
Ëèíåéíûå çàìåíû â àðãóìåíòå îáîáùåííîé

ôóíêöèè. Ïðèìåðû ðåøåíèÿ çàäà÷

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ðÿäå çàäà÷ òðåáóåòñÿ ñîâåðøèòü ëèíåéíóþ çàìåíó ïåðåìåííûõ â àð-
ãóìåíòå îáîáùåííîé ôóíêöèè, íàïðèìåð, îïðåäåëèòü îáîáùåííóþ ôóíêöèþ
δ(x − y + z) â ïðîñòðàíñòâå S(R3) . Ðåøåíèå òèïîâûõ çàäà÷ íà ýòó òåìó è
ÿâëÿåòñÿ öåëüþ íàñòîÿùåãî ïîñîáèÿ.

Íà÷í¼ì ñ ôîðìóëèðîâêè îïðåäåëåíèÿ, ââåäåííîãî íà ëåêöèÿõ.

Îïðåäåëåíèå 1 Ïóñòü f ∈ S ′(Rm) , x ∈ Rn , ìàòðèöà A ðàçìåðà m × n
èìååò ðàíã m , ñòîëáåö b ∈ Rm . Òîãäà îáîáùåííîé ôóíêöèåé

f(Ax+ b) ∈ S ′(Rn)

íàçûâàþò îòîáðàæåíèå S(Rn) 7→ R , çàäàííîå äëÿ ∀ϕ(x) ∈ S(Rn) ôîðìó-

ëîé 〈
f(Ax+ b) , ϕ(x)

〉
=
〈
F−1

[
f
]
(y) , e i(b,y)F

[
ϕ(x)

](
ATy

)〉
Äîêàæåì êîððåêòíîñòü ýòîãî îïðåäåëåíèÿ.

Çàäà÷à 1 (çàäàíèå 1.19)

1. Äîêàçàòü, ÷òî îòîáðàæåíèå S(Rn) 7→ R èç îïðåäåëåíèÿ 1 äåéñòâè-

òåëüíî ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íà S(Rn).
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2. Äîêàçàòü, ÷òî â ñëó÷àå m = n îïðåäåëåíèå 1 ïðèíèìàåò âèä〈
f
(
Ax+ b

)
, ϕ(x)

〉
=

〈
f(y) , ϕ

(
A−1(y − b)

) 1

|detA|

〉
(1)

Ðåøåíèå.

1. Ïîêàæåì, ÷òî îïðåäåëåíèå 1 ÿâëÿåòñÿ êîððåêòíûì.

� Ëèíåéíîñòü.

Äëÿ ëþáûõ îñíîâíûõ ôóíêöèé ϕ1, ϕ2 ∈ S(Rn) è ëþáûõ ÷èñåë
α, β ∈ C â ñèëó ëèíåéíîñòè ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèé
Ôóðüå ïîëó÷àåì 〈

f
(
Ax+ b

)
, α ϕ1(x) + β ϕ2(x)

〉
=

=
〈
F−1

[
f
]
(y) , e i(b,y)F

[
αϕ1(x) + β ϕ2(x)

]
(ATy)

〉
=

=
〈
F−1

[
f
]
(y) , α e i(b,y)F

[
ϕ1(x)

](
ATy

)
+ β e i(b,y)F

[
ϕ2(x)

](
ATy

)〉
=

= α
〈
F−1

[
f
]
(y) , e i(b,y)F

[
ϕ1(x)

](
ATy

)〉
+

+β
〈
F−1

[
f
]
(y) , e i(b,y)F

[
ϕ2(x)

](
ATy

)〉
=

= α
〈
f
(
Ax+ b

)
, ϕ1(x)

〉
+ β

〈
f
(
Ax+ b

)
, ϕ2(x)

〉
Ëèíåéíîñòü äîêàçàíà.

� Íåïðåðûâíîñòü.

Ðàññìîòðèì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé

ϕk
S(Rn)−→ ϕ ïðè k →∞ ,

è äîêàæåì, ÷òî〈
f
(
Ax+ b

)
, ϕk(x)

〉
→
〈
f
(
Ax+ b

)
, ϕ(x)

〉
ïðè k →∞ .

