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ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ìû ïðîäîëæàåì èçó÷åíèå ïðîñòðàíñòâà îáîáùåííûõ
ôóíêöèé S ′(R).

Íàøåé öåëüþ ÿâëÿåòñÿ ïîèñê îáùèõ ðåøåíèé ëèíåéíûõ óðàâíåíèé âèäà

P (x)f(x) = 0 ,

ãäå P (x) � çàäàííûé ìíîãî÷ëåí, à f(x) � íåèçâåñòíàÿ îáîáùåííàÿ ôóíêöèÿ
èç ïðîñòðàíñòâà S ′(R) .

Ïðèâåäåì ñíà÷àëà íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ.

Îïðåäåëåíèå 1 Ôóíêöèþ
h : R→ C

íàçûâàþò ôèíèòíîé, åñëè ñóùåñòâóåò òàêîé îòðåçîê [−A,A] , ÷òî
h(x) = 0 äëÿ âñåõ x /∈ [−A,A].

Îïðåäåëåíèå 2 Íîñèòåëåì ôóíêöèè

h : R→ C

íàçûâàþò çàìûêàíèå ìíîæåñòâà òåõ òî÷åê, â êîòîðûõ ôóíêöèÿ îòëè÷íà
îò íóëÿ, ò.å.
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supph = {x ∈ R : h(x) 6= 0}
Èç îïðåäåëåíèÿ 1 ñëåäóåò, ÷òî íîñèòåëü ôèíèòíîé ôóíêöèè îãðàíè÷åí.

Îïðåäåëåíèå 3 Áåñêîíå÷íî äèôôåðåíöèðóåìóþ ôèíèòíóþ ôóíêöèþ ηR(x)
íàçûâàþò R-ñðåçêîé, åñëè ηR(x) = 1 äëÿ âñåõ x ∈ [−R,R].

Óòâåðæäåíèå 1 Äëÿ ëþáîé ïàðû ÷èñåë R è r òàêèõ, ÷òî 0 < R <
r, ñóùåñòâóåò R-ñðåçêà (ðèñ.1), óäîâëåòâîðÿþùàÿ äëÿ âñåõ x ∈ [−r, r]
íåðàâåíñòâó

0 6 ηR(x) 6 1 ,

íîñèòåëü êîòîðîé ñîäåðæèòñÿ â îòðåçêå [−r, r].

Ðèñ.1

Óòâåðæäåíèå 1 áóäåò äîêàçàíî íà ëåêöèÿõ.
Êðîìå òîãî, äëÿ ðåøåíèÿ çàäà÷ íàì ïîòðåáóåòñÿ ñëåäóþùàÿ íàãëÿäíàÿ

ëåììà, äîêàçàòåëüñòâî êîòîðîé òàêæå áóäåò ïðèâåäåíî íà ëåêöèÿõ.
Ëåììà 1. Äëÿ ëþáîé áåñêîíå÷íî äèôôåðåíöèðóåìîé íà (−∞,+∞)

ôóíêöèè ϕ(x), ëþáîé òî÷êè x0 ∈ (−∞,+∞) è ëþáîãî íàòóðàëüíîãî
÷èñëà n ôóíêöèÿ

ψn(x) =



ϕ(x)−
n−1∑
k=0

ϕ(k)(x0)

k!
(x− x0)k

(x− x0)n
, ïðè x 6= x0 ,

ϕ(n)(x0)

n!
, ïðè x = x0 ,
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ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé íà (−∞,+∞).

Íà÷íåì ñ ñàìîãî ïðîñòîãî ïðèìåðà.

Çàäà÷à 1 Â ïðîñòðàíñòâå S ′(R) íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

(x2 + 2) f(x) = 0 (1)

Ðåøåíèå.

