr (4)

Äîêàæåì, ÷òî ê èíòåãðàëó (4) ìîæíî ïðèìåíèòü òåîðåìó Ëåáåãà îá îãðà-
íè÷åííîé ñõîäèìîñòè. Äëÿ ýòîãî ïîëó÷èì îöåíêó ìîäóëÿ èíòåãðàëà

I(R, |x|) =

R∫
0

r sin
(
r|x|
)

r2 + a2
dr =

1

2

R∫
−R

r sin
(
r|x|
)

r2 + a2
dr =

1

2
Im

 R∫
−R

rei|x|r

r2 + a2
dr


íå çàâèñÿùóþ îò R è x , èñïîëüçóÿ ìåòîäû ÒÔÊÏ.

Îáîçíà÷èì

f(z) =
zei|x|z

(z + ia)(z − ia)
;
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IR = {Im z = 0, Re z ∈ [−R,R]};

CR = {|z| = R, Imz > 0}

è ðàññìîòðèì íà êîìïëåêñíîé ïëîñêîñòè îðèåíòèðîâàííûé ïðîòèâ ÷àñîâîé
ñòðåëêè çàìêíóòûé êîíòóð

γR = IR ∪ CR,

ñîñòîÿùèé èç îòðåçêà IR íà äåéñòâèòåëüíîé îñè è ïîëóîêðóæíîñòè CR â âåðõ-
íåé ïîëóïëîñêîñòè.

Ïîñêîëüêó åäèíñòâåííîé îñîáîé òî÷êîé â âåðõíåé ïîëóïëîñêîñòè ó ôóíê-
öèè f(z) ÿâëÿåòñÿ ïîëþñ ïåðâîãî ïîðÿäêà z0 = ia , òî, êàê ìû çíàåì èç
ÒÔÊÏ, ïðè R > a

∮
γR

f(z)dz = 2πi res
z=ia

f(z) = 2πi res
z=ia

zei|x|z

(z + ia)(z − ia)
= 2πi

iae−a|x|

2ia
= πi e−a|x|

Ïðè R > a
√

2 îöåíèì ìîäóëü èíòåãðàëà

∣∣∣∣∣∣
∫
IR

f(z)dz

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∮
γR

f(z)dz −
∫
CR

f(z)dz

∣∣∣∣∣∣ 6
∣∣∣∣∣∣
∮
γR

f(z)dz

∣∣∣∣∣∣+

∣∣∣∣∣∣
∫
CR

f(z)dz

∣∣∣∣∣∣ 6
6
∣∣∣ πi e−a|x| ∣∣∣+ πR max

CR

∣∣f(z)
∣∣ 6 π + πR max

CR

∣∣∣∣ zei|x|z

z2 + a2

∣∣∣∣ 6
6 π + πR2 max

CR

1

|z2 + a2|
6 π + πR2 max

CR

1

|z|2 − a2
=

= π +
πR2

R2 − a2
= 2π +

πa2

R2 − a2
< 3π

Ñëåäîâàòåëüíî,

∣∣∣∣ I(R, |x|) ∣∣∣∣ =
1

2

∣∣∣∣∣∣ Im
 R∫
−R

rei|x|r

r2 + a2
dr

∣∣∣∣∣∣ =
1

2

∣∣∣∣∣∣ Im
 ∫

IR

f(z)dz

∣∣∣∣∣∣ 6
5



6
1

2

∣∣∣∣∣∣
∫
IR

f(z)dz

∣∣∣∣∣∣ 6 3π

2

Êðîìå òîãî, â ñèëó ëåììû Æîðäàíà∫
CR

zei|x|z

z2 + a2
dz → 0 ïðè R→ +∞ ,

ïîýòîìó

lim
R→+∞

I
(
R, |x|

)
=

1

2
lim

R→+∞
Im

 R∫
−R

rei|x|r

r2 + a2
dr

 =
1

2
lim

R→+∞
Im

∮
γR

f(z)dz

 =

=
1

2
lim

R→+∞
Im
(
πi e−a|x|

)
=
π

2
e−a|x|

Æåëàåìàÿ îöåíêà ïîëó÷åíà, è ìû ìîæåì ïðèìåíèòü òåîðåìó Ëåáåãà îá
îãðàíè÷åííîé ñõîäèìîñòè ê èíòåãðàëó (4)

