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óðàâíåíèé â ïðîñòðàíñòâå S ′(R)

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ìû ïðîäîëæàåì èçó÷åíèå ëèíåéíûõ óðàâíåíèé â ïðî-
ñòðàíñòâå S ′(R). Òåïåðü ìû áóäåì ðåøàòü ëèíåéíûå íåîäíîðîäíûå óðàâíå-
íèÿ.

Ìû óæå çíàêîìû ñ îáîáùåííîé ôóíêöèåé P 1

x
.

Äëÿ ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé íàì ïîòðåáóþòñÿ îáîáùåííûå

ôóíêöèè P 1

(x− x0)n
, ãäå n � íàòóðàëüíîå ÷èñëî, à x0 � äåéñòâèòåëü-

íîå ÷èñëî.

Îïðåäåëåíèå 1 Äëÿ ïðîèçâîëüíîãî äåéñòâèòåëüíîãî ÷èñëà x0 ôóíêöèåé

P 1

x− x0
íàçûâàþò îáîáùåííóþ ôóíêöèþ èç ïðîñòðàíñòâà S ′(R), äåé-

ñòâèå êîòîðîé íà îñíîâíóþ ôóíêöèþ ϕ(x) îïðåäåëÿåòñÿ ôîðìóëîé〈
P 1

x− x0
, ϕ(x)

〉
= v.p.

+∞∫
−∞

ϕ(x)

x− x0
dx

Îïðåäåëåíèå 2 Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n è ëþáîãî äåéñòâèòåëü-

íîãî ÷èñëà x0 îáîáùåííàÿ ôóíêöèÿ P 1

(x− x0)n
îïðåäåëÿåòñÿ ïî ôîðìóëå

P 1

(x− x0)n
=

(−1)n−1

(n− 1)!

dn−1

dxn−1
P 1

x− x0
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Çàäà÷à 1 (çàäàíèå, çàäà÷à 1.11) Â ïðîñòðàíñòâå S ′(R)

à) äîêàçàòü ðàâåíñòâî

xn P 1

xn
= 1 (1)

á) íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

xn f(x) = 1

Ðåøåíèå.

à) Äîêàæåì ðàâåíñòâî (1) ïî èíäóêöèè.

� Áàçà èíäóêöèè.

Ïðè n = 1 ðàâåíñòâî (1) èìååò âèä

x P 1

x
= 1

è áûëî äîêàçàíî ðàíåå (ñì. ¾Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé
S ′(Rm)¿, çàäà÷à 1 (çàäàíèå, çàäà÷à 1.8)).

� Øàã èíäóêöèè.

Ïóñòü ðàâåíñòâî (1) âåðíî äëÿ âñåõ k = 1, 2, . . . , n − 1. Äîêàæåì,
÷òî îíî áóäåò âåðíûì è äëÿ k = n.

Äåéñòâèòåëüíî, äëÿ ëþáîé ϕ(x) ∈ S(R) ñïðàâåäëèâû ðàâåíñòâà〈
xn P 1

xn
, ϕ(x)

〉
=

〈
P 1

xn
, xn ϕ(x)

〉
=

=

〈
(−1)n−1

(n− 1)!

dn−1

dxn−1
P 1

x
, xn ϕ(x)

〉
=

= − 1

n− 1

〈
d

dx
P 1

xn−1
, xn ϕ(x)

〉
=

1

n− 1

〈
P 1

xn−1
,
(
xn ϕ(x)

)′〉
=

=
1

n− 1

〈
P 1

xn−1
, n xn−1 ϕ(x) + xnϕ′(x)

〉
=
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=
1

n− 1

〈
xn−1P 1

xn−1
, n ϕ(x) + xϕ′(x)

〉
Ïî ïðåäïîëîæåíèþ èíäóêöèè

xn−1 P 1

xn−1
= 1

Ñëåäîâàòåëüíî,

1

n− 1

〈
xn−1P 1

xn−1
, n ϕ(x)+xϕ′(x)

〉
=

1

n− 1

〈
1 , n ϕ(x)+xϕ′(x)

〉
=

=
1

n− 1

+∞∫
−∞

(nϕ(x) + xϕ′(x))dx =

=
n

n− 1

+∞∫
−∞

ϕ(x) dx+
1

n− 1
xϕ(x)

∣∣∣∣+∞
−∞
− 1

n− 1

+∞∫
−∞

ϕ(x) dx =

=

+∞∫
−∞

ϕ(x) dx =
〈
1 , ϕ(x)

〉
Òàêèì îáðàçîì, ðàâåíñòâî

xn P 1

xn
= 1

äîêàçàíî.

