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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè èçó÷àþòñÿ ìåòîäû ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷
äëÿ çàìûêàíèÿ îïåðàòîðà Ëàïëàñà â ñåêòîðå. Ïðîäåìîíñòðèðóåì ýòè ìåòî-
äû íà ïðèìåðå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ çàìûêàíèÿ îïåðàòîðà
Ëàïëàñà â ñåêòîðå èç ïèñüìåííîé ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ
2019-2020 ó÷åáíîãî ãîäà.

Ïðèìåð ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ çàìûêàíèÿ

îïåðàòîðà Ëàïëàñà â ñåêòîðå

Çàäà÷à 1 Ðàññìàòðèâàåòñÿ ÷åòâåðòü êðóãà

K = {(x, y) ∈ R2 : x2 + y2 < 2π, x > 0, y > 0}

ñ ãðàíèöåé ∂K = γ1 ∪ γ2 ∪ γc, ãäå

γ1 = {(x, y) ∈ R2 : 0 ≤ x ≤
√

2π, y = 0},
γ2 = {(x, y) ∈ R2 : 0 ≤ y ≤

√
2π, x = 0},

γc = {(x, y) ∈ R2 : x2 + y2 = 2π, x > 0, y > 0}.
Îïåðàòîð Ëàïëàñà

∆ : D(∆)→ L2(K)

èìååò îáëàñòü îïðåäåëåíèÿ

D(∆) =
{
f ∈ C2(K) : f |γc = 0, f ′y

∣∣
γ1

= 0, f ′x|γ2 = 0
}
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Äëÿ ôóíêöèè

w(x, y) = exp(ix2 + iy2)− 1 , (x, y) ∈ K ,

íàéòè ðåøåíèå çàäà÷èi
d

dt
u(t) = ∆u(t), t > 0, u(t) ∈ D(∆),

u(+0) = w,

îáîñíîâàâ âëîæåíèå u(t) ∈ D(∆) , äèôôåðåíöèðóåìîñòü ôóíêöèè u(t) ïðè

t > 0 â L2(K) è ïðåäåëüíîå ñîîòíîøåíèå

‖u(t)− w‖L2(K) → 0 ïðè t→ +0 .

Ðåøåíèå.

1. Ñèììåòðè÷íîñòü îïåðàòîðà Ëàïëàñà

Ðàññìîòðèì äâå ïðîèçâîëüíûå ôóíêöèè f ∈ D(∆) è g ∈ D(∆). Òîãäà

(∆f, g) =

∫∫
K

∆f · g dxdy

Âîñïîëüçîâàâøèñü âòîðîé ôîðìóëîé Ãðèíà, ïîëó÷àåì∫∫
K

∆f · g dxdy =

∮
∂K

(
g
∂f

∂n
− f ∂g

∂n

)
dS +

∫∫
K

f ∆g dxdy

Ïîñêîëüêó ∂K = γ1 ∪ γ2 ∪ γc è

∂f

∂n

∣∣∣∣
γ1

= − f ′y
∣∣
γ1

= 0;
∂g

∂n

∣∣∣∣
γ1

= − g′y
∣∣
γ1

= 0;

∂f

∂n

∣∣∣∣
γ2

= − f ′x|γ2 = 0;
∂g

∂n

∣∣∣∣
γ2

= − g′x|γ2 = 0;

f |γc = 0; g|γc = 0,

òî ∮
∂K

(
g
∂f

∂n
− f ∂g

∂n

)
dS = 0
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Ñëåäîâàòåëüíî,

(∆f, g) =

∫∫
K

∆f · g dxdy =

∫∫
K

f ∆g dxdy = (f,∆g)

Ñèììåòðè÷íîñòü îïåðàòîðà ∆ äîêàçàíà.

2. Îòðèöàòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðà Ëàïëàñà

Ðàññìîòðèì ïðîèçâîëüíóþ ôóíêöèþ f ∈ D(∆) è âîñïîëüçóåìñÿ òðåòüåé
ôîðìóëîé Ãðèíà

(∆f, f) =

∫∫
K

∆f · f dxdy =

∮
∂K

f
∂f

∂n
dS −

∫∫
K

|grad f |2 dxdy

Ïîñêîëüêó ∂K = γ1 ∪ γ2 ∪ γc è

∂f

∂n

∣∣∣∣
γ1

= − f ′y
∣∣
γ1

= 0;
∂f

∂n

∣∣∣∣
γ2

= − f ′x|γ2 = 0; f
∣∣
γc

= 0,

òî ∮
∂K

f
∂f

∂n
dS = 0

Ñëåäîâàòåëüíî,

(∆f, f) = −
∫∫
K

|grad f |2 dxdy ≤ 0

Äëÿ äîêàçàòåëüñòâà îòðèöàòåëüíîé îïðåäåëåííîñòè îïåðàòîðà ∆ îñòàåò-
ñÿ ïðîâåðèòü, ÷òî

(∆f, f) = 0 ⇔ f = 0

Äåéñòâèòåëüíî,

(∆f, f) = 0 ⇔ |grad f | = 0 ⇔ f = const

Ñ ó÷åòîì óñëîâèÿ f |γc = 0 ïîëó÷àåì

(∆f, f) = 0 ⇔ f = 0

Îòðèöàòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðà ∆ äîêàçàíà.
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3. Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà ∆

Ðåøèì êðàåâóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà
â ñåêòîðå K

∆f = λf ; f |γc = 0, f ′y
∣∣
γ1

= 0, f ′x|γ2 = 0 . (1)

Äëÿ ýòîãî ñíà÷àëà çàìåòèì, ÷òî èç ñèììåòðè÷íîñòè è îòðèöàòåëüíîé
îïðåäåëåííîñòè îïåðàòîðà ∆ ñëåäóåò, ÷òî ñîáñòâåííûå çíà÷åíèÿ λ äåé-
ñòâèòåëüíû è îòðèöàòåëüíû.

Ïåðåïèøåì çàäà÷ó (1) â ïîëÿðíûõ êîîðäèíàòàõ

frr +
1

r
fr +

1

r2
fϕϕ = λf ; f |r=√2π = 0, f ′ϕ

∣∣
ϕ=0

= 0, f ′ϕ
∣∣
ϕ=π

2

= 0 . (2)

Íàéäåì ñíà÷àëà ñîáñòâåííûå ôóíêöèè Φ(ϕ) îïåðàòîðà

L =
∂2

∂ϕ2

ñ îáëàñòüþ îïðåäåëåíèÿ

D(L) =

{
Φ ∈ C2

[
0,
π

2

]
: Φ′(0) = 0, Φ′

(
π

2

)
= 0

}
Äëÿ ýòîãî ðåøèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ

Φ′′ = µΦ, Φ′(0) = 0, Φ′
(
π

2

)
= 0 (3)

Ñòîèò îòìåòèòü, ÷òî êðàåâûå óñëîâèÿ â çàäà÷å (3) ñîâïàäàþò ñ êðàåâûìè
óñëîâèÿìè ïî ϕ çàäà÷è (2).

Ðàññìîòðèì òðè ñëó÷àÿ.

� µ > 0

Â ýòîì ñëó÷àå îáùåå ðåøåíèå óðàâíåíèÿ â çàäà÷å (3) èìååò âèä

Φ(ϕ) = A sh(
√
µϕ) +B ch(

√
µϕ)

Èç êðàåâûõ óñëîâèé ïîëó÷àåì

Φ′(0) = A
√
µ = 0; Φ′

(
π

2

)
= B
√
µ sh

(
√
µ
π

2

)
= 0 ⇒ B = 0

îòêóäà ñëåäóåò, ÷òî ó îïåðàòîðà L íåò ïîëîæèòåëüíûõ ñîáñòâåííûõ
çíà÷åíèé.
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� µ = 0