− 1

2π2
lim

R→+∞

∫
R3

dx
ϕ(x)

|x|

R∫
0

r sin
(
r|x|
)

r2 + a2
dr = − 1

4π

∫
R3

e−a|x|

|x|
ϕ(x) dx

Òàêèì îáðàçîì, 〈
Ea(x) , ϕ(x)

〉
=

〈
−e
−a|x|

4π|x|
, ϕ(x)

〉
Ñëåäîâàòåëüíî, ôóíêöèÿ Ãðèíà îïåðàòîðà Ãåëüìãîëüöà èìååò âèä

Ea(x) = −e
−a|x|

4π|x|
Òåïåðü íàéäåì ïðåäåë

lim
a→+0

Ea(x)
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â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé S ′(R3) . Äëÿ ýòîãî ðàññìîòðèì äåéñòâèå
ïðåäåëà íà ïðîèçîëüíóþ îñíîâíóþ ôóíêöèþ ϕ ∈ S(R3)

〈
lim
a→+0

Ea(x) , ϕ(x)

〉
= lim

a→+0

〈
Ea(x) , ϕ(x)

〉
= lim

a→+0

〈
−e
−a|x|

4π|x|
, ϕ(x)

〉
=

= − lim
a→+0

∫
R3

e−a|x|

4π|x|
ϕ(x) dx (5)

Äëÿ ïðîèçâîëüíîé îñíîâíîé ôóíêöèè ϕ ∈ S(R3) ñóùåñòâóåò êîíñòàíòà
A > 0 òàêàÿ, ÷òî âûïîëíåíû íåðàâåíñòâà∣∣∣∣e−a|x|4π|x|

ϕ(x)

∣∣∣∣ 6 |ϕ(x)|
4π|x|

6
A

4π|x| (1 + |x|4)
Ïîýòîìó ê èíòåãðàëó (5) ìîæíî ïðèìåíèòü òåîðåìó Ëåáåãà îá îãðàíè÷åí-

íîé ñõîäèìîñòè

− lim
a→+0

∫
R3

e−a|x|

4π|x|
ϕ(x) dx = −

∫
R3

1

4π|x|
ϕ(x) dx =

〈
− 1

4π|x|
, ϕ(x)

〉
Ñëåäîâàòåëüíî,

lim
a→+0

Ea(x) = − 1

4π|x|
= E0(x)

3. Äîêàæåì, ÷òî E0(x) � ôóíêöèÿ Ãðèíà îïåðàòîðà Ëàïëàñà â ïðîñòðàí-
ñòâå ϕ ∈ S(R3) .

Èç ðåøåíèÿ çàäàíèÿ 1.17 á) ñëåäóåò ôîðìóëà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå
îáîáùåííîé ôóíêöèè

F
[
E0(x)

]
(y) = F

[
− 1

4π|x|

]
(y) = − 1

|y|2

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî çàíÿòèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîáùåí-
íûõ ôóíêöèé â ìíîãîìåðíîì ñëó÷àå¿).

Äëÿ òîãî, ÷òîáû äîêàçàòü, ÷òî ôóíêöèÿ E0(x) ÿâëÿåòñÿ ðåøåíèåì óðàâ-
íåíèÿ

∆ E = δ(x) (6)
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âîçüìåì ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ðàâåíñòâà (6)(
(−iy1)2 + (−iy2)2 + (−iy3)2

)
F
[
E
]
(y) = 1

−|y|2F
[
E
]
(y) = 1 (7)

Ëåãêî âèäåòü, ÷òî ïðåîáðàçîâàíèå Ôóðüå F
[
E0(x)

]
ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (7).
Ñëåäîâàòåëüíî, ñàìà ôóíêöèÿ F

[
E0(x)

]
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

(6), ò.å. ôóíêöèåé Ãðèíà òðåõìåðíîãî îïåðàòîðà Ëàïëàñà
Äîêàçàíî.

