
Îáîáùåííàÿ çàäà÷à Êîøè äëÿ îäíîìåðíîãî

âîëíîâîãî óðàâíåíèÿ. Ïðèìåðû ðåøåíèÿ çàäà÷

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ýòîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ìû íàéä¼ì ôóíêöèþ Ãðèíà
îäíîìåðíîãî âîëíîâîãî îïåðàòîðà è ðàññìîòðèì ïðèìåðû ðåøåíèÿ îáîáùåí-
íûõ çàäà÷ Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî óðàâíåíèÿ.

Ïîñòàíîâêà îáîáùåííîé çàäà÷è Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî
óðàâíåíèÿ

Ïóñòü a > 0 è îáîáùåííàÿ ôóíêöèÿ f(x, t) ∈ S ′(R2) òàêîâà, ÷òî åå íî-
ñèòåëü ñîäåðæèòñÿ â ïîëóïëîñêîñòè {(t, x) ∈ R2 : t > 0} .

Îïðåäåëåíèå 1 Îáîáù¼ííîé çàäà÷åé Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî
óðàâíåíèÿ

utt − a2uxx = f(t, x), t > 0, x ∈ R, (1)

íàçûâàþò çàäà÷ó, â êîòîðîé òðåáóåòñÿ íàéòè ðåøåíèÿ u(t, x) ∈ S ′(R2)
óðàâíåíèÿ (1), ó êîòîðûõ íîñèòåëè ñîäåðæàòñÿ â ïîëóïëîñêîñòè

{(t, x) ∈ R2 : t > 0} .
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Îïðåäåëåíèå 2 Îïåðàòîð

� a =
∂2

∂t2
− a2 ∂

2

∂x2

ñòîÿùèé â ëåâîé ÷àñòè óðàâíåíèÿ (1), íàçûâàþò îäíîìåðíûì îïåðàòîðîì
Äàëàìáåðà.

Âû÷èñëåíèå ôóíêöèè Ãðèíà îäíîìåðíîãî îïåðàòîðà Äàëàìáåðà

Çàäà÷à 1 (çàäàíèå 2.9) Íàéòè â S ′(R2) ôóíêöèþ Ãðèíà E(t, x) îïåðàòî-
ðà Äàëàìáåðà

� a =
∂2

∂t2
− a2 ∂

2

∂x2

óäîâëåòâîðÿþùóþ óñëîâèþ supp E(t, x) ⊂ {(t, x) ∈ R2 : t > 0} .

Ðåøåíèå.
Ôóíêöèÿ E(t, x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂2E
∂t2
− a2∂

2E
∂x2

= δ(t, x)

Âîçüìåì ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x

∂2

∂t2
Fx[E ]− a2(−iξ)2Fx[E ] = δ(t)

∂2

∂t2
Fx[E ] + a2ξ2Fx[E ] = δ(t)

Îáîçíà÷èì g(t, ξ) = Fx[E ] è äëÿ êàæäîãî ôèêñèðîâàííîãî ξ ðåøèì óðàâ-
íåíèå

∂2g

∂t2
+ a2ξ2g = δ(t) (2)

â S ′(R) .
Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2). Äëÿ ýòîãî ðåøèì çàäà÷ó

Êîøè
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y′′ + a2ξ2y = 0,

y(0) = 0,

y′(0) = 1.

Ðåøàÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ2 + a2ξ2 = 0

λ1,2 = ±iaξ

ïîëó÷àåì

y = C1e
iaξt + C2e

−iaξt

Ïîäñòàâëÿåì íà÷àëüíûå óñëîâèÿ

{
C1 + C2 = 0

iaξC1 − iaξC2 = 1
⇔


C2 = −C1

C1 =
1

2iaξ

⇔


C1 =

1

2iaξ

C2 = −
1

2iaξ

Òàêèì îáðàçîì,

y =
1

2iaξ
e iaξt − 1

2iaξ
e−iaξt

è ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2)

g÷àñò(t, ξ) = θ(t)
1

2iaξ
e iaξt − θ(t) 1

2iaξ
e−iaξt = θ(t)

sin(aξt)

aξ

Òåïåðü ðåøèì îäíîðîäíîå óðàâíåíèå

∂2g

∂t2
+ a2ξ2g = 0

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå ïî t , ïîëó÷èì
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(−iτ)2Ft[g] + a2ξ2Ft[g] = 0