Ïóñòü îáîáùåííàÿ ôóíêöèÿ f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1). Åå
äåéñòâèå íà ïðîèçâîëüíóþ îñíîâíóþ ôóíêöèþ ϕ(x) ∈ S(R) ìîæíî çàïèñàòü
â âèäå 〈

f(x) , ϕ(x)
〉
=

〈
f(x) , (x2 + 2)

ϕ(x)

x2 + 2

〉
Ïîñêîëüêó äëÿ âñåõ x ∈ (−∞,+∞) âûïîëíåíî íåðàâåíñòâî

x2 + 2 > 2,

òî ∣∣∣∣ ϕ(x)x2 + 2

∣∣∣∣ 6 |ϕ(x)|2

Ñëåäîâàòåëüíî,
ϕ(x)

x2 + 2
∈ S(R)

Ïîýòîìó,

〈
f(x) , ϕ(x)

〉
=

〈
f(x) , (x2 + 2)

ϕ(x)

x2 + 2

〉
=

〈
(x2 + 2) f(x) ,

ϕ(x)

x2 + 2

〉
= 0

Òàêèì îáðàçîì, âñå ðåøåíèÿ óðàâíåíèÿ (1) � ýòî ôóíêöèÿ f = 0.

Îòâåò. f = 0.

Çàäà÷à 2 Â ïðîñòðàíñòâå S ′(R) íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

x3 f(x) = 0 (2)
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Ðåøåíèå.

Îáîáùåííàÿ ôóíêöèÿ f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2) â òîì,
è òîëüêî â òîì ñëó÷àå, åñëè äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R)
âûïîëíåíî ðàâåíñòâî〈

x3 f(x) , ϕ(x)
〉
=
〈
f(x) , x3 ϕ(x)

〉
= 0

Åñëè áû ìíîæåñòâî ôóíêöèé âèäà x3 ϕ(x) ñîâïàäàëî ñ ìíîæåñòâîì âñåõ
îñíîâíûõ ôóíêöèé, òî ðåøåíèåì óðàâíåíèÿ (2) áûëà áû òîëüêî ôóíêöèÿ
f = 0. Îäíàêî ýòî íå òàê, è ó óðàâíåíèÿ (2) åñòü è äðóãèå ðåøåíèÿ. Äëÿ
òîãî, ÷òîáû èõ íàéòè, ïîñòóïèì ñëåäóþùèì îáðàçîì.

Ïóñòü f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2). Ïðåäñòàâèì ïðîèçâîëü-
íóþ îñíîâíóþ ôóíêöèþ ϕ(x) ∈ S(R) â âèäå

ϕ(x) = η1(x)ϕ(x) +
(
1− η1(x)

)
ϕ(x),

ãäå η1(x) � ïðîèçâîëüíàÿ 1-ñðåçêà.
Òîãäà äåéñòâèå f(x) íà îñíîâíóþ ôóíêöèþ ϕ(x) ÿâëÿåòñÿ ñóììîé äâóõ

ñëàãàåìûõ〈
f(x) , ϕ(x)

〉
=
〈
f(x) , η1(x)ϕ(x)

〉
+
〈
f(x) ,

(
1− η1(x)

)
ϕ(x)

〉
(3)

Âû÷èñëèì êàæäîå èç íèõ.

� Ïåðâîå ñëàãàåìîå çàïèøåì â âèäå

〈
f(x) , η1(x)ϕ(x)

〉
=

〈
f(x) , η1(x)

(
ϕ(x)−ϕ(0)−ϕ′(0)x− ϕ′′(0)

2
x2
)〉

+

+

〈
f(x) , η1(x)

(
ϕ(0) + ϕ′(0)x+

ϕ′′(0)

2
x2
)〉

(4)

è îáîçíà÷èì ÷åðåç ψ3(x) ôóíêöèþ

ψ3(x) =


ϕ(x)− ϕ(0)− ϕ′(0)x− ϕ′′(0)

2
x2

x3
, ïðè x 6= 0 ,

ϕ(3)(0)

6
, ïðè x = 0 .
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Ïî ëåììå 1 ôóíêöèÿ ψ3(x) ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìîé,
îòêóäà ñëåäóåò, ÷òî ψ3(x) ∈ S(R).
Êðîìå òîãî, ïîñêîëüêó ôóíêöèÿ η1(x) áåñêîíå÷íî äèôôåðåíöèðóåìà è
îãðàíè÷åíà, òî ôóíêöèÿ

η1(x)ψ3(x) ∈ S(R).

