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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ýòîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ìû íàéä¼ì ôóíêöèþ Ãðèíà
òðåõìåðíîãî âîëíîâîãî îïåðàòîðà è ðàññìîòðèì ïðèìåðû ðåøåíèÿ îáîáùåí-
íûõ çàäà÷ Êîøè äëÿ òðåõìåðíîãî âîëíîâîãî óðàâíåíèÿ.

Ïîñòàíîâêà îáîáùåííîé çàäà÷è Êîøè äëÿ òðåõìåðíîãî âîëíîâîãî
óðàâíåíèÿ

Ïóñòü a > 0, x = (x1, x2, x3) ∈ R3 è îáîáùåííàÿ ôóíêöèÿ f(t, x) ∈ S ′(R× R3)
òàêîâà, ÷òî åå íîñèòåëü ñîäåðæèòñÿ â ïîëóïðîñòðàíñòâå

{(t, x) ∈ R× R3 : t > 0, x ∈ R3}

Áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

∆x =
∂2

∂x21
+

∂2

∂x22
+

∂2

∂x23

Îïðåäåëåíèå 1 Îáîáù¼ííîé çàäà÷åé Êîøè äëÿ òðåõìåðíîãî âîëíîâîãî

óðàâíåíèÿ

utt − a2∆xu = f(t, x), t > 0, x ∈ R3, (1)
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íàçûâàþò çàäà÷ó, â êîòîðîé òðåáóåòñÿ íàéòè ðåøåíèÿ u(t, x) ∈ S ′(R× R3)
óðàâíåíèÿ (1), ó êîòîðûõ íîñèòåëè ñîäåðæàòñÿ â ïîëóïðîñòðàíñòâå

{(t, x) ∈ R× R3 : t > 0, x ∈ R3} (2)

Îïðåäåëåíèå 2 Îïåðàòîð

� a =
∂2

∂t2
− a2∆x

ñòîÿùèé â ëåâîé ÷àñòè óðàâíåíèÿ (1), íàçûâàþò òðåõìåðíûì îïåðàòîðîì

Äàëàìáåðà.

Âû÷èñëåíèå ôóíêöèè Ãðèíà òðåõìåðíîãî îïåðàòîðà Äàëàìáåðà

Çàäà÷à 1 Íàéòè â S ′(R×R3) ôóíêöèþ Ãðèíà E(t, x) îïåðàòîðà Äàëàìáåðà

� a =
∂2

∂t2
− a2∆x

óäîâëåòâîðÿþùóþ óñëîâèþ supp E(t, x) ⊂ {(t, x) ∈ R×R3 : t > 0, x ∈ R3} .

Ðåøåíèå.
Ôóíêöèÿ E(t, x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂2E
∂t2
− a2∆x E = δ(t, x)

Âîçüìåì ïðåîáðàçîâàíèå Ôóðüå ïî x

∂2

∂t2
Fx
[
E
]
− a2

(
(−iξ1)2 + (−iξ2)2 + (−iξ3)2

)
Fx
[
E
]

= δ(t)

∂2

∂t2
Fx
[
E
]

+ a2|ξ|2Fx
[
E
]

= δ(t)

Îáîçíà÷èâ g(t, ξ) = Fx
[
E
]
(t, ξ) , ïîëó÷èì óðàâíåíèå

∂2g

∂t2
+ a2|ξ|2g = δ(t) (3)
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Ïðè ïîèñêå ôóíêöèè Ãðèíà îäíîìåðíîãî âîëíîâîãî îïåðàòîðà ìû âûÿñ-
íèëè, ÷òî ïðè êàæäîì ôèêñèðîâàííîì ξ óðàâíåíèå (3) èìååò åäèíñòâåííîå
ðåøåíèå

g(t, ξ) = θ(t)
sin(a|ξ|t)
a|ξ|

íîñèòåëü êîòîðîãî âõîäèò â ìíîæåñòâî t > 0.
Äîêàæåì, ÷òî îáîáù¼ííàÿ ôóíêöèÿ g(t, ξ) áóäåò ðåøåíèåì óðàâíåíèÿ (3)

è â S ′(R× R3) .
Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, ξ) ∈ S(R×R3) ñïðàâåäëèâû ðàâåíñòâà