(−τ 2 + a2ξ2)Ft[g] = 0 (3)

Ïîñêîëüêó τ1,2 = ±aξ ÿâëÿþòñÿ íóëÿìè êðàòíîñòè 1 äëÿ ìíîãî÷ëåíà

P (τ) = −τ 2 + a2ξ2

òî âñå ðåøåíèÿ óðàâíåíèÿ (3) èìåþò âèä

Ft[g] = Aδ(τ + aξ) +B δ(τ − aξ)

Òîãäà

g îäí(t, ξ) = F−1τ

[
Aδ(τ + aξ) +B δ(τ − aξ)

]
= Â e itaξ + B̂ e−itaξ

Èòàê, âñå ðåøåíèÿ óðàâíåíèÿ (2)

g(t, ξ) = g÷àñò(t, ξ) + g îäí(t, ξ) = θ(t)
sin(aξt)

aξ
+ Â e itaξ + B̂ e−itaξ

Ïîñêîëüêó ïî óñëîâèþ çàäà÷è íàì íóæíî, ÷òîáû g(t, ξ) = 0 ïðè t < 0 , òî

Â = B̂ = 0

è ìû íàõîäèì åäèíñòâåííóþ ôóíêöèþ, óäîâëåòâîðÿþùóþ ýòîìó óñëîâèþ

g(t, ξ) = θ(t)
sin(aξt)

aξ

Ïîêàæåì, ÷òî g(t, ξ) áóäåò ðåøåíèåì óðàâíåíèÿ (2) è â S ′(R2)
Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ(t, ξ) ∈ S(R2) ñïðàâåäëèâû ðàâåíñòâà

〈
gtt , ϕ

〉
=
〈
g , ϕtt

〉
=

∫
R2

θ(t)
sin(aξt)

aξ
ϕtt dtdξ

Â ñèëó àáñîëþòíîé èíòåãðèðóåìîñòè ïîäûíòåãðàëüíîé ôóíêöèè ïîëó÷àåì

∫
R2

θ(t)
sin(aξt)

aξ
ϕtt dtdξ =

+∞∫
−∞

dξ

+∞∫
0

sin(aξt)

aξ
ϕtt dt =
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=

+∞∫
−∞

dξ

 sin(aξt)

aξ
ϕt

∣∣∣∣+∞
0

−
+∞∫
0

cos(aξt)ϕt dt

 =

=

+∞∫
−∞

dξ

− cos(aξt)ϕ|+∞0 −
+∞∫
0

aξ sin(aξt)ϕdt

 =

=

+∞∫
−∞

dξ

ϕ(0, ξ)− a2ξ2 +∞∫
0

sin(aξt)

aξ
ϕ dt

 =
〈
δ(t)− a2ξ2g , ϕ

〉
Äîêàçàíî.

Òåïåðü íàõîäèì ôóíêöèþ Ãðèíà

E(t, x) = F−1ξ [g](t, x) = F−1ξ

[
θ(t)

sin(aξt)

aξ

]
(t, x) =

=
θ(t)

a
F−1ξ

[
e iaξt − e−iaξt

2iξ

]
(t, x) =

=
θ(t)

2ia

(
F−1ξ

[
e iaξt P 1

ξ

]
(t, x)− F−1ξ

[
e−iaξt P 1

ξ

]
(t, x)

)
=

=
θ(t)

2ia

(
F−1ξ

[
P 1
ξ

]
(t, x− at)− F−1ξ

[
P 1
ξ

]
(t, x+ at)

)
Ðàíåå áûëî ïîêàçàíî (ñì. çàäàíèå 1.14 â)), ÷òî

F [signx] (ξ) = 2iP 1
ξ

Ïîýòîìó

E(t, x) = −θ(t)
4a

(
sign (x− at)− sign (x+ at)