á) Êàê è âñåãäà â ñëó÷àå ëèíåéíûõ óðàâíåíèé, îáùåå ðåøåíèå ëèíåéíîãî
íåîäíîðîäíîãî óðàâíåíèÿ ðàâíî ñóììå ïðîèçâîëüíîãî ÷àñòíîãî ðåøåíèÿ
íåîäíîðîäíîãî óðàâíåíèÿ è îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ.

Â íàøåì ñëó÷àå ìû óæå íàøëè â ïóíêòå à) ÷àñòíîå ðåøåíèå

f÷àñòí(x) = P
1

xn

íåîäíîðîäíîãî óðàâíåíèÿ

xn f(x) = 1. (2)
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Îñòàåòñÿ íàéòè îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

xn f(x) = 0. (3)

Ïîñêîëüêó x = 0 � êîðåíü êðàòíîñòè n äëÿ ìíîãî÷ëåíà

P (x) = xn,

òî, êàê ìû âèäåëè íà ïðåäûäóùåì çàíÿòèè (ñì. ¾Ðåøåíèå ïðîñòåéøèõ
ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé â ïðîñòðàíñòâå S ′(R)¿), îáùåå ðåøå-
íèå óðàâíåíèÿ (3) èìååò âèä

fîäí(x) = C1 δ(x) + C2 δ
′(x) + . . .+ Cn δ

(n−1)(x),

ãäå C1, C2, . . . , Cn � ïðîèçâîëüíûå êîíñòàíòû.

Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (2) èìååò âèä

f(x) = f÷àñòí(x) + fîäí(x) = P
1

xn
+C1 δ(x) +C2 δ

′(x) + . . .+Cn δ
(n−1)(x)

Îòâåò.

á) f(x) = P 1

xn
+ C1 δ(x) + C2 δ

′(x) + . . .+ Cn δ
(n−1)(x),

ãäå C1, C2, . . . , Cn � ëþáûå êîìïëåêñíûå ÷èñëà.

Çàäà÷à 2 Â ïðîñòðàíñòâå S ′(R) íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

(x3 + 1) f(x) = 3 (4)

Ðåøåíèå.
Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (4). Ñ ýòîé

öåëüþ ðàçëîæèì äðîáü

3

x3 + 1
íà ïðîñòåéøèå äðîáè:

3

x3 + 1
=

3

(x+ 1)(x2 − x+ 1)
=

A

x+ 1
+

Bx+ C

x2 − x+ 1

×èñëî A ìîæíî íàéòè ñðàçó

A =
3

x2 − x+ 1

∣∣∣∣
x=−1

= 1
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Äàëåå ïîëó÷àåì

Bx+ C

x2 − x+ 1
=

3

(x+ 1)(x2 − x+ 1)
− 1

x+ 1
=

3− x2 + x− 1

(x+ 1)(x2 − x+ 1)
=

=
−(x2 − x− 2)

(x+ 1)(x2 − x+ 1)
=
−(x− 2)(x+ 1)

(x+ 1)(x2 − x+ 1)
= − x− 2

x2 − x+ 1

Òàêèì îáðàçîì,
3

x3 + 1
=

1

x+ 1
− x− 2

x2 − x+ 1

Èñõîäÿ èç ïîëó÷åííîãî ðàçëîæåíèÿ íà ïðîñòåéøèå äðîáè âûïèøåì ÷àñò-
íîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (4) ïî ñëåäóþùåìó ïðàâèëó:

� êàæäîé äðîáè, çíàìåíàòåëü êîòîðîé ìîæåò îáðàùàòüñÿ â íóëü ïðè äåé-
ñòâèòåëüíûõ çíà÷åíèÿõ x , ò.å. äðîáè âèäà