Â ýòîì ñëó÷àå îáùåå ðåøåíèå óðàâíåíèÿ â çàäà÷å (3) èìååò âèä

Φ(ϕ) = Aϕ+B

Ïîäñòàâëÿÿ êðàåâûå óñëîâèÿ çàäà÷è (3), ïîëó÷àåì

Φ′(0) = A = 0; Φ′
(
π

2

)
= A = 0;

îòêóäà ñëåäóåò, ÷òî ó îïåðàòîðà L åñòü ñîáñòâåííàÿ ôóíêöèÿ

Φ0(ϕ) ≡ 1

ñ íóëåâûì ñîáñòâåííûì çíà÷åíèåì.

� µ < 0

Â ýòîì ñëó÷àå îáùåå ðåøåíèå óðàâíåíèÿ â çàäà÷å (3) èìååò âèä

Φ(ϕ) = A sin(
√
−µϕ) +B cos(

√
−µϕ)

Ïîäñòàâëÿÿ êðàåâûå óñëîâèÿ çàäà÷è (3), ïîëó÷àåì

Φ′(0) = A
√
−µ = 0; Φ′

(
π

2

)
= −B

√
−µ sin

(√
−µ π

2

)
= 0

Ïîñêîëüêó ñîáñòâåííàÿ ôóíêöèÿ íå ìîæåò áûòü òîæäåñòâåííî ðàâ-
íîé íóëþ, òî

sin

(√
−µ π

2

)
= 0 ⇔

√
−µ π

2
= πn ⇔

√
−µ = 2n

Òàêèì îáðàçîì, ìû ïîëó÷èëè íàáîð ñîáñòâåííûõ çíà÷åíèé è ñîîò-
âåòñòâóþùèõ èì ñîáñòâåííûõ ôóíêöèé

Φn(ϕ) = cos(2nϕ), µn = −4n2; n = 1, 2, ...

Â öåëîì âñå íàéäåííûå ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè
ìîæíî çàïèñàòü îäíîé ôîðìóëîé â âèäå

Φn(ϕ) = cos(2nϕ), µn = −4n2; n = 0, 1, 2, ...
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ïðè÷åì íàáîð ñîáñòâåííûõ ôóíêöèé Φn(ϕ) îáðàçóåò îðòîãîíàëüíûé áà-

çèñ â ïðîñòðàíñòâå L2

[
0,
π

2

]
.

Òåïåðü âåðíåìñÿ ê ðåøåíèþ çàäà÷è (2) è ðàçëîæèì ôóíêöèþ f(r, ϕ)
ïðè ôèêñèðîâàííîì r â ðÿä Ôóðüå ïî áàçèñó {cos(2nϕ)}

f(r, ϕ) =
+∞∑
n=0

An(r) cos(2nϕ)

Ïîäñòàâëÿÿ ýòî ðàçëîæåíèå â óðàâíåíèå (2), ïîëó÷èì

+∞∑
n=0

A′′n(r) cos(2nϕ)+
1

r

+∞∑
n=0

A′n(r) cos(2nϕ)+
1

r2

+∞∑
n=0

(−4n2)An(r) cos(2nϕ) =

= λ

+∞∑
n=0

An(r) cos(2nϕ)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîì cos(2nϕ) â ëåâîé è ïðàâîé ÷à-
ñòÿõ ðàâåíñòâà, ïîëó÷àåì

A′′n(r) +
1

r
A′n(r)−

4n2

r2
An(r) = λAn(r), n = 0, 1, 2, ... (4)

Ïðåîáðàçóåì óðàâíåíèå (4), ó÷èòûâàÿ îòðèöàòåëüíîñòü λ, ê äðóãîìó âè-
äó

A′′n(r) +
1

r
A′n(r) +

(
−λ− 4n2

r2

)
An(r) = 0

A′′n(r)(√
−λ
)2 +

1

r
√
−λ
· A
′
n(r)√
−λ

+

(
1− 4n2(

r
√
−λ
)2

)
An(r) = 0 (5)