)
=
θ(t) θ

(
at− |x|

)
2a

=
θ
(
at− |x|

)
2a

Îòâåò. E(t, x) =
θ
(
at− |x|

)
2a
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Ñâîéñòâà ðåøåíèé îáîáùåííûõ çàäà÷ Êîøè äëÿ îäíîìåðíûõ
âîëíîâûõ óðàâíåíèé

Íà ëåêöèÿõ äîêàçàíû ñëåäóþùèå ñâîéñòâà ðåøåíèé îáîáùåííûõ çàäà÷
Êîøè äëÿ îäíîìåðíûõ âîëíîâûõ óðàâíåíèé.

Ñâîéñòâî 1. Äëÿ ëþáîé îáîáùåííîé ôóíêöèè f ∈ S ′(R2) , íîñèòåëü êî-
òîðîé ñîäåðæèòñÿ â ïîëóïëîñêîñòè

{(t, x) ∈ R2 : t > 0} ,

ñóùåñòâóåò ñâåðòêà f ∗ E , íîñèòåëü êîòîðîé òàêæå ñîäåðæèòñÿ â ïîëóïëîñ-
êîñòè

{(t, x) ∈ R2 : t > 0} .

Ïî ñâîéñòâàì ñâåðòîê îáîáùåííûõ ôóíêöèé ýòà ñâåðòêà f ∗ E ÿâëÿåòñÿ
îáîáùåííûì ðåøåíèåì óðàâíåíèÿ

� au = f, t > 0 . (4)

Ñâîéñòâî 2. Ñâåðòêà f ∗ E ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì îáîáùåí-
íîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ (4), ïîñêîëüêó, êàê ìû âûÿñíèëè ïðè ðå-
øåíèè çàäà÷è 1, ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå íå èìååò íåíóëåâûõ
ðåøåíèé ñ íîñèòåëÿìè â ïîëóïëîñêîñòè {(t, x) ∈ R2 : t > 0} .

Ñâîéñòâî 3. Êëàññè÷åñêàÿ çàäà÷à Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî
óðàâíåíèÿ

utt − a2uxx = f(t, x), t > 0, x ∈ R,
u|t=0 = u0(x),

ut|t=0 = u1(x).

ñâîäèòñÿ ê ðåøåíèþ îáîáùåííîé çàäà÷è Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî
óðàâíåíèÿ â òîì ñëó÷àå, êîãäà ôóíêöèè u0(x), u1(x), f(x, t) ÿâëÿþòñÿ ôóíê-
öèÿìè ìåäëåííîãî ðîñòà.

Äîêàçàòåëüñòâî ñâîéñòâà 3.
Îïðåäåëèì íîâûå ôóíêöèè U(t, x), ût(t, x), ûtt(t, x), F (t, x) ïî ôîðìó-

ëàì
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U(t, x) =

{
u(t, x) ïðè t > 0, x ∈ R,
0 ïðè t < 0, x ∈ R,

ût(t, x) =

{
ut(t, x) ïðè t > 0, x ∈ R,
0 ïðè t < 0, x ∈ R,

ûtt(t, x) =

{
utt(t, x) ïðè t > 0, x ∈ R,
0 ïðè t < 0, x ∈ R,

F (t, x) =

{
f(t, x) ïðè t > 0, x ∈ R,
0 ïðè t < 0, x ∈ R.