Â ñèëó ëèíåéíîñòè ôóíêöèîíàëà f
(
Ax + b

)
, êîòîðóþ ìû óæå

äîêàçàëè, äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé ϕ = 0 .
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Â ýòîì ñëó÷àå, âîñïîëüçîâàâøèñü óòâåðæäåíèåì 1 èç íàøåãî
ïîñîáèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ ôóíêöèé èç S ′(Rm)¿,
äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè îñíîâíûõ ôóíêöèé, òàêîé, ÷òî

ϕk
S(Rn)−−−→ 0 ïðè k →∞ ,

ïîëó÷àåì

e i(b,y)F
[
ϕk(x)

](
ATy

) S(Rm)−−−→ 0 ïðè k →∞ .

Ïðèìåíÿÿ óòâåðæäåíèå 3 èç ïîñîáèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîá-
ùåííûõ ôóíêöèé èç S ′(Rm)¿, íàõîäèì ïðåäåë

〈
f
(
Ax+ b

)
, ϕk(x)

〉
=
〈
F−1

[
f
]
(y) , e i(b,y)F

[
ϕk(x)

](
ATy

)〉
=

=

〈
f , F−1

[
e i(b,y)F

[
ϕk(x)

](
ATy

)]〉
→ 0 ïðè k →∞

Íåïðåðûâíîñòü äîêàçàíà.

Äîêàçàòåëüñòâî óòâåðæäåíèÿ èç ïóíêòà 1 çàäà÷è çàâåðøåíî.

2. Ïåðåéä¼ì ê ñëó÷àþ, êîãäà m = n . Â ýòîì ñëó÷àå äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ ∈ S(Rn) âûïîëíåíî ðàâåíñòâî

e i(b,y)F
[
ϕ(x)

](
ATy

)
= e i(b,y)

∫
Rn

e i(x,A
T y)ϕ(x) dx

Çàïèñûâàÿ ñêàëÿðíîå ïðîèçâåäåíèå â ìàòðè÷íîì âèäå, ïîëó÷àåì

e i(b,y)
∫
Rn

e i(x,A
T y)ϕ(x) dx = e i b

T y

∫
Rn

e i x
TAT yϕ(x) dx =

= e i b
T y

∫
Rn

e i (Ax)
T yϕ(x) dx =

∫
Rn

e i
(
(Ax)T y+bT y

)
ϕ(x) dx =

∫
Rn

e i (Ax+b)
T yϕ(x) dx

Â ðåçóëüòàòå çàìåíû ïåðåìåííîé

z = Ax+ b ⇔ x = A−1(z− b), |J(z)| =
∣∣∣det (A−1)∣∣∣ = 1

| detA|
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ïîñëåäíèé èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó∫
Rn

e i(Ax+b)
T yϕ(x) dx =

∫
Rn

e iz
T y ϕ

(
A−1(z − b)

) 1

| detA|
dz =

= F
[
ϕ
(
A−1(z − b)

)]
(y)

1

| detA|

Ñëåäîâàòåëüíî, 〈
F−1

[
f
]
(y) , e i(b,y)F

[
ϕ(x)

](
ATy

)〉
=

=

〈
F−1

[
f
]
(y) , F

[
ϕ
(
A−1(z − b)

)]
(y)

1

| detA|

〉
=

=

〈
f(z) , F−1

[
F
[
ϕ
(
A−1(z − b)

)]
(z)

1

| detA|

]〉
=

=

〈
f(z) , ϕ

(
A−1(z − b)

) 1

| detA|

〉
Äîêàçàòåëüñòâî óòâåðæäåíèÿ èç ïóíêòà 2, à âìåñòå ñ íèì è ðåøåíèå çà-

äà÷è 1 çàâåðøåíî.
Èñïîëüçóÿ ðåçóëüòàòû çàäà÷è 1, äîêàæåì ôîðìóëó ñäâèãà äëÿ ïðåîáðà-

çîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé.