Ñ ïîìîùüþ ôóíêöèè ψ3(x) ðàâåíñòâî (4) ìîæíî çàïèñàòü â âèäå

〈
f(x) , η1(x)ϕ(x)

〉
=
〈
f(x) , x3 η1(x)ψ3(x)

〉
+

+

〈
f(x) , η1(x)

(
ϕ(0) + ϕ′(0)x+

ϕ′′(0)

2
x2
)〉

(5)

Çàìåòèì, ÷òî ïîñêîëüêó f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2), òî〈
f(x) , x3 η1(x)ψ3(x)

〉
=
〈
x3 f(x) , η1(x)ψ3(x)

〉
= 0

è èç (5) ñëåäóþò ðàâåíñòâà

〈
f(x) , η1(x)ϕ(x)

〉
=

〈
f(x) , η1(x)

(
ϕ(0) + ϕ′(0)x+

ϕ′′(0)

2
x2
)〉

=

= ϕ(0)
〈
f(x) , η1(x)

〉
+ ϕ′(0)

〈
f(x) , x η1(x)

〉
+
ϕ′′(0)

2

〈
f(x) , x2 η1(x)

〉
Ââîäÿ êîíñòàíòû

C1 =
〈
f(x) , η1(x)

〉
, C2 = −

〈
f(x) , x η1(x)

〉
, C3 =

1

2

〈
f(x) , x2 η1(x)

〉
,

îêîí÷àòåëüíî ïîëó÷àåì〈
f(x) , η1(x)ϕ(x)

〉
= C1 ϕ(0)− C2 ϕ

′(0) + C3 ϕ
′′(0) =

= C1

〈
δ(x) , ϕ(x)

〉
+ C2

〈
δ′(x) , ϕ(x)

〉
+ C3

〈
δ′′(x) , ϕ(x)

〉
=

=
〈
C1 δ(x) + C2 δ

′(x) + C3 δ
′′(x) , ϕ(x)

〉
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� Òåïåðü âû÷èñëèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ôîðìóëû (3). Äëÿ
ýòîãî çàìåòèì, ÷òî ôóíêöèÿ 1−η1(x) ðàâíà íóëþ ïðè âñåõ x ∈ [−1, 1].
Ïîýòîìó, ââîäÿ ôóíêöèþ

ψ(x) =


(
1− η1(x)

)
ϕ(x)

x3
, ïðè x 6∈ [−1, 1] ,

0 , ïðè x ∈ [−1, 1] ,

ïîëó÷èì, ÷òî ψ(x) ∈ S(R) è(
1− η1(x)

)
ϕ(x) = x3 ψ(x)

Ñëåäîâàòåëüíî,〈
f(x) ,

(
1− η1(x)

)
ϕ(x)

〉
=
〈
f(x) , x3 ψ(x)

〉
=
〈
x3 f(x) , ψ(x)

〉
= 0

Òàêèì îáðàçîì, äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R) ñïðàâåäëè-
âî ðàâåíñòâî〈

f(x) , ϕ(x)
〉
=
〈
C1 δ(x) + C2 δ

′(x) + C3 δ
′′(x) , ϕ(x)

〉
Çíà÷èò, åñëè îáîáùåííàÿ ôóíêöèÿ f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

x3 f(x) = 0 ,

òî íàéäóòñÿ òàêèå êîíñòàíòû C1, C2, C3, ÷òî

f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ

′′(x)

Äîêàæåì, ÷òî âåðíî è îáðàòíîå. Ïðîâåðèì, ÷òî ëþáàÿ ôóíêöèÿ âèäà

f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ

′′(x)

óäîâëåòâîðÿåò óðàâíåíèþ
x3 f(x) = 0 .

Äåéñòâèòåëüíî, äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R) èìååì〈
x3 f(x) , ϕ(x)

〉
=
〈
f(x) , x3 ϕ(x)

〉
=
〈
C1 δ(x)+C2 δ

′(x)+C3 δ
′′(x) , x3 ϕ(x)

〉
=
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= C1

〈
δ(x) , x3 ϕ(x)

〉
− C2

〈
δ(x) ,

(
x3 ϕ(x)

)′〉
+ C3

〈
δ(x) ,

(
x3 ϕ(x)

)′′〉
=

= −C2

〈
δ(x) , 3x2 ϕ(x)+x3 ϕ′(x)

〉
+C3

〈
δ(x) , 6xϕ(x)+6x2ϕ′(x)+x3 ϕ′′(x)

〉
= 0

Îòâåò. f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ

′′(x).