Òîãäà, äèôôåðåíöèðóÿ îáîáùåííóþ ôóíêöèþ û(t, x) ïî t , ïîëó÷àåì

Ut(t, x) = ût(t, x) + δ(t)u0(x)

Utt(t, x) = ûtt(t, x) + δ(t)u1(x) + δ′(t)u0(x)

Ïîñêîëüêó u(t, x) ÿâëÿåòñÿ ðåøåíèåì êëàññè÷åñêîé çàäà÷è, òî

ûtt(t, x) =

{
a2uxx(t, x) + f(t, x) ïðè t > 0, x ∈ R,
0 ïðè t < 0, x ∈ R,

= a2Uxx(t, x) + F (t, x)

Ñëåäîâàòåëüíî,

Utt(t, x) = a2Uxx(t, x) + F (t, x) + δ(t)u1(x) + δ′(t)u0(x) (5)

Òàêèì îáðàçîì, ðåøåíèå êëàññè÷åñêîé çàäà÷è Êîøè ñâåëîñü ê ïîèñêó
îáîáùåííîãî ðåøåøèÿ óðàâíåíèÿ (5) ñ íîñèòåëåì, ëåæàùèì â ïîëóïëîñêîñòè
{(t, x) ∈ R2 : t > 0} . Îòñþäà è íàçâàíèå: ¾Îáîáùåííàÿ çàäà÷à Êîøè¿.

Ñâîéñòâî 4. Ðåøåíèå îáîáùåííîé çàäà÷è Êîøè äëÿ îäíîìåðíîãî âîëíî-
âîãî óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ ñïåöèàëüíîãî âèäà

utt(t, x)− a2uxx(t, x) = δ′(t)u0(x) + δ(t)u1(x) ,

ãäå ôóíêöèè u0(x), u1(x) ÿâëÿþòñÿ ôóíêöèÿìè ìåäëåííîãî ðîñòà, ìîæíî
íàéòè ïî ôîðìóëå Äàëàìáåðà

u(t, x) =
θ(t)

2

(
u0(x+ at) + u0(x− at)

)
+
θ(t)

2a

x+at∫
x−at

u1(ξ) dξ

Ñïðàâåäëèâîñòü ýòîãî ñâîéñòâà ñëåäóåò èç ñâîéñòâ 3 è 2 è ôîðìóëû Äà-
ëàìáåðà äëÿ ðåøåíèÿ êëàññè÷åñêîé çàäà÷è Êîøè.
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Ïðèìåðû ðåøåíèÿ îäíîìåðíûõ îáîáùåííûõ çàäà÷ Êîøè

Çàìå÷àíèå. Ïðè ðåøåíèè îáîáùåííûõ çàäà÷ Êîøè äëÿ îäíîìåðíûõ âîë-
íîâûõ óðàâíåíèé âû÷èñëÿòü ôóíêöèþ Ãðèíà îïåðàòîðà Äàëàìáåðà íå òðåáó-
åòñÿ, íóæíî èñïîëüçîâàòü ãîòîâóþ ôîðìóëó, ïîëó÷åííóþ â çàäà÷å 1.

Ðåøèì çàäà÷ó èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ 2019/2020 ó÷åá-
íîãî ãîäà.

Çàäà÷à 2 Â ïðîñòðàíñòâå S ′(R2) íàéòè ðåøåíèå îáîáùåííîé çàäà÷è Êîøè

utt − uxx = δ(x)θ(t) cos t+
δ(t)

1 + ex
(6)

Ðåøåíèå. Ïðåäñòàâèì ðåøåíèå u(t, x) â âèäå ñóììû

u(t, x) = v(t, x) + w(t, x) ,

ãäå v(t, x) ÿâëÿåòñÿ ðåøåíèåì îáîáùåííîé çàäà÷è Êîøè

vtt − vxx = δ(x)θ(t) cos t , (7)

à w(t, x) ÿâëÿåòñÿ ðåøåíèåì îáîáùåííîé çàäà÷è Êîøè

wtt − wxx =
δ(t)

1 + ex
(8)

1. Ðåøåíèå v(t, x) çàäà÷è (7) áóäåò ñâåðòêîé ïðàâîé ÷àñòè óðàâíåíèÿ (7)
ñ ôóíêöèåé Ãðèíà äëÿ îïåðàòîðà Äàëàìáåðà

v(t, x) =
(
δ(x)θ(t) cos t

)
∗
θ
(
t− |x|

)
2

Ïî îïðåäåëåíèþ ñâåðòêè îáîáùåííûõ ôóíêöèé äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ(t, x) ∈ S(R2) è ëþáîé 1-ñðåçêè η1(t, x) äîëæíî áûòü âûïîëíåíî
ðàâåíñòâî 〈(