Ñîâåðøàÿ â óðàâíåíèè (5) çàìåíó ïåðåìåííîé

t = r
√
−λ,

ïîëó÷àåì óðàâíåíèå Áåññåëÿ

A′′n(t) +
1

t
A′n(t) +

(
1− 4n2

t2

)
An(t) = 0
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Ïîñêîëüêó íàñ èíòåðåñóþò òîëüêî òàêèå ðåøåíèÿ An(t) óðàâíåíèÿ Áåñ-
ñåëÿ, êîòîðûå îãðàíè÷åíû â íóëå, òî

An(t) = J2n(t) ⇒ An(r) = J2n

(
r
√
−λ
)

(6)

Âîñïîëüçîâàâøèñü êðàåâûì óñëîâèåì â ðàññìàòðèâàåìîì êðóãå, ïîëó÷à-
åì

f |r=√2π = 0 ⇔ An(
√

2π) = 0

Ñëåäîâàòåëüíî,

An(
√

2π) = J2n

(√
2π
√
−λ
)

= 0

òî åñòü, ÷èñëî
√

2π
√
−λ ÿâëÿåòñÿ îäíèì èç íóëåé µ

(2n)
k ôóíêöèè Áåññåëÿ

J2n(t).

Ïîäñòàâëÿÿ âûðàæåíèå
√
−λ =

µ
(2n)
k√
2π

â ôîðìóëó (6), ïîëó÷àåì íàáîð ðåøåíèé óðàâíåíèÿ (4)

An,k(r) = J2n

(
µ

(2n)
k r√
2π

)
, k = 1, 2, 3...

Èòàê, ìû íàøëè ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ëàïëàñà

λn,k = −
(
µ

(2n)
k√
2π

)2

; n = 0, 1, 2, ..., k = 1, 2, 3...

è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè

fn,k = J2n

(
µ

(2n)
k r√
2π

)
cos(2nϕ) (7)

Íàáîð ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà â ñåêòîðå

{fn,k} n = 0, 1, 2, ..., k = 1, 2, 3...

îáðàçóåò îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå L2(K), îäíàêî äîêàçàòåëü-
ñòâî ýòîãî ôàêòà ÿâëÿåòñÿ ëåêöèîííûì ìàòåðèàëîì.
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4. Ñïåêòðàëüíîå ðàçëîæåíèå çàìûêàíèÿ îïåðàòîðà Ëàïëàñà ∆

Ìû âûÿñíèëè, ÷òî îïåðàòîð Ëàïëàñà ∆ ñ îáëàñòüþ îïðåäåëåíèÿ

D(∆) =
{
f ∈ C2(K) : f |∂K = 0

}
ÿâëÿåòñÿ ñèììåòðè÷íûì è îáëàäàåò â ïðîñòðàíñòâå L2(K) îðòîãîíàëü-
íûì áàçèñîì èç ñîáñòâåííûõ ôóíêöèé.

Ïîýòîìó åãî çàìûêàíèå ∆ èìååò îáëàñòü îïðåäåëåíèÿ

D(∆) =

{
u ∈ L2(K) :

+∞∑
n=0

+∞∑
k=1

λ2
n,k

|(u, fn,k)|2

‖fn,k‖2
<∞

}
è ñïåêòðàëüíîå ðàçëîæåíèå

∆u =
+∞∑
n=0

+∞∑
k=1

λn,k
(u, fn,k)

‖fn,k‖2
fn,k

5. Ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

i
d

dt
u(t) = ∆u(t), t > 0, u(t) ∈ D(∆),

u(+0) = w,

(8)

ãäå w = exp(ix2 + iy2)− 1 .

(a) Íàéäåì ¾êàíäèäàòà¿ íà ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è.