Çàìå÷àíèå. Òî÷íî òàê æå, êàê ýòî áûëî ñäåëàíî â çàäà÷å 1, ìîæíî ðå-
øèòü óðàâíåíèå

(x− x0)n f(x) = 0.

Ðåøåíèå òàêîãî óðàâíåíèÿ èìååò âèä

f(x) = C1 δ(x− x0) + C2 δ
′(x− x0) + . . .+ Cn δ

(n−1)(x− x0)

Ïåðåéäåì ê áîëåå ñëîæíîìó óðàâíåíèþ.

Çàäà÷à 3 Â ïðîñòðàíñòâå S ′(R) íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

(x3 − 5x2) f(x) = 0

Ðåøåíèå. Çàìåòèì ñíà÷àëà, ÷òî ó ìíîãî÷ëåíà

x3 − 5x2

äâà ðàçëè÷íûõ êîðíÿ: x = 0 êðàòíîñòè 2 è x = 5 êðàòíîñòè 1.
Âûáåðåì R-ñðåçêó ηR(x) ñ òàêèìè R è r, ÷òîáû íîñèòåëè ñðåçîê

ηR(x) è ηR(x− 5) íå ïåðåñåêàëèñü (ñì. ðèñ.2). Â ñèëó óòâåðæäåíèÿ 1 òàêàÿ
âîçìîæíîñòü âñåãäà ñóùåñòâóåò. Â íàøåì ñëó÷àå ìû âîçüìåì R = 1 è r = 2.

Ðèñ.2
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Ïóñòü f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

x2(x− 5) f(x) = 0 (6)

Òîãäà äåéñòâèå f(x) íà ïðîèçâîëüíóþ îñíîâíóþ ôóíêöèþ ϕ(x) ìîæíî
çàïèñàòü â âèäå〈

f(x) , ϕ(x)
〉
=
〈
f(x) , η1(x)ϕ(x)

〉
+
〈
f(x) , η1(x− 5)ϕ(x)

〉
+

+
〈
f(x) ,

(
1− η1(x)− η1(x− 5)

)
ϕ(x)

〉 (7)

Âû÷èñëèì êàæäîå èç ñëàãàåìûõ, äåéñòâóÿ ïî àíàëîãèè ñ ðåøåíèåì çàäà÷è 1.

� Òàê êàê x = 0 ÿâëÿåòñÿ êîðíåì êðàòíîñòè 2, òî ïåðâîå ñëàãàåìîå
ïðåäñòàâèì â âèäå

〈
f(x) , η1(x)ϕ(x)

〉
=

〈
f(x) , η1(x)

(
ϕ(x)− ϕ(0)− ϕ′(0)x

)〉
+

+

〈
f(x) , η1(x)

(
ϕ(0) + ϕ′(0)x

)〉
Îáîçíà÷àÿ ÷åðåç ψ2(x) ôóíêöèþ

ψ2(x) =


ϕ(x)− ϕ(0)− ϕ′(0)x

x2
, ïðè x 6= 0 ,

ϕ(2)(0)

2
, ïðè x = 0 ,

ïîëó÷àåì 〈
f(x) , η1(x)ϕ(x)

〉
=

=
〈
f(x) , x2 η1(x)ψ2(x)

〉
+

〈
f(x) , η1(x)

(
ϕ(0) + ϕ′(0)x

)〉
=

=

〈
f(x) , x2(x−5) η1(x)ψ2(x)

x− 5

〉
+ϕ(0)

〈
f(x) , η1(x)

〉
+ϕ′(0)

〈
f(x) , x η1(x)

〉
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Çàìåòèì, ÷òî ôóíêöèÿ
η1(x)ψ2(x)

x− 5

ìîæåò áûòü îòëè÷íîé îò íóëÿ òîëüêî íà íîñèòåëå η1(x) , à èìåííî, íà
îòðåçêå [−2, 2]. Îäíàêî íà ýòîì îòðåçêå (x− 5) 6= 0 è∣∣∣∣η1(x)ψ2(x)

x− 5

∣∣∣∣ 6 |ψ2(x)|
3

,

îòêóäà, âîñïîëüçîâàâøèñü ëåììîé 1, çàêëþ÷àåì, ÷òî

η1(x)ψ2(x)

x− 5
∈ S(R)