〈
gtt , ϕ

〉
=
〈
g , ϕtt

〉
=

∫
R4

θ(t)
sin
(
a|ξ|t

)
a|ξ|

ϕtt dtdξ

Â ñèëó àáñîëþòíîé èíòåãðèðóåìîñòè ïîäûíòåãðàëüíîé ôóíêöèè ïîëó÷àåì

∫
R4

θ(t)
sin
(
a|ξ|t

)
a|ξ|

ϕtt dtdξ =

∫
R3

dξ

+∞∫
0

sin
(
a|ξ|t

)
a|ξ|

ϕtt dt =

=

∫
R3

dξ

 sin
(
a|ξ|t

)
a|ξ|

ϕt

∣∣∣∣∣
+∞

0

−
+∞∫
0

cos
(
a|ξ|t

)
ϕt dt

 =

=

∫
R3

dξ

− cos
(
a|ξ|t

)
ϕ
∣∣+∞
0
−

+∞∫
0

a|ξ| sin
(
a|ξ|t

)
ϕdt

 =

=

∫
R3

dξ

ϕ(0, ξ)− a2|ξ|2
+∞∫
0

sin
(
a|ξ|t

)
a|ξ|

ϕdt

 =
〈
δ(t)− a2|ξ|2g , ϕ

〉
Äîêàçàíî.

Òåïåðü äëÿ òîãî, ÷òîáû íàéòè ôóíêöèþ Ãðèíà, îñòàåòñÿ âû÷èñëèòü îá-
ðàòíîå ïðåîáðàçîâàíèå Ôóðüå

E(t, x) = F−1ξ [g](t, x) = F−1ξ

[
θ(t)

sin
(
a|ξ|t

)
a|ξ|

]
(t, x)
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Ðàíåå ïðè ðåøåíèè çàäàíèÿ 1.23 á) áûëà ïîëó÷åíà ôîðìóëà

Fx

[
δ(at− |x|)
|x|

]
(t, ξ) =

4πθ(t) sin
(
at|ξ|

)
|ξ|

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî çàíÿòèÿ ¾Î çàìåíå ïåðåìåííîé â àðãóìåíòå
äåëüòà-ôóíêöèè¿). Òàêæå ïðè ðåøåíèè çàäàíèÿ 1.23 á) áûëî óñòàíîâëåíî,
÷òî äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, x) ∈ S(R× R3) âûïîëíåíî ðàâåíñòâî

〈
δ(at− |x|)
|x|

, ϕ(t, x)

〉
=

+∞∫
0

dt

∫
|x|=at

1

at
ϕ (t, x) dSx

ïðàâóþ ÷àñòü êîòîðîãî ìîæíî ïåðåïèñàòü â âèäå

+∞∫
0

dt

∫
|x|=at

1

at
ϕ (t, x) dSx =

〈
θ(t)

at
δSat(x) , ϕ(t, x)

〉
Ïîýòîìó

E(t, x) = F−1ξ

[
θ(t)

sin
(
a|ξ|t

)
a|ξ|

]
(t, x) =

δ(at− |x|)
4πa|x|

=
θ(t)

4πa2t
δSat(x)

Îòâåò. E(t, x) =
θ(t)

4πa2t
δSat(x)

Ñâîéñòâà ðåøåíèé îáîáùåííûõ çàäà÷ Êîøè äëÿ òðåõìåðíûõ
âîëíîâûõ óðàâíåíèé

Íà ëåêöèÿõ äîêàçàíû ñëåäóþùèå ñâîéñòâà ðåøåíèé îáîáùåííûõ çàäà÷
Êîøè äëÿ òðåõìåðíûõ âîëíîâûõ óðàâíåíèé.