A

(x− x0)n
,

ãäå x0 � äåéñòâèòåëüíîå ÷èñëî, áóäåò ñîîòâåòñòâàòü ñëàãàåìîå

A · P 1

(x− x0)n
,

� êàæäîé äðîáè, çíàìåíàòåëü êîòîðîé íå îáðàùàåòñÿ â íóëü ïðè äåéñòâè-
òåëüíûõ çíà÷åíèÿõ x , áóäåò ñîîòâåòñòâîâàòü ðåãóëÿðíûé ôóíêöèîíàë,
çàäàííûé ýòîé äðîáüþ.

Â íàøåì ñëó÷àå ïðîñòåéøåé äðîáè

1

x+ 1

ñîîòâåòñòâóåò îáîáùåííàÿ ôóíêöèÿ

P 1

x+ 1

Òåïåðü ïîêàæåì, ÷òî ïðîñòåéøåé äðîáè

x− 2

x2 − x+ 1
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ñîîòâåòñòâóåò ðåãóëÿðíûé ôóíêöèîíàë íà ïðîñòðàíñòâå S(R) .
Äåéñòâèòåëüíî, ïîñêîëüêó

x2 − x+ 1 =

(
x− 1

2

)2

+
3

4
>

3

4

òî äëÿ âñåõ x ∈ (−∞,+∞) âûïîëíåíî íåðàâåíñòâî∣∣∣∣ x− 2

x2 − x+ 1

∣∣∣∣ 6 4

3
|x− 2| < 2|x|+ 3

Ñëåäîâàòåëüíî,
x− 2

x2 − x+ 1
ÿâëÿåòñÿ ôóíêöèåé ìåäëåííîãî ðîñòà è çàäàåò ðåãóëÿðíûé ôóíêöèîíàë íà
ïðîñòðàíñòâå S ′(R) .

Ìû ïîëó÷èëè îáîáùåííóþ ôóíêöèþ

P 1

x+ 1
− x− 2

x2 − x+ 1

Äîêàæåì, ÷òî îíà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (4).
Äåéñòâèòåëüíî,

(x3 +1)

(
P 1

x+ 1
− x− 2

x2 − x+ 1

)
= (x2− x+1)(x+1) P 1

x+ 1
− (x+1)(x− 2)

Ïîñêîëüêó äëÿ ëþáîé ϕ ∈ S(R) ñïðàâåäëèâû ðàâåíñòâà〈
(x+1) P 1

x+ 1
, ϕ(x)

〉
=

〈
P 1

x+ 1
, (x+1)ϕ(x)

〉
= v.p.

+∞∫
−∞

(x+ 1)ϕ(x)

x+ 1
dx =

=

+∞∫
−∞

ϕ(x) dx =
〈
1 , ϕ(x)

〉
,

òî

(x+ 1) P 1

x+ 1
= 1

Ïîýòîìó

(x2 − x+ 1)(x+ 1) P 1

x+ 1
− (x+ 1)(x− 2) = x2 − x+ 1− x2 + x+ 2 = 3
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Èòàê, ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4) íàéäåíî:

f÷àñòí(x) = P
1

x+ 1
− x− 2

x2 − x+ 1

Îñòàåòñÿ íàéòè îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

(x3 + 1) f(x) = 0 (5)

Ïîñêîëüêó ìíîãî÷ëåí

P (x) = x3 + 1

èìååò åäèíñòâåííûé êîðåíü x = −1 êðàòíîñòè 1, òî îáùåå ðåøåíèå îäíî-
ðîäíîãî óðàâíåíèÿ (5) èìååò âèä

fîäí(x) = C δ(x+ 1),

ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà.
Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (4) èìååò âèä

f(x) = f÷àñòí(x) + fîäí(x) = P
1

x+ 1
− x− 2

x2 − x+ 1
+ C δ(x+ 1)

Îòâåò. f(x) = P 1

x+ 1
− x− 2

x2 − x+ 1
+ C δ(x+ 1),

ãäå C � ëþáîå êîìïëåêñíîå ÷èñëî.