Çàäà÷à 2 (çàäàíèå 1.16 à)) Äëÿ îáîáùåííîé ôóíêöèè f ∈ S ′(Rm) è âåê-

òîðà x0 ∈ Rm äîêàçàòü ðàâåíñòâî

F
[
f(x− x0)

]
(y) = e i(y,x0)F

[
f(x)

]
(y)

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííîé
ôóíêöèè äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(y) ∈ S(Rm) ñïðàâåäëèâî ðàâåíñòâî〈

F
[
f(x− x0)

]
(y) , ϕ(y)

〉
=
〈
f(x− x0) , F

[
ϕ(y)

]
(x)
〉

Äëÿ çàìåíû z = x− x0 ïî ôîðìóëå (1), ãäå

A = E, A−1 = E, b = −x0, | detA| = 1,
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ïîëó÷èì 〈
f(x− x0) , F

[
ϕ(y)

]
(x)
〉
=
〈
f(z) , F

[
ϕ(y)

]
(z + x0)

〉
Òåïåðü ïðèìåíèì ôîðìóëó ñäâèãà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå àáñîëþòíî

èíòåãðèðóåìûõ ôóíêöèé〈
f(z) , F

[
ϕ(y)

]
(z + x0)

〉
=
〈
f(z), F

[
e i(y,x0)ϕ(y)

]
(z)
〉

Ñíîâà âîñïîëüçóåìñÿ îïðåäåëåíèåì ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ
ôóíêöèé 〈

f(z) , F
[
e i(y,x0)ϕ(y)

]
(z)
〉
=
〈
F
[
f(z)

]
(y) , e i(y,x0)ϕ(y)

〉
È, íàêîíåö, ïî îïðåäåëåíèþ îïåðàöèè óìíîæåíèÿ îáîáùåííîé ôóíêöèè

íà áåñêîíå÷íî äèôôåðåíöèðóåìóþ ôóíêöèþ ìåäëåííîãî ðîñòà ïîëó÷èì〈
F
[
f(z)

]
(y) , e i(y,x0)ϕ(y)

〉
=
〈
e i(y,x0)F

[
f(z)

]
(y) , ϕ(y)

〉
Ôîðìóëà ñäâèãà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé äîêà-

çàíà.
Ïðåæäå, ÷åì ïðèñòóïèòü ê ïðèìåíåíèÿì îïðåäåëåíèÿ 1, äîêàæåì ñëåäó-

þùåå ïîëåçíîå è èíòóèòèâíî ÿñíîå óòâåðæäåíèå.

Óòâåðæäåíèå 1 Ïóñòü ϕ(x) ∈ S(Rn) , x ∈ Rn , A � íåâûðîæäåííàÿ ìàò-

ðèöà ðàçìåðà n × n , ñòîëáåö b ∈ Rn . Òîãäà ôóíêöèÿ ϕ(Ax + b) ÿâëÿåòñÿ

àáñîëþòíî èíòåãðèðóåìîé â Rn .

Äîêàçàòåëüñòâî.
Ïîñêîëüêó ϕ(x) ∈ S(Rn) , òî ñóùåñòâóåò òàêîå ÷èñëî M > 0 , ÷òî âûïîë-

íåíî íåðàâåíñòâî

|ϕ(x1, x2, . . . xn)| 6
M

(1 + x21)(1 + x22) . . . (1 + x2n)

èç êîòîðîãî âûòåêàåò, ÷òî ϕ(x1, x2, . . . xn) ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóå-
ìîé â Rn ôóíêöèåé.

Åñëè â èíòåãðàëå
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∫
Rn

|ϕ(Ax+ b)| dx

ñîâåðøèòü çàìåíó ïåðåìåííîé

z = Ax+ b,

|J(z)| =
∣∣∣ det (A−1)∣∣∣ = 1

| detA|
,

òî ∫
Rn

∣∣ϕ(Ax+ b)
∣∣ dx =

∫
Rn

|ϕ(z)| 1

| detA|
dz <∞

Óòâåðæäåíèå 1 äîêàçàíî.

Çàäà÷à 3 (çàäàíèå 1.20) Äëÿ îáîáùåííîé ôóíêöèè δ(x) ∈ S ′(R) è

∀ϕ(x1, x2) ∈ S(R2) íàéòè ïî îïðåäåëåíèþ 1 çíà÷åíèå ôóíêöèîíàëà〈
δ(x1 − x2) , ϕ(x1, x2)

〉
Ðåøåíèå. Â ðàññìàòðèâàåìîì ñëó÷àå

A =
(
1 −1

)
, b = 0, AT =

(
1
−1

)
.