Ñâîéñòâà îáîáùåííûõ ðåøåíèé óðàâíåíèé Ãåëüìãîëüöà è
Ïóàññîíà â ïðîñòðàíñòâå S ′(R3) .

Ñâîéñòâî 1. Ñâåðòêà f ∗E0 ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ
Ïóàññîíà

∆u = f (8)

Ñâîéñòâî 2. Ñâåðòêà f ∗Ea ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ
Ãåëüìãîëüöà

∆u− a2u = f (9)

Ñâîéñòâî 3. Äëÿ ëþáîé àáñîëþòíî èíòåãðèðóåìîé ôóíêöèè f(x) ñó-
ùåñòâóåò ñâåðòêà f ∗ E0 ðåãóëÿðíîãî ôóíêöèîíàëà f(x) è ôóíêöèè Ãðèíà
îïåðàòîðà Ëàïëàñà E0 , êîòîðàÿ âû÷èñëÿåòñÿ ïî ôîðìóëå

f(x) ∗ E0(x) = f(x) ∗
(
− 1

4π|x|

)
= − 1

4π

∫
R3

f(y)

|x− y|
dy (10)

Ýòó ñâåðòêó íàçûâàþò îáúåìíûì ïîòåíöèàëîì ñ ïëîòíîñòüþ f(x) .

Ïîèñê îáîáùåííûõ ðåøåíèé óðàâíåíèé Ãåëüìãîëüöà è Ïóàññîíà â
ïðîñòðàíñòâå S ′(R3) .

Íà÷íåì ñ çàäà÷è èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ 2018/2019
ó÷åáíîãî ãîäà.
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Çàäà÷à 2 Äîêàçàòü, ÷òî äëÿ ëþáîãî ε > 0 â ïðîñòðàíñòâå S ′(R3) óðàâ-

íåíèå

∆u(x) = εu(x) + θ
(

2− |x|
)
|x|−

4
3 , x ∈ R3

èìååò åäèíñòâåííîå ðåøåíèå uε(x) ∈ S ′(R3) , è íàéòè ïðåäåë

u0(x) = lim
ε→+0

uε(x)

â ïðîñòðàíñòâå S ′(R3)

Ðåøåíèå. Çàìåòèì, ÷òî äàííîå â çàäà÷å óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì
Ãåëüìãîëüöà ñ a =

√
ε , çàïèñûâàÿ ýòî óðàâíåíèå â âèäå

∆u(x)− (
√
ε)2u(x) = θ

(
2− |x|

)
|x|−

4
3 (11)

Ïîñêîëüêó, êàê ìû âèäåëè â çàäà÷å 1, îäíîðîäíîå óðàâíåíèå

∆u(x)− (
√
ε)2u(x) = 0

èìååò òîëüêî íóëåâîå ðåøåíèå â ïðîñòðàíñòâå S ′(R3) , òî åäèíñòâåííûì ðåøå-
íèåì óðàâíåíèÿ (11) áóäåò ñâåðòêà ïðàâîé ÷àñòè óðàâíåíèÿ (11) ñ ôóíêöèåé
Ãðèíà îïåðàòîðà Ãåëüìãîëüöà

uε(x) =

(
θ
(

2− |x|
)
|x|−

4
3

)
∗
(
−e
−
√
ε|x|

4π|x|

)
Â ñèëó ôèíèòíîñòè ôóíêöèè

θ
(

2− |x|
)
|x|−

4
3

ýòà ñâåðòêà ñóùåñòâóåò äëÿ ëþáîãî ε > 0 .
Íàéäåì ïðåäåë

u0(x) = lim
ε→+0

uε(x)

â ïðîñòðàíñòâå S ′(R3)
Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R3) ïîëó÷àåì

〈
u0(x) , ϕ(x)

〉
=

〈
lim
ε→+0

uε(x) , ϕ(x)

〉
= lim

ε→+0

〈
uε(x) , ϕ(x)