Çàäà÷à 3 Â ïðîñòðàíñòâå S ′(R) íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

(x3 + 2i x2) f(x) = 4 (6)

Ðåøåíèå. Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
(6). Ñ ýòîé öåëüþ ðàçëîæèì äðîáü

4

x3 + 2i x2

íà ïðîñòåéøèå äðîáè â îáëàñòè êîìïëåêñíûõ ÷èñåë:

4

x3 + 2i x2
=

4

x2 (x+ 2i)
=
A

x2
+
B

x
+

C

x+ 2i
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×èñëà A è C ìîæíî íàéòè ñðàçó

A =
4

x+ 2i

∣∣∣∣
x=0

= −2i ; C =
4

x2

∣∣∣∣
x=−2i

= −1 .

Äàëåå ïîëó÷àåì

B

x
=

4

x2 (x+ 2i)
+

2i

x2
+

1

x+ 2i
=

4 + 2i x− 4 + x2

x2 (x+ 2i)
=

x (x+ 2i)

x2 (x+ 2i)
=

1

x

Òàêèì îáðàçîì,
4

x3 + 2i x2
= −2i

x2
+

1

x
− 1

x+ 2i
Èñõîäÿ èç ïîëó÷åííîãî ðàçëîæåíèÿ íà ïðîñòåéøèå äðîáè âûïèøåì ÷àñò-

íîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (6)

f÷àñòí(x) = −2i P
1

x2
+ P 1

x
− 1

x+ 2i

Çàìåòèì, ÷òî äðîáü
1

x+ 2i
äåéñòâèòåëüíî ïîðîæäàåò ðåãóëÿðíûé ôóíêöèîíàë â ñèëó íåðàâåíñòâà∣∣∣∣ 1

x+ 2i

∣∣∣∣ = 1√
x2 + 4

6
1

2
, ∀x ∈ (−∞,+∞) .

Òåïåðü íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

x2 (x+ 2i) f(x) = 0 (7)

Ïîñêîëüêó ó ìíîãî÷ëåíà
P (x) = x2 (x+ 2i)

èìååòñÿ åäèíñòâåííûé âåùåñòâåííûé êîðåíü x = 0, êðàòíîñòü êîòîðîãî
ðàâíà 2, òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (7) èìååò âèä

fîäí(x) = C1 δ(x) + C2 δ
′(x),

ãäå C1, C2 � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà.
Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (6) èìååò âèä

f(x) = −2i P 1

x2
+ P 1

x
− 1

x+ 2i
+ C1 δ(x) + C2 δ

′(x)

8



Îòâåò. f(x) = −2i P 1

x2
+ P 1

x
− 1

x+ 2i
+ C1 δ(x) + C2 δ

′(x),

ãäå C1, C2 � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà.

Â çàêëþ÷åíèå ðåøèì íåîäíîðîäíîå óðàâíåíèå ñ áîëåå ñëîæíîé ïðàâîé
÷àñòüþ. Äëÿ ýòîãî íàì ïîòðåáóåòñÿ åùå îäíî îïðåäåëåíèå.

Îïðåäåëåíèå 3 Ôóíêöèåé P 1

|x|
íàçûâàþò îáîáùåííóþ ôóíêöèþ, äåé-

ñòâèå êîòîðîé íà îñíîâíóþ ôóíêöèþ ϕ(x) îïðåäåëÿåòñÿ ôîðìóëîé

〈
P 1

|x|
, ϕ(x)

〉
=

∫
|x|<1

ϕ(x)− ϕ(0)
|x|

dx+

∫
|x|>1

ϕ(x)

|x|
dx (8)

Çàäà÷à 4 (çàäàíèå, çàäà÷à 1.13)

a) Äîêàçàòü, ÷òî ôóíêöèîíàë P 1

|x|
ïðèíàäëåæèò ïðîñòðàíñòâó S ′(R);

á) äîêàçàòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî

x P 1

|x|
= sign (x)

â) íàéòè â ïðîñòðàíñòâå S ′(R) îáùåå ðåøåíèå óðàâíåíèÿ

x f(x) = sign (x)

Ðåøåíèå.
Äîêàæåì ñíà÷àëà ïóíêò a).