Ïðèìåíÿÿ îïðåäåëåíèå 1, äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(x1, x2) ∈ S(R2)
ïîëó÷àåì

〈
δ(x1 − x2), ϕ(x1, x2)

〉
=
〈
F−1

[
δ(x)

]
(y) , F

[
ϕ(x1, x2)

](
ATy

)〉
=

=

〈
1

2π
, F
[
ϕ(x1, x2)

]
(y,−y)

〉
=

1

2π

+∞∫
−∞

dy

∫
R2

e i(yx1−yx2)ϕ(x1, x2) dx1dx2
(2)
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Ïîñêîëüêó ôóíêöèÿ

e i(yx1−yx2)ϕ(x1, x2)

íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé ïî ïåðåìåííîé y , òî ïðîñòî èçìåíèòü
ïîðÿäîê èíòåãðèðîâàíèÿ â ôîðìóëå (2) íåëüçÿ.

Âîñïîëüçóåìñÿ â òàêîì ñëó÷àå òåì, ÷òî ïîâòîðíûé èíòåãðàë

+∞∫
−∞

dy

∫
R2

e i(yx1−yx2)ϕ(x1, x2) dx1dx2

ñõîäèòñÿ, è çàïèøåì ôîðìóëó (2) â âèäå

〈
δ(x1 − x2), ϕ(x1, x2)

〉
=

1

2π
lim

R→+∞

R∫
−R

dy

∫
R2

e i(yx1−yx2)ϕ(x1, x2) dx1dx2 (3)

Òåïåðü ê èíòåãðàëó, ñòîÿùåìó ïîä çíàêîì ïðåäåëà, â ôîðìóëå (3) ìîæíî
ïðèìåíèòü òåîðåìó Ôóáèíè

1

2π
lim

R→+∞

R∫
−R

dy

∫
R2

e i(yx1−yx2)ϕ(x1, x2) dx1dx2 =

=
1

2π
lim

R→+∞

∫
R2

dx1dx2 ϕ(x1, x2)

R∫
−R

e iy(x1−x2)dy =

=
1

2π
lim

R→+∞

∫
R2

ϕ(x1, x2)
e iy(x1−x2)

i(x1 − x2)

∣∣∣∣R
−R

dx1dx2 =

=
1

2π
lim

R→+∞

∫
R2

ϕ(x1, x2)
e iR(x1−x2) − e−iR(x1−x2)

i(x1 − x2)
dx1dx2 =

=
1

π
lim

R→+∞

∫
R2

ϕ(x1, x2)
sin(R(x1 − x2))

x1 − x2
dx1dx2 (4)
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Â ðåçóëüòàòå çàìåíû ïåðåìåííûõ â èíòåãðàëå (4){
y1 = x1 − x2,
y2 = x2,

| J | = 1

ôîðìóëà (3) ïðèîáðåòàåò âèä

〈
δ(x1 − x2) , ϕ(x1, x2)

〉
=

1

π
lim

R→+∞

∫
R2

ϕ(y1 + y2, y2)
sin
(
Ry1

)
y1

dy1dy2 (5)

Ïîñêîëüêó ôóíêöèÿ ϕ(x1, x2) ∈ S(R2) , òî èç óòâåðæäåíèÿ 1 ñëåäóåò, ÷òî
ôóíêöèÿ ϕ(y1 + y2, y2) ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé. Ïîýòîìó â ñèëó
îöåíêè ∣∣∣∣∣ϕ(y1 + y2, y2)

sin
(
Ry1

)
y1

∣∣∣∣∣ 6 R
∣∣ϕ(y1 + y2, y2)

∣∣
ê èíòåãðàëó èç ôîðìóëû (5) ìîæíî ïðèìåíèòü òåîðåìó Ôóáèíè. Òîãäà

〈
δ(x1 − x2) , ϕ(x1, x2)

〉
=

1

π
lim

R→+∞

+∞∫
−∞

sin
(
Ry1

)
y1

 +∞∫
−∞

ϕ(y1 + y2, y2) dy2

 dy1 =

=
1

π
lim

R→+∞

〈
sin
(
Ry1

)
y1

,

+∞∫
−∞

ϕ(y1 + y2, y2) dy2

〉
=

=
1

π

〈
lim

R→+∞

sin
(
Ry1

)
y1

,

+∞∫
−∞

ϕ(y1 + y2, y2) dy2

〉

Îäíàêî â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé S ′(R)

lim
R→+∞

sin(Rx)

x
= πδ(x)

(ñì. ïîñîáèå ¾Ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé S ′(Rm)¿, ðåçóëüòàò
çàäà÷è 3), ïîýòîìó