〉
=
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= lim
ε→+0

〈(
θ
(

2− |x|
)
|x|−

4
3

)
∗
(
−e
−
√
ε|x|

4π|x|

)
, ϕ(x)

〉
=

= lim
ε→+0

lim
R→+∞

〈
θ
(

2− |x|
)
|x|−

4
3 , η1

( x
R

)〈
−e
−
√
ε|y|

4π|y|
, ϕ(x+ y)

〉〉
=

= − lim
ε→+0

lim
R→+∞

∫
|x|<2

dx |x|−
4
3 η1

( x
R

)∫
R3

e−
√
ε|y|

4π|y|
ϕ(x+ y) dy

Ñäåëàâ çàìåíó ïåðåìåííîé

z = x+ y

âî âíóòðåííåì èíòåãðàëå, íàõîäèì

− lim
ε→+0

lim
R→+∞

∫
|x|<2

dx |x|−
4
3 η1

( x
R

)∫
R3

e−
√
ε|y|

4π|y|
ϕ(x+ y) dy =

= − lim
ε→+0

lim
R→+∞

∫
|x|<2

dx |x|−
4
3 η1

( x
R

)∫
R3

e−
√
ε|z−x|

4π|z − x|
ϕ(z) dz =

= − lim
ε→+0

lim
R→+∞

 ∫
|x|<2

dx

∫
|z|<3

|x|−
4
3 η1

( x
R

) e−
√
ε|z−x|

4π|z − x|
ϕ(z) dz+

+

∫
|x|<2

dx

∫
|z|>3

|x|−
4
3 η1

( x
R

) e−
√
ε|z−x|

4π|z − x|
ϕ(z) dz

 =

Ðàññìîòðèì èíòåãðàë

− lim
ε→+0

lim
R→+∞

∫
|x|<2

dx

∫
|z|<3

|x|−
4
3 η1

( x
R

) e−
√
ε|z−x|

4π|z − x|
ϕ(z) dz (12)

Â ñèëó îãðàíè÷åííîñòè 1-ñðåçêè
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∣∣∣∣ η1 ( xR)
∣∣∣∣ 6M

âûïîëíåíà îöåíêà ñâåðõó, íå çàâèñÿùàÿ îò R è îò ε è àáñîëþòíî èíòåãðè-
ðóåìàÿ ïî âñåì ïåðåìåííûì∣∣∣∣∣ θ(2− |x|

)
θ
(

3− |z|
)
|x|−

4
3 η1

( x
R

) e−√ε |z−x|
4π|z − x|

ϕ(z)

∣∣∣∣∣ 6
6M |x|−

4
3

∣∣ϕ(z)
∣∣ θ(2− |x|

)
θ
(

3− |z|
)

4π|z − x|
Ïîýòîìó ê èíòåãðàëó (12) ìîæíî ïðèìåíèòü òåîðåìó Ôóáèíè è òåîðåìó

Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè

− lim
ε→+0

lim
R→+∞

∫
|x|<2

dx

∫
|z|<3

|x|−
4
3 η1

( x
R

) e−√ε |z−x|
4π|z − x|

ϕ(z) dz =

= −
∫
|z|<3

dz ϕ(z)

∫
|x|<2

|x|− 4
3

4π|z − x|
dx (13)

Òåïåðü ðàññìîòðèì èíòåãðàë

lim
ε→+0

lim
R→+∞

∫
|x|<2

dx

∫
|z|>3

|x|−
4
3 η1

( x
R

) e−√ε |z−x|
4π|z − x|

ϕ(z) dz (14)

è îöåíèì ïîäûíòåãðàëüíóþ ôóíêöèþ∣∣∣∣∣ θ(2− |x|
)
θ
(
|z| − 3

)
|x|−

4
3 η1

( x
R

) e−√ε |z−x|
4π|z − x|

ϕ(z)

∣∣∣∣∣ 6
6 θ
(
|z| − 3

)
θ
(

2− |x|
)M |x|− 4

3 |ϕ(z)|
4π
(
|z| − |x|

) 6 θ
(

2− |x|
) M |x|− 4

3A

4π
(

1 + |z|4
)