Ñâîéñòâî 1. Äëÿ ëþáîé îáîáùåííîé ôóíêöèè f ∈ S ′(R×R3) , íîñèòåëü
êîòîðîé ñîäåðæèòñÿ â ïîëóïðîñòðàíñòâå

{(t, x) ∈ R× R3 : t > 0} ,

ñóùåñòâóåò ñâåðòêà f ∗ E .
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Ïî ñâîéñòâàì ñâåðòîê îáîáùåííûõ ôóíêöèé ýòà ñâåðòêà f ∗ E ÿâëÿåòñÿ
îáîáùåííûì ðåøåíèåì óðàâíåíèÿ

� au = f, t > 0 (4)

Ñâîéñòâî 2. Ñâåðòêà f ∗ E ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì îáîáùåí-
íîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ (4), ïîñêîëüêó, êàê ìû âûÿñíèëè ïðè ðå-
øåíèè çàäà÷è 1, ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå íå èìååò íåíóëåâûõ
ðåøåíèé ñ íîñèòåëÿìè â ïîëóïðîñòðàíñòâå {(t, x) ∈ R× R3, t > 0} .

Ñâîéñòâî 3. Â ñëó÷àå, êîãäà ôóíêöèè u0(x), u1(x), f(x, t) ÿâëÿþòñÿ
ôóíêöèÿìè ìåäëåííîãî ðîñòà, êëàññè÷åñêóþ çàäà÷ó Êîøè äëÿ òðåõìåðíîãî
âîëíîâîãî óðàâíåíèÿ

utt − a2∆xu = f(t, x), t > 0, x ∈ R3,

u|t=0 = u0(x),

ut|t=0 = u1(x).

ìîæíî ñâåñòè ê ðåøåíèþ îáîáùåííîé çàäà÷è Êîøè äëÿ òðåõìåðíîãî âîëíî-
âîãî óðàâíåíèÿ

utt(t, x) = a2∆xu(t, x) + f(t, x) + δ′(t)u0(x) + δ(t)u1(x)

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ïðàêòè÷åñêè äîñëîâíî ñîâïàäàåò ñ äî-
êàçàòåëüñòâîì, ïðîâåäåííûì äëÿ îäíîìåðíîãî âîëíîâîãî óðàâíåíèÿ.

Âûâåäåì åùå îäíó ïîëåçíóþ è óäîáíóþ ôîðìóëó, ÷àñòî ïðèìåíÿåìóþ ïðè
ðåøåíèè çàäà÷.

Ñâîéñòâî 4. Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, x) ∈ S(R× R3) âûïîë-
íåíî ðàâåíñòâî

〈
E(t, x) , ϕ(t, x)

〉
=

1

4πa2

∫
R3

ϕ
(
|x|
a , x

)
|x|

dx (5)

Äîêàçàòåëüñòâî.

〈
E(t, x) , ϕ(t, x)

〉
=

〈
θ(t)

4πa2t
δSat(x) , ϕ(t, x)

〉
=

1

4πa2

+∞∫
0

dt

t

∫
|x|=at

ϕ (t, x) dSx
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Â ðåçóëüòàòå çàìåíû ïåðåìåííîé s = at âî âíåøíåì èíòåãðàëå ïîëó÷àåì

1

4πa2

+∞∫
0

dt

t

∫
|x|=at

ϕ (t, x) dSx =
1

4πa2

+∞∫
0

ds

s

∫
|x|=s

ϕ

(
s

a
, x

)
dSx =

=
1

4πa2

+∞∫
0

ds

∫
|x|=s

ϕ
(
|x|
a , x

)
|x|

dSx =
1

4πa2

∫
R3

ϕ
(
|x|
a , x

)
|x|

dx

Â ïîñëåäíåì ðàâåíñòâå áûëà ïðèìåíåíà òåîðåìà Ôóáèíè, ò.ê. ïîäûíòå-
ãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé.

Ôîðìóëà (5) äîêàçàíà.

Ïðèìåðû ðåøåíèÿ òðåõìåðíûõ îáîáùåííûõ çàäà÷ Êîøè

Çàìå÷àíèå. Ïðè ðåøåíèè îáîáùåííûõ çàäà÷ Êîøè äëÿ òðåõìåðíîãî âîë-
íîâîãî óðàâíåíèÿ âû÷èñëÿòü ôóíêöèþ Ãðèíà îïåðàòîðà Äàëàìáåðà íå òðå-
áóåòñÿ, íóæíî èñïîëüçîâàòü ãîòîâóþ ôîðìóëó, ïîëó÷åííóþ â çàäà÷å 1.