8



〈
δ(x1 − x2) , ϕ(x1, x2)

〉
=

〈
δ(y1) ,

+∞∫
−∞

ϕ(y1 + y2, y2) dy2

〉
=

+∞∫
−∞

ϕ(y2, y2) dy2

Îòâåò.
〈
δ(x1 − x2) , ϕ(x1, x2)

〉
=

+∞∫
−∞

ϕ(t, t) dt

Â îáùåì ñëó÷àå âû÷èñëåíèå δ(aTx + b) , ãäå a, x ∈ Rm , à b ∈ R ïðîâî-
äèòñÿ àíàëîãè÷íûì îáðàçîì. Ñäåëàéòå ýòî ñàìîñòîÿòåëüíî.

Ðåøèì åùå îäíó, ñîâñåì íå î÷åâèäíóþ, çàäà÷ó.

Çàäà÷à 4 Âûÿñíèòå, ñïðàâåäëèâû ëè ðàâåíñòâà

1. δ(2x) = δ(x) â ïðîñòðàíñòâå S ′(R) ;

2. δ(2x1 − 6x2 + 1) = δ

(
x1 − 3x2 +

1

2

)
â ïðîñòðàíñòâå S ′(R2) .

Ðåøåíèå. Äëÿ ðåøåíèÿ çàäà÷è âîñïîëüçóåìñÿ ôîðìóëîé (1), äîêàçàííîé
â çàäà÷å 1.

1. Â ðåçóëüòàòå çàìåíû ïåðåìåííîé â àðãóìåíòå îáîáùåííîé ôóíêöèè
δ(x) , çàäàííîé ôîðìóëîé

y = 2x (A = 2; detA = 2),

äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ ∈ S(R) ïîëó÷èì〈
δ(2x) , ϕ(x)

〉
=

〈
δ(y) , ϕ

(
y

2

)
1

2

〉
=

1

2
ϕ(0) =

〈
1

2
δ(x) , ϕ(x)

〉
Òàêèì îáðàçîì,

δ(2x) =
1

2
δ(x)

è ðàâåíñòâî â ïóíêòå 1 îêàçàëîñü íåâåðíûì.

2. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ δ(2x1 − 6x2 + 1) ïîëó÷åíà â ðåçóëüòàòå
çàìåíû ïåðåìåííîé

y = x1 − 3x2 +
1

2

9



â àðãóìåíòå îáîáùåííîé ôóíêöèè δ(2x) .

Íî, êàê ìû âèäåëè â ïóíêòå 1,

δ(2x) =
1

2
δ(x)

Ïîýòîìó

δ(2x1 − 6x2 + 1) = δ

(
2

(
x1 − 3x2 +

1

2

))
=

1

2
δ

(
x1 − 3x2 +

1

2

)
è ðàâåíñòâî ïóíêòà 2 òàêæå ÿâëÿåòñÿ íåâåðíûì.

Ðàçáåðåì òåïåðü ïðèìåðû âû÷èñëåíèÿ ïðåîáðàçîâàíèé Ôóðüå îò îáîáùåí-
íûõ ôóíêöèé âèäà f(aTx+ b) .

Çàäà÷à 5 (çàäàíèå 1.21(a)) Â ïðîñòðàíñòâå S ′(R2) íàéòè ïðåîáðàçîâà-

íèå Ôóðüå ôóíêöèè

f(x1, x2) = δ(x1 + x2)

Ðåøåíèå. Ïðèâåäåì äâà ñïîñîáà ðåøåíèÿ ýòîé çàäà÷è.
1 ñïîñîá.
Äëÿ ëþáîé ϕ ∈ S(R2) ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåí-

íîé ôóíêöèè ïîëó÷àåì〈
F
[
δ(x1 + x2)

]
(y1, y2) , ϕ(y1, y2)

〉
=
〈
δ(x1 + x2) , F

[
ϕ(y1, y2)

]
(x1, x2)

〉
(6)

Òåïåðü âîñïîëüçóåìñÿ îïðåäåëåíèåì 1, â êîòîðîì ïîëîæèì

A =
(
1 1

)
, b = 0, AT =

(
1
1

)
.