Ñ ýòîé öåëüþ ïðè êàæäîì ôèêñèðîâàííîì t ðàçëîæèì ôóíêöèþ u(t)
ïî áàçèñó {fn,k}

u(t) =
+∞∑
n=0

+∞∑
k=1

Tn,k(t)fn,k (9)

Èç ñïåêòðàëüíîãî ðàçëîæåíèÿ çàìûêàíèÿ îïåðàòîðà Ëàïëàñà ∆ ïî-
ëó÷àåì

∆u(t) =
+∞∑
n=0

+∞∑
k=1

λn,kTn,k(t)fn,k (10)
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Ðàçëîæèì ôóíêöèþ w ïî áàçèñó {fn,k}. Ïîñêîëüêó

w = exp(ix2 + iy2)− 1 = eir
2 − 1

òî åå ðàçëîæåíèå ïî áàçèñó {fn,k} èìååò âèä

w =
+∞∑
k=1

αk f0,k =
+∞∑
k=1

αk J0

(
µ

(0)
k r√
2π

)
(11)

ãäå

αk =
(eir

2 − 1, f0,k)

‖f0,k‖2
=

∫∫
K

(eir
2 − 1) J0

(
µ

(0)
k r√
2π

)
r drdϕ

∫∫
K

J2
0

(
µ

(0)
k r√
2π

)
r drdϕ

=

=

√
2π∫

0

r(eir
2 − 1)J0

(
µ

(0)
k r

2

)
dr

π
2∫

0

dϕ

√
2π∫

0

rJ2
0

(
µ

(0)
k r

2

)
dr

π
2∫

0

dϕ

=

√
2π∫

0

r(eir
2 − 1)J0

(
µ

(0)
k r

2

)
dr

√
2π∫

0

rJ2
0

(
µ

(0)
k r

2

)
dr

Ïîñêîëüêó â ôîðìóëó (11) âõîäÿò òîëüêî ôóíêöèè f0,k, òî â ôîðìóëå
(9) ðàâíû íóëþ êîýôôèöèåíòû

Tn,k(t) ïðè n = 1, 2, ..., k = 1, 2, 3...

Òàêèì îáðàçîì, ðàçëîæåíèÿ (9) è (10) ïðèîáðåòàþò âèä

u(t) =
+∞∑
k=1

T0,k(t)f0,k (12)

è

∆u(t) =
+∞∑
k=1

λ0,kT0,k(t)f0,k (13)

ñîîòâåòñòâåííî.
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Ïîäñòàâèâ ðàçëîæåíèÿ (11), (12), (13) â óðàâíåíèå è íà÷àëüíîå óñëî-
âèå çàäà÷è (8), ïîëó÷èì

i
+∞∑
k=1

T ′0,k(t)f0,k =
+∞∑
k=1

λ0,kT0,k(t)f0,k

+∞∑
k=1

T0,k(0)f0,k =
+∞∑
k=1

αk f0,k

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé áàçèñíîé ôóíêöèè f0,k,
äëÿ êàæäîãî k = 1, 2, ... ïîëó÷àåì çàäà÷ó Êîøè

iT ′0,k(t) = λ0,kT0,k(t) , T0,k(0) = αk ,

Ðåøèì ýòó çàäà÷ó.

T ′0,k(t) = −i λ0,kT0,k(t)

T0,k(t) = Cke
−iλ0,kt

Íàéäåì êîíñòàíòû Ck èç íà÷àëüíîãî óñëîâèÿ

T0,k(0) = Ck = αk

Ïîýòîìó

T0,k(t) = αk e
−iλ0,kt

è ¾êàíäèäàòîì¿ íà ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (8) áóäåò
ôóíêöèÿ

u(t) =
+∞∑
k=1

αk e
−iλ0,ktf0,k

Ïðîâåðèì, ÷òî u(t) äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (8).