Çàäà÷à 2 (çàäàíèå 2.12 ä)) Ðåøèòü îáîáùåííóþ çàäà÷ó Êîøè

utt −∆xu = θ(t)δ(x) + δ(t)|x| t > 0, x ∈ R3

Ðåøåíèå. Èñêîìîå ðåøåíèå áóäåò ñâåðòêîé ïðàâîé ÷àñòè óðàâíåíèÿ ñ
ôóíêöèåé Ãðèíà äëÿ îïåðàòîðà Äàëàìáåðà

u(t, x) =
(
θ(t)δ(x) + δ(t)|x|

)
∗
(

1

4πt
δSt(x)

)
=

=
(
θ(t)δ(x)

)
∗
(

1

4πt
δSt(x)

)
+
(
δ(t)|x|

)
∗
(

1

4πt
δSt(x)

)
1. Íàéäåì ñíà÷àëà ïåðâóþ ñâåðòêó. Ïî îïðåäåëåíèþ ñâåðòêè îáîáùåííûõ

ôóíêöèé äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, x) ∈ S(R×R3) è ëþáîé 1-ñðåçêè
η1(t, x) äîëæíî áûòü âûïîëíåíî ðàâåíñòâî〈(

θ(t)δ(x)
)
∗
(

1

4πt
δSt(x)

)
, ϕ(t, x)

〉
=
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= lim
R→+∞

〈
θ(t)δ(x) , η1

(
t

R
,
x

R

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

+∞∫
−∞

dt θ(t) η1

(
t

R
, 0

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, y)

〉
Ïðèìåíÿÿ ¾ïîëåçíóþ ôîðìóëó¿ (5) èç ñâîéñòâà 4, íàõîäèì

lim
R→+∞

+∞∫
−∞

dt θ(t) η1

(
t

R
, 0

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, y)

〉
=

= lim
R→+∞

+∞∫
−∞

dt θ(t) η1

(
t

R
, 0

)
1

4π

∫
R3

ϕ (t+ |y|, y)

|y|
dy =

= lim
R→+∞

+∞∫
−∞

dt

∫
R3

θ(t) η1

(
t

R
, 0

)
ϕ (t+ |y|, y)

4π|y|
dy (6)

Îöåíèì ïîäûíòåãðàëüíóþ ôóíêöèþ. Äëÿ ýòîãî, âîñïîëüçîâàâøèñü îãðà-
íè÷åííîñòüþ 1-ñðåçêè è ñâîéñòâàìè ôóíêöèè ϕ(s, z) ∈ S(R×R3) , ïîëó÷àåì,
÷òî ∃M > 0 ∃A > 0 òàêèå, ÷òî∣∣∣∣η1( t

R
, 0

)∣∣∣∣ 6M

|ϕ(s, z)| 6 A

(1 + s2)(1 + |z|4)
Êðîìå òîãî, çàìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ôîðìóëå (6) ìîæåò

áûòü îòëè÷íà îò íóëÿ ëèøü ïðè t > 0 , ïîýòîìó

∣∣∣∣ θ(t) η1( t

R
, 0

)
ϕ (t+ |y|, y)

4π|y|

∣∣∣∣ 6 M · A
4π|y|(1 + (t+ |y|)2)(1 + |y|4)

6

6
M · A

4π|y|(1 + t2)(1 + |y|4)
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Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî
èíòåãðèðóåìîé ôóíêöèåé ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (6) ìîæíî
ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè.
Òàêèì îáðàçîì,

lim
R→+∞

+∞∫
−∞

dt

∫
R3

θ(t) η1

(
t

R
, 0

)
ϕ (t+ |y|, y)

4π|y|
dy =

= lim
R→+∞

∫
R4

θ(t) η1

(
t

R
, 0

)
ϕ (t+ |y|, y)

4π|y|
dtdy =

∫
R4

θ(t)
ϕ (t+ |y|, y)

4π|y|
dtdy

Ñäåëàâ âî âíóòðåííåì èíòåãðàëå çàìåíó ïåðåìåííûõ{
s = t+ |y|,
z = y,

|J | = 1,

ïîëó÷èì∫
R4

θ(t)
ϕ (t+ |y|, y)

4π|y|
dtdy =

∫
R4

θ(s− |z|) ϕ (s, z)

4π|z|
dsdz =

〈
θ(s− |z|)

4π|z|
, ϕ(s, z)