Â ðåçóëüòàòå ôîðìóëà (6) ïðåîáðàçóåòñÿ ê âèäó〈
F
[
δ(x1 + x2)

]
(y1, y2) , ϕ(y1, y2)

〉
=

=

〈
F−1

[
δ(x)

]
(z) , F

[
F
[
ϕ(y1, y2)

]
(x1, x2)

]
(z, z)

〉
=

10



=

〈
1

2π
, (2π)2F−1

[
F
[
ϕ(y1, y2)

]
(x1, x2)

]
(−z,−z)

〉
=
〈
2π , ϕ(−z,−z)

〉
=

= 2π

+∞∫
−∞

ϕ(−z,−z) dz = 2π

+∞∫
−∞

ϕ(t, t) dt =
〈
2π δ(y1 − y2) , ϕ(y1, y2)

〉
Â ïîñëåäíåì ðàâåíñòâå èñïîëüçóåòñÿ ðåçóëüòàò çàäà÷è 3.

Òàêèì îáðàçîì,

F
[
δ(x1 + x2)

]
(y1, y2) = 2πδ(y1 − y2) .

Îòâåò. F
[
δ(x1 + x2)

]
(y1, y2) = 2πδ(y1 − y2)

2 ñïîñîá.

Îáîçíà÷èì ÷åðåç Fxi
[
f(x1, x2)

]
ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíê-

öèè f(x1, x2) ∈ S ′(R2) , âçÿòîå ïî ïåðåìåííîé xi (i = 1, 2) .
Äîêàæåì ñíà÷àëà ñëåäóþùåå ïîëåçíîå óòâåðæäåíèå, ñâÿçàííîå ñ ïðåîá-

ðàçîâàíèÿìè Ôóðüå îáîáùåííûõ ôóíêöèé.

Óòâåðæäåíèå 2 Ïóñòü f ∈ S ′(R2) . Òîãäà

F
[
f(x1, x2)

]
(y1, y2) = Fx2

[
Fx1
[
f(x1, x2)

]
(y1, x2)

]
(y1, y2) =

= Fx1

[
Fx2
[
f(x1, x2)

]
(x1, y2)

]
(y1, y2)

Äîêàçàòåëüñòâî.
Äëÿ ëþáîé ϕ ∈ S(R2) ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåí-

íîé ôóíêöèè èìååì〈
F
[
f(x1, x2)

]
(y1, y2) , ϕ(y1, y2)

〉
=
〈
f(x1, x2) , F

[
ϕ(y1, y2)

]
(x1, x2)

〉
Ïîñêîëüêó îñíîâíàÿ ôóíêöèÿ ϕ(y1, y2) àáñîëþòíî èíòåãðèðóåìà â R2 ,

òî, ïðèìåíÿÿ ê åå ïðåîáðàçîâàíèþ Ôóðüå òåîðåìó Ôóáèíè, ïîëó÷àåì

F
[
ϕ(y1, y2)

]
(x1, x2) =

∫
R2

e i(x1y1+x2y2) ϕ(y1, y2) dy1dy2 =

11



=

+∞∫
−∞

e ix1y1

 +∞∫
−∞

e ix2y2 ϕ(y1, y2) dy2

 dy1 = Fy1

[
Fy2
[
ϕ(y1, y2)

]
(y1, x2)

]
(x1, x2)

Çíà÷èò, 〈
f(x1, x2) , F

[
ϕ(y1, y2)

]
(x1, x2)

〉
=

=

〈
f(x1, x2) , Fy1

[
Fy2
[
ϕ(y1, y2)

]
(y1, x2)

]
(x1, x2)

〉
=

=
〈
Fx1
[
f(x1, x2)

]
(y1, x2) , Fy2

[
ϕ(y1, y2)

]
(y1, x2)

〉
=

=

〈
Fx2

[
Fx1
[
f(x1, x2)

]
(y1, x2)

]
(y1, y2) , ϕ(y1, y2)

〉
Ïåðâîå ðàâåíñòâî â óòâåðæäåíèè 4 äîêàçàíî. Òî÷íî òàêæå ïîëó÷àåòñÿ è

âòîðîå ðàâåíñòâî.
Ïðèâåäåì âòîðîé ñïîñîá ðåøåíèÿ çàäà÷è 5.