Ïðåæäå âñåãî çàìåòèì, ÷òî

w = (eir
2 − 1) ∈ D(∆)

Äåéñòâèòåëüíî,

w ∈ C2(K); w|r=√2π = 0, w′ϕ
∣∣
ϕ=0

= 0, w′ϕ
∣∣
ϕ=π

2

= 0
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Çíà÷èò, w ∈ L2(K) è

‖w‖2 =
+∞∑
k=1

|αk|2‖f0,k‖2 <∞ (14)

Êðîìå òîãî, ïîñêîëüêó D(∆) ⊂ D(∆) , òî

‖∆w‖2 =
+∞∑
k=1

λ2
0,k|αk|2‖f0,k‖2 <∞ (15)

(b) Ïîêàæåì, ÷òî äëÿ êàæäîãî t > 0 ôóíêöèÿ u(t) ∈ L2(K).

Äëÿ ýòîãî, âîñïîëüçîâàâøèñü ðàâåíñòâîì Ïàðñåâàëÿ, îöåíèì ñâåðõó
êâàäðàò íîðìû ôóíêöèè u(t)

‖u(t)‖2 =
+∞∑
k=1

|αk|2|e−iλ0,kt|2‖f0,k‖2 =
+∞∑
k=1

|αk|2‖f0,k‖2 = ‖w‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(c) Ïîêàæåì, ÷òî äëÿ êàæäîãî t > 0 ôóíêöèÿ u(t) ∈ D(∆).

Äåéñòâèòåëüíî, ñ ó÷åòîì (15) èìååì

+∞∑
k=1

λ2
0,k|αk|2|e−iλ0,kt|2‖f0,k‖2 =

+∞∑
k=1

λ2
0,k|αk|2‖f0,k‖2 = ‖∆w‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(d) Äîêàæåì, ÷òî âûïîëíåíî íà÷àëüíîå óñëîâèå u(+0) = w.

Ñïðàâåäëèâà îöåíêà

‖u(t)− w‖2 =
+∞∑
k=1

|αk|2|e−iλ0,kt − 1|2‖f0,k‖2 ≤
+∞∑
k=1

4|αk|2‖f0,k‖2

è ðÿä
+∞∑
k=1

4|αk|2‖f0,k‖2

ñõîäèòñÿ. Ïîýòîìó ïî ïðèçíàêó Âåéåðøòðàññà ðÿä

+∞∑
k=1

|αk|2|e−iλ0,kt − 1|2‖f0,k‖2

11



ñõîäèòñÿ ðàâíîìåðíî ïî t íà (0,+∞)

Ñëåäîâàòåëüíî,

lim
t→+0
‖u(t)− w‖2 = lim

t→+0

+∞∑
k=1

|αk|2|e−iλ0,kt − 1|2‖f0,k‖2 =

=
+∞∑
k=1

|αk|2 lim
t→+0

|e−iλ0,kt − 1|2‖f0,k‖2 = 0

÷òî è òðåáîâàëîñü äîêàçàòü.

(e) Äîêàæåì, ÷òî ðÿä
+∞∑
k=1

T ′0,k(t)f0,k

ñõîäèòñÿ â L2(K)

Äåéñòâèòåëüíî,
+∞∑
k=1

|T ′0,k|2‖f0,k‖2 =
+∞∑
k=1

|αk|2 | − iλ0,k e
−iλ0,kt|2 ‖f0,k‖2 =

=
+∞∑
k=1

λ2
0,k|αk|2‖f0,k‖2 = ‖∆w‖2 <∞

÷òî è òðåáîâàëîñü äîêàçàòü.