〉

2. Òåïåðü íàéäåì âòîðóþ ñâåðòêó. Ïî îïðåäåëåíèþ ñâåðòêè äëÿ ëþáîé
îñíîâíîé ôóíêöèè ϕ(t, x) ∈ S(R×R3) è ëþáîé 1-ñðåçêè η1(t, x) âûïîëíåíî
ðàâåíñòâî 〈(

δ(t)|x|
)
∗
(

1

4πt
δSt(x)

)
, ϕ(t, x)

〉
=

= lim
R→+∞

〈
δ(t)|x| , η1

(
t

R
,
x

R

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

∫
R3

dx |x| η1
(

0,
x

R

)〈 1

4πτ
δSτ (y) , ϕ(τ, x+ y)

〉
=

Ïðèìåíÿÿ ¾ïîëåçíóþ ôîðìóëó¿ (5) èç ñâîéñòâà 4, íàõîäèì
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lim
R→+∞

∫
R3

dx |x| η1
(

0,
x

R

)〈 1

4πτ
δSτ (y) , ϕ(τ, x+ y)

〉
=

= lim
R→+∞

∫
R3

dx |x| η1
(

0,
x

R

)∫
R3

ϕ (|y|, x+ y)

4π|y|
dy =

= lim
R→+∞

∫
R3

dx

∫
R3

ϕ (|y|, x+ y)

4π|y|
|x| η1

(
0,
x

R

)
dy (7)

Ñäåëàåì îöåíêè, íåîáõîäèìûå äëÿ ïðèìåíåíèÿ òåîðåìû Ëåáåãà îá îãðà-
íè÷åííîé ñõîäèìîñòè è òåîðåìû Ôóáèíè.

Ïîñêîëüêó ϕ(s, z) ∈ S(R × R3) , òî äëÿ ëþáîãî ìíîãî÷ëåíà P (s, |z|) ñó-
ùåñòâóåò òàêîå ÷èñëî A > 0 , ÷òî äëÿ âñåõ (s, z) ∈ R× R3 âûïîëíåíî íåðà-
âåíñòâî

|P (s, |z|)ϕ(s, z)| 6 A

Äëÿ âûáîðà ïîäõîäÿùåãî ìíîãî÷ëåíà îáîçíà÷èì

z = x+ y, s = |y|,
òîãäà

(1 + |x|6)(1 + |y|4) = (1 + |z − y|6)(1 + |y|4) 6
(

1 + (|z|+ |y|)6
)

(1 + |y|4) =

=
(

1 + (|z|+ s)6
)

(1 + s4)

Ïîëàãàÿ
P (s, |z|) =

(
1 + (|z|+ s)6

)
(1 + s4) ,

ïîëó÷àåì îöåíêó

|ϕ(s, z)| 6 A(
1 + (|z|+ s)6

)
(1 + s4)

Cëåäîâàòåëüíî,

|ϕ(|y|, x+ y)| 6 A

(1 + |x|6) (1 + |y|4)
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Ñ ó÷åòîì îãðàíè÷åííîñòè 1-ñðåçêè∣∣∣η1 (0,
x

R

)∣∣∣ 6M

ïîëó÷àåì îêîí÷àòåëüíóþ îöåíêó∣∣∣∣ ϕ (|y|, x+ y)

4π|y|
|x| η1

(
0,
x

R

)∣∣∣∣ 6 AM |x|
4π|y| (1 + |x|6) (1 + |y|4)

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî
èíòåãðèðóåìîé ôóíêöèåé ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (7) ìîæíî
ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó îá îãðàíè÷åííîé ñõîäèìîñòè.

Òàêèì îáðàçîì,

lim
R→+∞

∫
R3

dx

∫
R3

ϕ (|y|, x+ y)

4π|y|
|x| η1

(
0,
x

R

)
dy =

= lim
R→+∞

∫
R3×R3

ϕ (|y|, x+ y)

4π|y|
|x| η1

(
0,
x

R

)
dxdy =

∫
R3×R3

ϕ (|y|, x+ y)

4π|y|
|x| dxdy

Ñäåëàâ â èíòåãðàëå çàìåíó ïåðåìåííûõ{
u = x+ y,

v = y
|J | = 1,

ïîëó÷èì ∫
R3×R3

ϕ (|y|, x+ y)