1. Êîððåêòíîñòü îïðåäåëåíèÿ ôóíêöèîíàëà P 1

|x|
.

Äîêàæåì, ÷òî äëÿ ëþáîé ϕ ∈ S(R) èíòåãðàëû èç ïðàâîé ÷àñòè ôîðìó-
ëû (8) ñóùåñòâóþò.
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� Ïîñêîëüêó äëÿ ëþáîé ϕ ∈ S(R) ñóùåñòâóåò

ϕ′(0) = lim
x→0

ϕ(x)− ϕ(0)
x

òî ñóùåñòâóþò è èíòåãðàëû

0∫
−1

ϕ(x)− ϕ(0)
x

dx è

1∫
0

ϕ(x)− ϕ(0)
x

dx

� Òàê êàê ϕ ∈ S(R) , òî

(1 + x2)ϕ(x)→ 0 ïðè x→ ±∞

Ïîýòîìó ñóùåñòâóåò òàêàÿ êîíñòàíòà C > 0 , ÷òî

|(1 + x2)ϕ(x)| 6 C, ∀x ∈ (−∞,+∞).

Ñëåäîâàòåëüíî, äëÿ âñåõ |x| > 1 âûïîëíåíî íåðàâåíñòâî∣∣∣∣ ϕ(x)|x|
∣∣∣∣ 6 |ϕ(x)| 6 C

1 + x2

Ïîñêîëüêó

−1∫
−∞

C

1 + x2
dx <∞ è

+∞∫
1

C

1 + x2
dx <∞ ,

òî ïî òåîðåìå ñðàâíåíèÿ ïîëó÷àåì, ÷òî

−1∫
−∞

ϕ(x)

|x|
dx è

+∞∫
1

ϕ(x)

|x|
dx

ñóùåñòâóþò.

Êîððåêòíîñòü îïðåäåëåíèÿ ôóíêöèîíàëà P 1

|x|
äîêàçàíà.

2. Ëèíåéíîñòü ôóíêöèîíàëà P 1

|x|
ñëåäóåò íåïîñðåäñòâåííî èç ëèíåéíîñòè

èíòåãðàëà Ëåáåãà.
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3. Íåïðåðûâíîñòü ôóíêöèîíàëà P 1

|x|
.

Â ñèëó ëèíåéíîñòè ôóíêöèîíàëà P 1

|x|
åãî íåïðåðûâíîñòü äîñòàòî÷íî

äîêàçàòü òîëüêî â íóëå.

Äëÿ äîêàçàòåëüñòâà íåïðåðûâíîñòè ôóíêöèîíàëà â íóëå ðàññìîòðèì
ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé, ñõîäÿùóþñÿ ê íó-
ëþ

ϕn(x)
S(R)−−−→ 0 ïðè n→∞ .

Ïîñêîëüêó〈
P 1

|x|
, ϕn

〉
=

∫
|x|<1

ϕn(x)− ϕn(0)

|x|
dx+

∫
|x|>1

ϕn(x)

|x|
dx ,

òî äîêàæåì, ÷òî êàæäûé èç ýòèõ èíòåãðàëîâ ñòðåìèòñÿ ê íóëþ ïðè
n→∞.

� Ïðåäñòàâèì ïåðâûé èíòåãðàë â âèäå

1∫
−1

ϕn(x)− ϕn(0)

|x|
dx = −

0∫
−1

ϕn(x)− ϕn(0)

x
dx+

1∫
0

ϕn(x)− ϕn(0)

x
dx

Ïî òåîðåìå Ëàãðàíæà î ñðåäíåì ñóùåñòâóåò òî÷êà ξn ∈ (0, x) òàêàÿ,
÷òî

ϕn(x)− ϕn(0)

x
= ϕ′n(ξn)

Êðîìå òîãî, èç ñõîäèìîñòè

ϕn(x)
S(R)−−−→ 0 ïðè n→∞ ,

ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü

ϕ′n(x) ⇒
(−∞,+∞)

0 ïðè n→∞

Ñëåäîâàòåëüíî, íàéäåòñÿ òàêàÿ êîíñòàíòà M > 0 , ÷òî äëÿ âñåõ
n ∈ N âûïîëíåíî íåðàâåíñòâî

|ϕ′n(ξn)| 6M
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ïðè÷åì
1∫

0

M dx =M <∞

Ïîýòîìó ïî òåîðåìå Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè ïîëó÷àåì

lim
n→∞

1∫
0

ϕn(x)− ϕn(0)

x
dx = 0 .