F
[
δ(x1 + x2)

]
(y1, y2) = Fx2

[
Fx1
[
δ(x1 + x2)

]
(y1, x2)

]
(y1, y2) =

= Fx2
[
e−ix2y1

]
(y1, y2) = 2πδ(y2 − y1) = 2πδ(y1 − y2)

Îòâåò. F
[
δ(x1 + x2)

]
(y1, y2) = 2πδ(y1 − y2)

Ðåøèì åùå îäíó çàäà÷ó íà âû÷èñëåíèå ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåí-
íîé ôóíêöèè èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ 2017/2018 ó÷åáíîãî
ãîäà.

Çàäà÷à 6 Íàéòè â ïðîñòðàíñòâå S ′(R2) ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé
ôóíêöèè

f(x, y) =
xy2

y − x+ i
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Ðåøåíèå.
Ïðåæäå âñåãî çàìåòèì, ÷òî â ñèëó ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå îáîá-

ùåííûõ ôóíêöèé ñïðàâåäëèâî ðàâåíñòâî

F

[
xy2

y − x+ i

]
(ξ, ζ) = i F

[
(ix)(iy)2

y − x+ i

]
(ξ, ζ) =

= i
∂3

∂ξ∂ζ2

{
F

[
1

y − x+ i

]
(ξ, ζ)

}
, (7)

ïîýòîìó âû÷èñëèì ñíà÷àëà ïðåîáðàçîâàíèå Ôóðüå

F

[
1

y − x+ i

]
(ξ, ζ) .

Äëÿ ýòîãî âîñïîëüçóåìñÿ ñâîéñòâîì ïðåîáðàçîâàíèÿ Ôóðüå èç óòâåðæäå-
íèÿ 2

F

[
1

y − x+ i

]
(ξ, ζ) = Fx

[
Fy

[
1

y − x+ i

]]
(ξ, ζ)

Ðàíåå íà ñåìèíàðàõ (ñì. ïîñîáèå ¾Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ
ôóíêöèé èç S ′(Rm)¿, çàäà÷à 13) ìû âû÷èñëèëè ïðåîáðàçîâàíèå Ôóðüå îò
ðàöèîíàëüíîé äðîáè

1

x+ b+ ia
ïðè a 6= 0 è ïîëó÷èëè ôîðìóëó

F

[
1

x+ b+ ia

]
(y) = −2πi sign a θ(−ay) e ay−iby (8)

Ñëåäñòâèåì ôîðìóëû (8) ÿâëÿåòñÿ ðàâåíñòâî

Fy

[
1

y − x+ i

]
(x, ζ) = −2πi θ(−ζ) e ζ+ixζ

Òàêèì îáðàçîì,

F

[
1

y − x+ i

]
(ξ, ζ) = Fx

[
−2πi θ(−ζ) e ζ+ixζ

]
(ξ, ζ) =

= −2πi θ(−ζ) e ζFx
[
e ixζ

]
(ξ, ζ)

(9)
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Ðàíåå íà ñåìèíàðàõ (ñì. ïîñîáèå ¾Ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûõ
ôóíêöèé èç S ′(Rm)¿, ñëåäñòâèå èç çàäà÷è 2) ìû âûÿñíèëè, ÷òî

F
[
eixa

]
(y) = 2π δ(y + a) .

Ïðèìåíÿÿ ýòîò ðåçóëüòàò ê ôîðìóëå (9), íàõîäèì

F

[
1

y − x+ i

]
(ξ, ζ) = −4π2i θ(−ζ) e ζ δ(ξ + ζ)

Ïîäñòàâëÿÿ íàéäåííîå ïðåîáðàçîâàíèå Ôóðüå â ôîðìóëó (7), ïîëó÷àåì
îêîí÷àòåëüíûé îòâåò

F

[
xy2

y − x+ i

]
(ξ, ζ) = 4π2

∂3

∂ξ∂ζ2

{
θ(−ζ) e ζ δ(ξ + ζ)

}
Äàëüíåéøåå óïðîùåíèå ýòîãî âûðàæåíèÿ íå òðåáóåòñÿ.

Îòâåò. F

[
xy2

y − x+ i

]
(ξ, ζ) = 4π2

∂3

∂ξ∂ζ2

{
θ(−ζ) e ζ δ(ξ + ζ)

}
Â çàêëþ÷åíèå ðåøèì ñëåäóþùóþ çàäà÷ó.