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è îò ε è àáñîëþòíî èíòå-
ãðèðóåìà ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (14) ìîæíî ïðèìåíèòü òåîðåìó
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Ôóáèíè è òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè, ñëåäñòâèåì êîòîðûõ
ÿâëÿåòñÿ ðàâåíñòâî

− lim
ε→+0

lim
R→+∞

∫
|x|<2

dx

∫
|z|>3

|x|−
4
3 η1

( x
R

) e−√ε |z−x|
4π|z − x|

ϕ(z) dz =

= −
∫
|z|>3

dz ϕ(z)

∫
|x|<2

|x|− 4
3

4π|z − x|
dx (15)

Ñêëàäûâàÿ èíòåãðàëû (13) è (15), îêîí÷àòåëüíî ïîëó÷àåì

〈
u0(x), ϕ(x)

〉
= −

∫
R3

dz ϕ(z)

∫
|x|<2

|x|− 4
3

4π|z − x|
dx (16)

Ïîýòîìó

u0(z) = −
∫
|x|<2

|x|− 4
3

4π|z − x|
dx

è ìû ïåðåõîäèì ê âû÷èñëåíèþ ýòîãî èíòåãðàëà.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà èñïîëüçóåì ñôåðè÷åñêèå êîîðäèíàòû, âûáðàâ

â êà÷åñòâå óãëà θ óãîë ìåæäó íàïðàâëåíèÿìè âåêòîðîâ z è x , à â êà÷å-
ñòâå óãëà ψ óãîë ñ ïðîèçâîëüíî âûáðàííûì ôèêñèðîâàííûì íàïðàâëåíèåì
â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé z . Êðîìå òîãî, çàïèñûâàÿ ìîäóëü ðàçíîñòè
âåêòîðîâ z è x ïî òåîðåìå êîñèíóñîâ

|z − x| =
√
|z|2 + |x|2 − 2|z||x| cos θ

ïîëó÷àåì

∫
|x|<2

|x|− 4
3

4π|z − x|
dx =

2∫
0

dr

2π∫
0

dψ

π∫
0

r−
4
3 r2 sin θ

4π
√
|z|2 + r2 − 2|z|r cos θ

dθ =

=
1

2

2∫
0

dr r
2
3

π∫
0

sin θ√
|z|2 + r2 − 2|z|r cos θ

dθ =

12



=
1

2

2∫
0

r
2
3

√
|z|2 + r2 − 2|z|r cos θ

|z|r

∣∣∣∣∣
π

0

dr =

=
1

2|z|

2∫
0

r−
1
3

((
|z|+ r

)
−
∣∣∣|z| − r∣∣∣) dr =

=
1

2|z|



2∫
0

r−
1
3

(
|z|+ r − |z|+ r

)
dr, |z| > 2,

|z|∫
0

r−
1
3

(
|z|+ r − |z|+ r

)
dr +

2∫
|z|

r−
1
3

(
|z|+ r + |z| − r

)
dr, |z| 6 2,

=

=
1

2|z|



2

2∫
0

r
2
3 dr, |z| > 2,

2

|z|∫
0

r
2
3 dr + 2|z|

2∫
|z|

r−
1
3 dr, |z| 6 2,

=

=
1

2|z|


6 · 2 5

3

5
, |z| > 2,

6 · |z| 53
5

+ 3|z|
(

2
2
3 − |z|

2
3

)
, |z| 6 2,

=

=


6 · 2 2

3

5|z|
, |z| > 2,

3 · |z| 23
5

+
3

2
· 2

2
3 − 3

2
|z|

2
3 , |z| 6 2,

=


6 · 2 2

3

5|z|
, |z| > 2,

−9 · |z| 23
10

+
3

2
· 2

2
3 , |z| 6 2,

=

=
6 · 2 2

3

5|z|
θ
(
|z| − 2

)
+

(
−9 · |z| 23

10
+

3

2
· 2

2
3

)
θ(2− |z|)
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Îòâåò.

u0(x) = −6 · 2 2
3

5|z|
θ
(
|z| − 2

)
+

(
9 · |z| 23

10
− 3

2
· 2

2
3

)
θ(2− |z|)

Ðåøèì åùå îäíó çàäà÷ó, â êîòîðîé èñïîëüçóåòñÿ ôîðìóëà äëÿ îáúåìíîãî
ïîòåíöèàëà.