(f) Äîêàæåì, ÷òî ïðîèçâîäíàÿ u′(t) â L2(K) ðàâíà ñóììå ðÿäà

+∞∑
k=1

T ′0,k(t)f0,k

Â ñèëó îïðåäåëåíèÿ ïðîèçâîäíîé â ïðîñòðàíñòâå L2(K) äëÿ ýòîãî
íóæíî äîêàçàòü, ÷òî ñïðàâåäëèâî ðàâåíñòâî:

lim
∆t→0

∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T ′0,k(t)f0,k

∥∥∥∥2

= 0

Âîñïîëüçîâàâøèñü ðàâåíñòâîì Ïàðñåâàëÿ, ïðåîáðàçóåì âûðàæåíèå,
ñòîÿùåå ïîä çíàêîì ïðåäåëà∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T ′0,k(t)f0,k

∥∥∥∥2

=

12



=

∥∥∥∥+∞∑
k=1

T0,k(t+ ∆t)− T0,k(t)

∆t
f0,k −

+∞∑
k=1

T ′0,k(t)f0,k

∥∥∥∥2

=

=
+∞∑
k=1

∣∣∣∣T0,k(t+ ∆t)− T0,k(t)

∆t
− T ′0,k(t)

∣∣∣∣2‖f0,k‖2

Ïî òåîðåìå Ëàãðàíæà î ñðåäíåì äëÿ êàæäîãî k ñóùåñòâóåò òàêîå
ξk ∈ (t, t+ ∆t), ÷òî

T0,k(t+ ∆t)− T0,k(t) = T ′0,k(ξk)∆t

Ïîýòîìó

+∞∑
k=1

∣∣∣∣T0,k(t+ ∆t)− T0,k(t)

∆t
− T ′0,k(t)

∣∣∣∣2‖f0,k‖2 =

=
+∞∑
k=1

∣∣T ′0,k(ξk)− T ′0,k(t)∣∣2‖f0,k‖2 ≤
+∞∑
k=1

(∣∣T ′0,k(ξk)∣∣+
∣∣T ′0,k(t)∣∣)2

‖f0,k‖2

Îöåíèì îáùèé ÷ëåí ýòîãî ðÿäà ñâåðõó, âîñïîëüçîâàâøèñü îöåíêîé∣∣T ′0,k(t)∣∣ ≤ |λ0,kαk|

ïîëó÷åííîé ïðè äîêàçàòåëüñòâå ïóíêòà (e):(∣∣T ′0,k(ξk)∣∣+
∣∣T ′0,k(t)∣∣)2

‖f0,k‖2 ≤ 4λ2
0,k|αk|2‖f0,k‖2

Ïîñêîëüêó
+∞∑
k=1

4λ2
0,k|αk|2‖f0,k‖2 = 4‖∆w‖2 <∞,

òî ïî ïðèçíàêó Âåéåðøòðàññà ðÿä

+∞∑
k=1

∣∣T ′0,k(ξk)− T ′0,k(t)∣∣2‖f0,k‖2

ñõîäèòñÿ ðàâíîìåðíî ïî ∆t, è ñïðàâåäëèâî ðàâåíñòâî

lim
∆t→0

+∞∑
k=1

∣∣T ′0,k(ξk)− T ′0,k(t)∣∣2‖f0,k‖2 =
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=
+∞∑
k=1

lim
∆t→0

∣∣T ′0,k(ξk)− T ′0,k(t)∣∣2‖f0,k‖2 = 0

Ñëåäîâàòåëüíî,

lim
∆t→0

∥∥∥∥u(t+ ∆t)− u(t)

∆t
−

+∞∑
k=1

T ′0,k(t)f0,k

∥∥∥∥2

= 0

÷òî è òðåáîâàëîñü äîêàçàòü.

Ïîñêîëüêó âñå íåîáõîäèìûå ïðîâåðêè ìû âûïîëíèëè, òî ìîæíî óòâåð-
æäàòü, ÷òî ôóíêöèÿ

u(t) =
+∞∑
k=1

αk e
−iλ0,ktf0,k

ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (8).

Ðåøåíèå çàäà÷è 1 çàâåðøåíî.

Íàøè ñåìèíàðû â ýòîì ñåìåñòðå çàêîí÷åíû. Óäà÷íîé ñåññèè!

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!

14