Çàäà÷à 7 (çàäàíèå 1.22) Ïóñòü a > 0 . Äîêàçàòü, ÷òî â ïðîñòðàíñòâå

S ′(R2) îáîáùåííàÿ ôóíêöèÿ

u(t, x) = f(x− at) + g(x+ at)

ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ(
∂2

∂t2
− a2 ∂

2

∂x2

)
u(t, x) = 0

äëÿ ëþáûõ îáîáùåííûõ ôóíêöèé f, g ∈ S ′(R) .

Ðåøåíèå. Áóäåì äëÿ ñîêðàùåíèÿ çàïèñè èñïîëüçîâàòü ñëåäóþùèå îáùå-
ïðèíÿòûå îáîçíà÷åíèÿ äëÿ ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè

∂2w

∂t2
= wtt,

∂2w

∂x2
= wxx.
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Ïî îïðåäåëåíèþ äèôôåðåíöèðîâàíèÿ îáîáùåííûõ ôóíêöèé äëÿ ëþáîé
îñíîâíîé ôóíêöèè ϕ ∈ S(R2) âûïîëíåíî ðàâåíñòâî〈

utt(x, t)− a2uxx(x, t) , ϕ(x, t)
〉
=

=
〈
utt(x, t) , ϕ(x, t)

〉
− a2

〈
uxx(x, t) , ϕ(x, t)

〉
=

=
〈
u(x, t) , ϕtt(x, t)

〉
− a2

〈
u(x, t) , ϕxx(x, t)

〉
=

=
〈
u(x, t) , ϕtt(x, t)− a2ϕxx(x, t)

〉
=

=
〈
f(x− at) + g(x+ at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
=

=
〈
f(x− at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
+

+
〈
g(x+ at) , ϕtt(x, t)− a2ϕxx(x, t)

〉

(10)

Èñïîëüçóÿ îïðåäåëåíèå 1 äëÿ ôóíêöèè f(x− at) , â êîòîðîì ïîëîæèì

A =
(
1 −a

)
, b = 0, AT =

(
1
−a

)
,

ïîëó÷àåì 〈
f(x− at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
=

=
〈
F−1

[
f(z)

]
(y) , F

[
ϕtt(x, t)− a2ϕxx(x, t)

]
(y,−ay)

〉
Âû÷èñëèì îòäåëüíî

F
[
ϕtt(x, t)− a2ϕxx(x, t)

]
(y,−ay)

Èç ôîðìóëû äëÿ ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ïðîèçâîäíîé ôóíêöèè ïîëó-
÷àåì

F
[
ϕtt(x, t)− a2ϕxx(x, t)

]
(ξ, ζ) =

(
(−iζ)2 − a2(−iξ)2

)
F
[
ϕ(x, t)

]
(ξ, ζ) =

=
(
−ζ2 + a2ξ2

)
F
[
ϕ(x, t)

]
(ξ, ζ)

(11)
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Ïîäñòàâëÿÿ â ôîðìóëó (11) çíà÷åíèÿ

ξ = y, ζ = −ay,

íàõîäèì

F
[
ϕtt(x, t)− a2ϕxx(x, t)

]
(y,−ay) =

(
−(−ay)2 + a2y2

)
F
[
ϕ(x, t)

]
(y,−ay) = 0

Ïîýòîìó 〈
f(x− at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
= 0 .

Òî÷íî òàêæå ïðåîáðàçóåì âûðàæåíèå〈
g(x+ at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
Íà ýòîò ðàç â îïðåäåëåíèè 1 ïîëîæèì

A =
(
1 a

)
, b = 0, AT =

(
1
a

)
,

è ïîëó÷èì ðàâåíñòâî〈
g(x+ at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
=

=
〈
F−1

[
g(z)

]
(y) , F

[
ϕtt(x, t)− a2ϕxx(x, t)

]
(y, ay)

〉
Ïîäñòàâëÿÿ â ôîðìóëó (11) çíà÷åíèÿ

ξ = y, ζ = ay,

íàõîäèì

F
[
ϕtt(x, t)− a2ϕxx(x, t)

]
(y, ay) =

(
−(ay)2 + a2y2

)
F
[
ϕ(x, t)

]
(y, ay) = 0

Ïîýòîìó 〈
g(x+ at) , ϕtt(x, t)− a2ϕxx(x, t)

〉
= 0 .

Âîñïîëüçîâàâøèñü ôîðìóëîé (10), îêîí÷àòåëüíî ïîëó÷àåì〈
utt − a2uxx , ϕ(x, t)

〉
= 0 .

Äîêàçàíî.
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Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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