δ(x)θ(t) cos t
)
∗
θ
(
t− |x|

)
2

, ϕ(t, x)

〉
=

= lim
R→+∞

〈
δ(x)θ(t) cos t , η1

(
t

R
,
x

R

)〈
θ
(
τ − |y|

)
2

, ϕ(t+ τ, x+ y)

〉〉
=
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= lim
R→+∞

+∞∫
−∞

dt θ(t) cos t η1

(
t

R
, 0

)〈
θ
(
τ − |y|

)
2

, ϕ(t+ τ, y)

〉
=

= lim
R→+∞

+∞∫
−∞

dt θ(t) cos t η1

(
t

R
, 0

)∫
R2

θ
(
τ − |y|

)
2

ϕ(t+ τ, y)dτdy

Ñäåëàâ âî âíóòðåííåì èíòåãðàëå çàìåíó ïåðåìåííûõ{
s = t+ τ,

z = y,
|J | = 1,

ïîëó÷èì

lim
R→+∞

+∞∫
−∞

dt θ(t) cos t η1

(
t

R
, 0

)∫
R2

θ
(
τ − |y|

)
2

ϕ(t+ τ, y)dτdy =

= lim
R→+∞

+∞∫
−∞

dt

∫
R2

θ(t) cos t η1

(
t

R
, 0

)
θ
(
s− t− |z|

)
2

ϕ(s, z)dsdz (9)

Îöåíèì òåïåðü ïîäûíòåãðàëüíóþ ôóíêöèþ. Äëÿ ýòîãî çàìåòèì, ÷òî
ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ôîðìóëå (9) ìîæåò áûòü îòëè÷íà îò íóëÿ ëèøü
ïðè {

s− t− |z| > 0 ,

t > 0 ,

îòêóäà ñëåäóåò, ÷òî

0 6 t 6 s .

Âîñïîëüçîâàâøèñü îãðàíè÷åííîñòüþ 1-ñðåçêè è ñâîéñòâàìè ôóíêöèè
ϕ(s, z) ∈ S(R2) , ïîëó÷àåì, ÷òî ∃M > 0 ∃A > 0 òàêèå, ÷òî∣∣∣∣ η1( t

R
, 0

)∣∣∣∣ 6M

9



|ϕ(s, z)| 6 A

(1 + s2)2(1 + z2)

Ïîýòîìó

∣∣∣∣ θ(t) cos t η1( t

R
, 0

)
θ (s− t− |z|)

2
ϕ(s, z)

∣∣∣∣ 6 M · A
2(1 + s2)2(1 + z2)

6

6
M · A

2(1 + s2)(1 + t2)(1 + z2)

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî
èíòåãðèðóåìîé ôóíêöèåé ïî âñåì ïåðåìåííûì, òî ê èíòåãðàëó (9) ìîæíî
ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó îá îãðàíè÷åííîé ñõîäèìîñòè. Òàêèì
îáðàçîì,

lim
R→+∞

+∞∫
−∞

dt

∫
R2

θ(t) cos t η1

(
t

R
, 0

)
θ (s− t− |z|)

2
ϕ(s, z) dsdz =

= lim
R→+∞

∫
R3

θ(t) cos t η1

(
t

R
, 0

)
θ (s− t− |z|)

2
ϕ(s, z) dsdzdt =

=

∫
R3

θ(t) cos t
θ (s− t− |z|)

2
ϕ(s, z) dsdzdt =

=
1

2

∫
R2

dsdz ϕ(s, z)

+∞∫
−∞

θ(t) cos t θ (s− t− |z|) dt =

=
1

2

∫
R2

dsdz ϕ(s, z) θ (s− |z|)
s−|z|∫
0

cos t dt =

=
1

2

∫
R2

θ (s− |z|) sin (s− |z|) ϕ(s, z) dsdz =

10



=

〈
1

2
θ (t− |x|) sin (t− |x|) , ϕ(t, x)