Çàäà÷à 3 (çàäàíèå 2.8 (á)) Ïóñòü a > 0 . Íàéòè îáîáùåííîå ðåøåíèå

u(x) ∈ S ′(R3) óðàâíåíèÿ Ïóàñññîíà

∆u(x) =
θ
(
|x| − a

)
|x|4

(17)

Ðåøåíèå. Îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (17) áóäåò ñâåðòêà ïðàâîé
÷àñòè óðàâíåíèÿ (17) ñ ôóíêöèåé Ãðèíà îïåðàòîðà Ëàïëàñà

u(x) =
θ
(
|x| − a

)
|x|4

∗
(
− 1

4π|x|

)
Âîñïîëüçîâàâøèñü ôîðìóëîé (10), ïîëó÷àåì

u(x) = −
∫
R3

θ
(
|y| − a

)
4π|x− y||y|4

dy = −
∫
|y|>a

1

4π|x− y||y|4
dy

Äëÿ âû÷èñëåíèÿ ýòîãî èíòåãðàëà ïåðåõîäèì ê ñôåðè÷åñêèì êîîðäèíàòàì,
âûáðàâ â êà÷åñòâå óãëà θ óãîë ìåæäó íàïðàâëåíèÿìè âåêòîðîâ y è x , à â êà-
÷åñòâå óãëà ψ óãîë ñ ïðîèçâîëüíî âûáðàííûì ôèêñèðîâàííûì íàïðàâëåíèåì
â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé y . Çàïèñûâàÿ ìîäóëü ðàçíîñòè âåêòîðîâ y
è x ïî òåîðåìå êîñèíóñîâ

|y − x| =
√
|y|2 + |x|2 − 2|y||x| cos θ

ïîëó÷àåì

∫
|y|>a

1

4π|x− y||y|4
dy =

+∞∫
a

dr

2π∫
0

dψ

π∫
0

r2 sin θ

4πr4
√
|x|2 + r2 − 2|x|r cos θ

dθ =

14



=
1

2

+∞∫
a

dr

r2

π∫
0

sin θ√
|x|2 + r2 − 2|x|r cos θ

dθ =
1

2

+∞∫
a

√
|x|2 + r2 − 2|x|r cos θ

|x|r

∣∣∣∣∣
π

0

dr

r2
=

=
1

2|x|

+∞∫
a

1

r3

((
|x|+ r

)
−
∣∣∣|x| − r∣∣∣) dr =

=
1

2|x|



+∞∫
a

1

r3

(
|x|+ r + |x| − r

)
dr, |x| < a,

|x|∫
a

1

r3

(
|x|+ r − |x|+ r

)
dr +

+∞∫
|x|

1

r3

(
|x|+ r + |x| − r

)
dr, |x| > a,

=

=
1

2|x|



2|x|
+∞∫
a

1

r3
dr, |x| < a,

2

|x|∫
a

1

r2
dr + 2|x|

+∞∫
|x|

1

r3
dr, |x| > a,

=

=
1

2|x|


|x|
a2
, |x| < a,

− 2

|x|
+

2

a
+

1

|x|
, |x| > a,

=


1

2a2
, |x| < a,

1

a|x|
− 1

2|x|2
, |x| > a,

=

=
1

2a2
θ
(
a− |x|

)
+

(
1

a|x|
− 1

2|x|2

)
θ
(
|x| − a

)
Îòâåò.

u(x) = − 1

2a2
θ
(
a− |x|

)
+

(
− 1

a|x|
+

1

2|x|2

)
θ
(
|x| − a

)
15



Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ îáîáùåííûìè ðå-
øåíèÿìè óðàâíåíèé Ãåëüìãîëüöà è Ïóàññîíà.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!

16