Ïîñêîëüêó f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6), òî âûïîëíåíî ðà-
âåíñòâî〈

f(x) , x2(x− 5)
η1(x)ψ2(x)

x− 5

〉
=

〈
x2(x− 5) f(x) ,

η1(x)ψ2(x)

x− 5

〉
= 0

Ñëåäîâàòåëüíî,〈
f(x) , η1(x)ϕ(x)

〉
= ϕ(0)

〈
f(x) , η1(x)

〉
+ ϕ′(0)

〈
f(x) , x η1(x)

〉
Ââîäÿ êîíñòàíòû

C1 =
〈
f(x) , η1(x)

〉
, C2 = −

〈
f(x) , x η1(x)

〉
,

îêîí÷àòåëüíî ïîëó÷àåì〈
f(x) , η1(x)ϕ(x)

〉
= C1 ϕ(0)− C2 ϕ

′(0) =

= C1

〈
δ(x) , ϕ(x)

〉
+ C2

〈
δ′(x) , ϕ(x)

〉
=
〈
C1 δ(x) + C2 δ

′(x) , ϕ(x)
〉

� Òåïåðü ïðåîáðàçóåì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ôîðìóëû (7)〈
f(x) , η1(x− 5)ϕ(x)

〉
Òàê êàê x = 5 ÿâëÿåòñÿ êîðíåì êðàòíîñòè 1, òî ïðåäñòàâèì ýòó ôîðìóëó
â âèäå 〈

f(x) , η1(x− 5)ϕ(x)
〉
=
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=

〈
f(x) , η1(x− 5)

(
ϕ(x)− ϕ(5)

)〉
+

〈
f(x) , η1(x− 5)ϕ(5)

〉
Îáîçíà÷àÿ ÷åðåç ψ1(x) ôóíêöèþ

ψ1(x) =


ϕ(x)− ϕ(5)

x− 5
, ïðè x 6= 5 ,

ϕ′(5) , ïðè x = 5 ,

ïîëó÷àåì〈
f(x) , η1(x−5)ϕ(x)

〉
=
〈
f(x) , (x−5) η1(x−5)ψ1(x)

〉
+
〈
f(x) , η1(x−5)ϕ(5)

〉
=

=

〈
f(x) , x2(x− 5)

η1(x− 5)ψ1(x)

x2

〉
+ ϕ(5)

〈
f(x) , η1(x− 5)

〉
Ïîñêîëüêó íà íîñèòåëå η1(x− 5) çíàìåíàòåëü äðîáè

η1(x− 5)ψ1(x)

x2

íå îáðàùàåòñÿ â íóëü è∣∣∣∣η1(x− 5)ψ1(x)

x2

∣∣∣∣ 6 |ψ1(x)|
9

,

ñ ïîìîùüþ ëåììû 1, ïîëó÷àåì, ÷òî

η1(x− 5)ψ1(x)

x2
∈ S(R)

Òîãäà, òàê êàê f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6), òî âûïîëíåíî
ðàâåíñòâî〈
f(x) , x2(x−5) η1(x− 5)ψ1(x)

x2

〉
=

〈
x2(x−5) f(x) , η1(x− 5)ψ1(x)

x2

〉
= 0

Ñëåäîâàòåëüíî,〈
f(x) , η1(x− 5)ϕ(x)

〉
= ϕ(5)

〈
f(x) , η1(x− 5)

〉
10



Ââåäÿ îáîçíà÷åíèå

C3 =
〈
f(x) , η1(x− 5)

〉
,

îêîí÷àòåëüíî ïîëó÷àåì〈
f(x) , η1(x− 5)ϕ(x)

〉
= C3 ϕ(5) = C3

〈
δ(x− 5) , ϕ(x)

〉
� Âû÷èñëèì, íàêîíåö, òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè ôîðìóëû (7). Äëÿ
ýòîãî çàìåòèì, ÷òî ôóíêöèÿ 1− η1(x)− η1(x− 5) ðàâíà íóëþ ïðè âñåõ
x ∈ [−1, 1] ∪ [4, 6]. Ïîýòîìó, ââåäåì ôóíêöèþ

ψ(x) =


(
1− η1(x)− η1(x− 5)

)
ϕ(x)

x2(x− 5)
, ïðè x 6∈ [−1, 1] ∪ [4, 6] ,

0 , ïðè x ∈ [−1, 1] ∪ [4, 6] .