4π|y|
|x| dxdy =

∫
R3×R3

ϕ (|v|, u)

4π|v|
|u− v| dudv =

=

∫
R3

du

∫
R3

ϕ (|v|, u)

4π|v|
|u− v| dv =

∫
R3

du

+∞∫
0

dt

∫
|v|=t

ϕ (t, u)

4πt
|u− v| dSv =

=

∫
R4

du dt
θ(t)

4πt
ϕ (t, u)

∫
|v|=t

|u− v| dSv (8)
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Âû÷èñëèì âíóòðåííèé èíòåãðàë. Ñ ýòîé öåëüþ ïàðàìåòðèçóåì ñôåðó
|v| = t òàê, ÷òîáû óãîë θ áûë óãëîì ìåæäó âåêòîðàìè u è v è çàïèøåì
ìîäóëü âåêòîðà |u− v| ïî òåîðåìå êîñèíóñîâ

|u− v| =
√
|u|2 + |v|2 − 2|u| |v| cos θ

Òîãäà

∫
|v|=t

|u− v| dSv =

2π∫
0

dψ

π∫
0

√
|u|2 + t2 − 2|u| t cos θ t2 sin θdθ =

= 2πt2
(
|u|2 + t2 − 2|u| t cos θ

) 3
2

3|u|t

∣∣∣∣∣
π

0

=
2πt

3|u|

(
(|u|+ t)3 − ||u| − t|3

)
Ïîäñòàâëÿÿ ïîëó÷åííûé ðåçóëüòàò â ôîðìóëó (8)∫

R4

du dt
θ(t)

4πt
ϕ (t, u)

∫
|v|=t

|u− v| dSv =

=

∫
R4

θ(t)

4πt
· 2πt

3|u|

(
(|u|+ t)3 − ||u| − t|3

)
ϕ (t, u) du dt =

=

∫
R4

θ(t)

6|u|

(
(|u|+ t)3 − ||u| − t|3

)
ϕ (t, u) du dt =

=

〈
θ(t)

6|u|

(
(|u|+ t)3 − ||u| − t|3

)
, ϕ(t, u)

〉
ïîëó÷àåì îêîí÷àòåëüíûé îòâåò â çàäà÷å

u(t, x) =
θ(t− |x|)

4π|x|
+
θ(t)

6|x|

(
(|x|+ t)3 − ||x| − t|3

)
Îòâåò. u(t, x) =

θ(t− |x|)
4π|x|

+
θ(t)

6|x|

(
(|x|+ t)3 − ||x| − t|3

)
11



Ðåøèì åùå îäíó çàäà÷ó èç ïèñüìåííîé ýêçàìåíàöèîííîé ðàáîòû 2016/2017
ó÷åáíîãî ãîäà.

Çàäà÷à 3 Â ïðîñòðàíñòâå S(R4) ðåøèòü îáîáùåííóþ çàäà÷ó Êîøè

utt −∆xu = θ(t− 1)δS(x) t > 0, x ∈ R3,

ãäå δS(x) � äåëüòà-ôóíêöèÿ íà ñôåðå, äåéñòâóþùàÿ íà îñíîâíûå ôóíêöèè

ϕ(x) ∈ S(R3) ïî ôîðìóëå〈
δS(x) , ϕ(x)

〉
=

∫
|x|=1

ϕ(x) dS .

Ðåøåíèå. Èñêîìûì ðåøåíèåì îáîáùåííîé çàäà÷è Êîøè ÿâëÿåòñÿ ñâåðò-
êà ïðàâîé ÷àñòè óðàâíåíèÿ ñ ôóíêöèåé Ãðèíà òðåõìåðíîãî îïåðàòîðà Äàëàì-
áåðà

u(t, x) =
(
θ(t− 1)δS(x)

)
∗
(

1

4πt
δSt(x)

)
Ïî îïðåäåëåíèþ ñâåðòêè îáîáùåííûõ ôóíêöèé äëÿ ëþáîé îñíîâíîé

ôóíêöèè ϕ(t, x) ∈ S(R × R3) è ëþáîé 1-ñðåçêè η1(t, x) äîëæíî áûòü âû-
ïîëíåíî ðàâåíñòâî〈(