Â òî÷íîñòè òàêîå æå ðàññóæäåíèå äîêàçûâàåò, ÷òî è

lim
n→∞

0∫
−1

ϕn(x)− ϕn(0)

x
dx = 0 .

� Èç îïðåäåëåíèÿ ñõîäèìîñòè â ïðîñòðàíñòâå S(R) ñëåäóåò ðàâíîìåð-
íàÿ ñõîäèìîñòü ê íóëþ ïîñëåäîâàòåëüíîñòè ôóíêöèé

(1 + x2)ϕn(x) ⇒
(−∞,+∞)

0 ïðè n→∞

Ïîýòîìó ñóùåñòâóåò òàêàÿ êîíñòàíòà C > 0 , ÷òî äëÿ âñåõ n ∈ N è
âñåõ x ∈ {(−∞,−1] ∪ [1,+∞)} âûïîëíåíî íåðàâåíñòâî∣∣∣∣ ϕn(x)

|x|

∣∣∣∣ 6 |ϕn(x)| 6
C

1 + x2

Ïîñêîëüêó ∫
|x|>1

C

1 + x2
dx <∞,

òî ïî òåîðåìå Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè

lim
n→∞

∫
|x|>1

ϕn(x)

|x|
dx = 0 .

Íåïðåðûâíîñòü ôóíêöèîíàëà P 1

|x|
äîêàçàíà.
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Ïåðåéäåì ê äîêàçàòåëüñòâó ïóíêòà á).
Ïîñêîëüêó ôóíêöèÿ x ÿâëÿåòñÿ ôóíêöèåé ìåäëåííîãî ðîñòà, òî äëÿ

∀ϕ ∈ S(R) âûïîëíåíû ðàâåíñòâà〈
x P 1

|x|
, ϕ(x)

〉
=

〈
P 1

|x|
, x ϕ(x)

〉
=

=

∫
|x|<1

xϕ(x)− 0 · ϕ(0)
|x|

dx+

∫
|x|>1

xϕ(x)

|x|
dx =

+∞∫
−∞

sign (x)ϕ(x) dx =

=
〈
sign (x) , ϕ(x)

〉
,

÷òî è òðåáîâàëîñü äîêàçàòü.
Òåïåðü íàéäåì îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (ïóíêò â))

x f(x) = sign (x) (9)

Â ïóíêòå á) ìû óñòàíîâèëè, ÷òî ÷àñòíûì ðåøåíèåì óðàâíåíèÿ (9) ÿâëÿ-
åòñÿ ôóíêöèÿ

f÷àñòí(x) = P
1

|x|
Êàê ìû óæå çíàåì, îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

x f(x) = 0

èìååò âèä
fîäí(x) = C δ(x),

ãäå C � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.
Ïîýòîìó îáùåå ðåøåíèå óðàâíåíèÿ (9) èìååò âèä

f(x) = P 1

|x|
+ C δ(x)

Ðåøåíèå çàäà÷è 4 çàêîí÷åíî.

Íà ýòîì ìû çàâåðøàåì èçó÷åíèå ñïîñîáîâ ðåøåíèÿ ëèíåéíûõ óðàâíåíèé
â ïðîñòðàíñòâå S ′(R). Â äàëüíåéøåì ìû áóäåì ïðèìåíÿòü ïîëó÷åííûå çíà-
íèÿ ïðè ïîèñêå ôóíêöèé Ãðèíà ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â
ïðîñòðàíñòâå S ′(Rm).

Íàøåé ñëåäóþùåé òåìîé áóäåò ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ ôóíê-
öèé â ïðîñòðàíñòâå S ′(Rm).

13



Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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