Òîãäà ψ(x) ∈ S(R) è(
1− η1(x)− η1(x− 5)

)
ϕ(x) = x2(x− 5)ψ(x)

Ñëåäîâàòåëüíî,〈
f(x) ,

(
1− η1(x)− η1(x− 5)

)
ϕ(x)

〉
=
〈
f(x) , x2(x− 5)ψ(x)

〉
=

=
〈
x2(x− 5) f(x) , ψ(x)

〉
= 0

Òàêèì îáðàçîì, äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R) ìû ïîëó÷èëè
ðàâåíñòâî 〈

f(x) , ϕ(x)
〉
=
〈
C1 δ(x) + C2 δ

′(x) + C3 δ(x− 5) , ϕ(x)
〉

Çíà÷èò, åñëè îáîáùåííàÿ ôóíêöèÿ f(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

x2(x− 5) f(x) = 0 ,

òî íàéäóòñÿ òàêèå êîíñòàíòû C1, C2, C3, ÷òî

f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ(x− 5)

Äîêàæåì, ÷òî âåðíî è îáðàòíîå. Ïðîâåðèì, ÷òî ëþáàÿ ôóíêöèÿ âèäà

f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ(x− 5)
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óäîâëåòâîðÿåò óðàâíåíèþ

x2(x− 5) f(x) = 0 .

Äåéñòâèòåëüíî, äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(R) èìååì〈
x2(x− 5) f(x) , ϕ(x)

〉
=
〈
f(x) , x2(x− 5)ϕ(x)

〉
=

=
〈
C1 δ(x) + C2 δ

′(x) + C3 δ(x− 5) , (x3 − 5x2)ϕ(x)
〉
=

= C1

〈
δ(x) , (x3 − 5x2)ϕ(x)

〉
− C2

〈
δ(x) ,

(
(x3 − 5x2)ϕ(x)

)′〉
+

+C3

〈
δ(x− 5) , (x3 − 5x2)ϕ(x)

〉
=

= −C2

〈
δ(x) , (3x2 − 10x)ϕ(x) + (x3 − 5x2)ϕ′(x)

〉
= 0

Îòâåò. f(x) = C1 δ(x) + C2 δ
′(x) + C3 δ(x− 5).

Çàäà÷à 4 Â ïðîñòðàíñòâå S ′(R) íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

(x4 − 16) f(x) = 0 (8)

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå (8) â âèäå

(x2 + 4)(x− 2)(x+ 2) f(x) = 0

è îáîçíà÷èì
g(x) = (x− 2)(x+ 2) f(x)

Òîãäà äëÿ ôóíêöèè g(x) ìû ïîëó÷èì óðàâíåíèå

(x2 + 4) g(x) = 0

Êàê ìû óæå çíàåì (ñì. çàäà÷ó 1), åäèíñòâåííûì ðåøåíèåì ýòîãî óðàâíåíèÿ
ÿâëÿåòñÿ ôóíêöèÿ

g(x) = 0

Òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ (8) ñâåëîñü ê ðåøåíèþ óðàâíåíèÿ

(x− 2)(x+ 2) f(x) = 0

Ïîñêîëüêó ìíîãî÷ëåí
(x− 2)(x+ 2)
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èìååò äâà êîðíÿ x = 2 è x = −2, êðàòíîñòè êîòîðûõ ðàâíû 1, òî, äåéñòâóÿ
àíàëîãè÷íî ðåøåíèþ çàäà÷è 3, ïîëó÷àåì

f(x) = C1δ(x− 2) + C2δ(x+ 2),

ãäå C1 è C2 � ïðîèçâîëüíûå êîíñòàíòû.

Îòâåò. f(x) = C1 δ(x− 2) + C2 δ(x+ 2).

Íà ñëåäóþùåì çàíÿòèè ìû ðàçáåðåì ìåòîäû ðåøåíèÿ ïðîñòåéøèõ ëèíåé-
íûõ íåîäíîðîäíûõ óðàâíåíèé â ïðîñòðàíñòâå S ′(Rm).

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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