θ(t− 1)δS(x)
)
∗
(

1

4πt
δSt(x)

)
, ϕ(t, x)

〉
=

= lim
R→+∞

〈
θ(t− 1)δS(x) , η1

(
t

R
,
x

R

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

+∞∫
−∞

dt

∫
|x|=1

dSx θ(t− 1) η1

(
t

R
,
x

R

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, x+ y)

〉〉

Ïðèìåíÿÿ ¾ïîëåçíóþ ôîðìóëó¿ (5) èç ñâîéñòâà 4, íàõîäèì

lim
R→+∞

+∞∫
−∞

dt

∫
|x|=1

dSx θ(t− 1) η1

(
t

R
,
x

R

)〈
1

4πτ
δSτ (y) , ϕ(t+ τ, x+ y)

〉〉
=
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= lim
R→+∞

+∞∫
−∞

dt

∫
|x|=1

dSx θ(t− 1) η1

(
t

R
,
x

R

)
1

4π

∫
R3

ϕ (t+ |y|, x+ y)

|y|
dy =

=
1

4π
lim

R→+∞

+∞∫
−∞

dt

∫
|x|=1

dSx

∫
R3

θ(t− 1) η1

(
t

R
,
x

R

)
ϕ (t+ |y|, x+ y)

|y|
dy (9)

Òåïåðü îöåíèì ïîäûíòåãðàëüíóþ ôóíêöèþ. Äëÿ ýòîãî, âîñïîëüçîâàâøèñü
îãðàíè÷åííîñòüþ 1-ñðåçêè è ñâîéñòâàìè ôóíêöèè ϕ ∈ S(R×R3) , ïîëó÷àåì,
÷òî ∃M > 0 ∃A > 0 òàêèå, ÷òî∣∣∣∣ η1( t

R
,
x

R

) ∣∣∣∣ 6M

|ϕ (t+ |y|, x+ y)| 6 A(
1 + (t+ |y|)2

)3
Êðîìå òîãî, çàìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ôîðìóëå (9) ìîæåò

áûòü îòëè÷íà îò íóëÿ ëèøü ïðè t > 1 , ïîýòîìó âûïîëíåíû íåðàâåíñòâà

t+ |y| > t > 0 ⇒ 1 + (t+ |y|)2 > 1 + t2

t+ |y| > |y| > 0 ⇒ 1 + (t+ |y|)2 > 1 + |y|2

Ñëåäîâàòåëüíî,

∣∣∣∣∣ θ(t− 1) η1

(
t

R
,
x

R

)
ϕ (t+ |y|, x+ y)

|y|

∣∣∣∣∣ 6 M · A

|y|
(

1 + (t+ |y|)2
)3 6

6
M · A

|y|(1 + t2)(1 + |y|2)2

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî
èíòåãðèðóåìîé ôóíêöèåé ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (9) ìîæíî
ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè.
Òàêèì îáðàçîì,
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1

4π
lim

R→+∞

+∞∫
−∞

dt

∫
|x|=1

dSx

∫
R3

θ(t− 1) η1

(
t

R
,
x

R

)
ϕ (t+ |y|, x+ y)

|y|
dy =

=
1

4π
lim

R→+∞

∫
R×{|x|=1}×R3

θ(t− 1) η1

(
t

R
,
x

R

)
ϕ (t+ |y|, x+ y)

|y|
dt dSx dy =

=
1

4π

∫
R×{|x|=1}×R3

θ(t− 1)
ϕ (t+ |y|, x+ y)

|y|
dt dSx dy

Ñäåëàâ â èíòåãðàëå çàìåíó ïåðåìåííûõ
s = t+ |y|,
z = y + x,

u = x,

|J | = 1,

ïîëó÷èì
1

4π

∫
R×{|x|=1}×R3

θ(t− 1)
ϕ (t+ |y|, x+ y)

|y|
dt dSx dy =

=
1

4π

∫
R×{|u|=1}×R3

θ(s− |z − u| − 1)
ϕ (s, z)

|z − u|
ds dSu dz =

=
1

4π

∫
R3

dz

+∞∫
−∞

dsϕ (s, z)

∫
|u|=1

θ(s− |z − u| − 1)

|z − u|
dSu

Äëÿ âû÷èñëåíèÿ âíóòðåííåãî èíòåãðàëà ïàðàìåòðèçóåì ñôåðó |u| = 1
òàê, ÷òîáû óãîë θ áûë óãëîì ìåæäó âåêòîðàìè z è u è çàïèøåì ìîäóëü
âåêòîðà |z − u| ïî òåîðåìå êîñèíóñîâ

|z − u| =
√
|z|2 + 1− 2|z| cos θ

Êðîìå òîãî, ó÷òåì óñëîâèå íåîòðèöàòåëüíîñòè àðãóìåíòà ôóíêöèè
θ(s− |z − u| − 1) :
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s− |z − u| − 1 > 0 ⇔ s− 1 > |z − u| ⇔ (s− 1)2 > |z − u|2 ⇔

⇔ (s− 1)2 > |z|2 + 1− 2|z| cos θ ⇔ cos θ >
|z|2 + 1− (s− 1)2

2|z|

Âûÿñíèì, ïðè êàêèõ s è z âûïîëíåíî íåðàâåíñòâî

|z|2 + 1− (s− 1)2

2|z|
> −1 ⇔ |z|2 + 1− (s− 1)2 > −2|z| ⇔

⇔ (|z|+ 1)2 > (s− 1)2 ⇔ |z|+ 2 > s

Êðîìå òîãî,

|z|2 + 1− (s− 1)2

2|z|
6 1 ⇔ |z|2 + 1− (s− 1)2 6 2|z| ⇔

⇔ (|z| − 1)2 6 (s− 1)2 ⇔ ||z| − 1| 6 s− 1 ⇔ s > 1 + ||z| − 1|

Ïîýòîìó

1

4π

∫
R3

dz

+∞∫
−∞

dsϕ (s, z)

∫
|u|=1

θ(s− |z − u| − 1)

|z − u|
dSu =

=
1

4π

∫
R3

dz


|z|+2∫

1+||z|−1|

dsϕ (s, z)

2π∫
0

dψ

arccos

|z|2+1−(s−1)2
2|z|∫

0

sin θ dθ√
|z|2 + 1− 2|z| cos θ

+

+

+∞∫
|z|+2

dsϕ (s, z)

2π∫
0

dψ

π∫
0

sin θ dθ√
|z|2 + 1− 2|z| cos θ

 =
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=
1

2

∫
R3

dz


|z|+2∫

1+||z|−1|

dsϕ (s, z)

√
|z|2 + 1− 2|z| cos θ

|z|

∣∣∣∣∣
arccos

|z|2+1−(s−1)2
2|z|

0

+

+

+∞∫
|z|+2

dsϕ (s, z)

√
|z|2 + 1− 2|z| cos θ

|z|

∣∣∣∣∣
π

0

 =

=

∫
R3

dz
1

2|z|

 |z|+2∫
1+||z|−1|

dsϕ (s, z)
(
s− 1−

∣∣|z| − 1
∣∣)+

+

+∞∫
|z|+2

dsϕ (s, z)
(
|z|+ 1−

∣∣|z| − 1
∣∣)
 =

=

∫
R4

1

2|z|

((
s− 1−

∣∣|z| − 1
∣∣)θ(|z|+ 2− s

)
θ
(
s− 1−

∣∣|z| − 1
∣∣)+

+
(
|z|+ 1−

∣∣|z| − 1
∣∣)θ(s− |z| − 2

))
ϕ (s, z) dzds

Òàêèì îáðàçîì, ïîëó÷àåì îêîí÷àòåëüíûé îòâåò â çàäà÷å

u(t, x) =
1

2|x|

((
t− 1−

∣∣|x| − 1
∣∣)θ(|x|+ 2− t

)
θ
(
t− 1−

∣∣|x| − 1
∣∣)+

+
(
|x|+ 1−

∣∣|x| − 1
∣∣)θ(t− |x| − 2

))
Îòâåò.

u(t, x) =
1

2|x|

((
t− 1−

∣∣|x| − 1
∣∣)θ(|x|+ 2− t

)
θ
(
t− 1−

∣∣|x| − 1
∣∣)+

+
(
|x|+ 1−

∣∣|x| − 1
∣∣)θ(t− |x| − 2

))
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Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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