〉
Òàêèì îáðàçîì,

v(t, x) =
1

2
θ (t− |x|) sin (t− |x|)

2. Òåïåðü ðåøèì çàäà÷ó (8):

wtt − wxx =
δ(t)

1 + ex

Ïîñêîëüêó ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ïðîèçâåäåíèåì îáîá-
ùåííîé ôóíêöèè δ(t) è ôóíêöèè ìåäëåííîãî ðîñòà

1

1 + ex

òî ïî ñâîéñòâó 4 ðåøåíèå w(t, x) çàäà÷è (8) ìîæíî íàéòè ïî ôîðìóëå Äà-
ëàìáåðà

w(t, x) =
θ(t)

2

x+t∫
x−t

1

1 + e ξ
dξ =

θ(t)

2

x+t∫
x−t

1 + e ξ − e ξ

1 + e ξ
dξ =

=
θ(t)

2

x+t∫
x−t

(
1− e ξ

1 + e ξ

)
dξ =

θ(t)

2

(
ξ − ln

(
1 + e ξ

))∣∣∣x+t
x−t

=

=
θ(t)

2

(
2t− ln

(
1 + ex+t

)
+ ln

(
1 + ex−t

))
Òàêèì îáðàçîì,

u(t, x) = v(t, x) + w(t, x) =

=
1

2
θ (t− |x|) sin (t− |x|) + θ(t)

2

(
2t− ln

(
1 + ex+t

)
+ ln

(
1 + ex−t

))
Îòâåò.

u(t, x) =
1

2
θ (t− |x|) sin (t− |x|) + θ(t)

2

(
2t− ln

(
1 + ex+t

)
+ ln

(
1 + ex−t

))
11



Òåïåðü ðàçáåðåì çàäà÷ó èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ
2016/2017 ó÷åáíîãî ãîäà.

Çàäà÷à 3 Â ïðîñòðàíñòâå S ′(R2) íàéòè ðåøåíèå îáîáùåííîé çàäà÷è Êîøè

utt − uxx = δ
(
t− 3|x|

)
(10)

Ðåøåíèå.
Êàê ìû óæå çíàåì, ðåøåíèå u(t, x) çàäà÷è (10) ÿâëÿåòñÿ ñâåðòêîé ïðàâîé

÷àñòè óðàâíåíèÿ (10) ñ ôóíêöèåé Ãðèíà äëÿ îïåðàòîðà Äàëàìáåðà

u(t, x) = δ
(
t− 3|x|

)
∗
θ
(
t− |x|

)
2

Ïî îïðåäåëåíèþ ñâåðòêè îáîáùåííûõ ôóíêöèé äëÿ ëþáîé îñíîâíîé
ôóíêöèè ϕ(t, x) ∈ S(R2) è ëþáîé 1-ñðåçêè η1(t, x) äîëæíî áûòü âûïîëíåíî
ðàâåíñòâî 〈

δ
(
t− 3|x|

)
∗
θ
(
t− |x|

)
2

, ϕ(t, x)

〉
=

= lim
R→+∞

〈
δ
(
t− 3|x|

)
, η1

(
t

R
,
x

R

)〈
θ
(
τ − |y|

)
2

, ϕ(t+ τ, x+ y)

〉〉
=

= lim
R→+∞

+∞∫
−∞

dx η1

(
3|x|
R
,
x

R

)〈
θ
(
τ − |y|

)
2

, ϕ
(
3|x|+ τ, x+ y

)〉
=

= lim
R→+∞

+∞∫
−∞

dx η1

(
3|x|
R
,
x

R

)∫
R2

θ
(
τ − |y|

)
2

ϕ
(
3|x|+ τ, x+ y

)
dτdy

Ñäåëàâ âî âíóòðåííåì èíòåãðàëå çàìåíó ïåðåìåííûõ{
s = τ + 3|x|,
z = y + x,

|J | = 1,
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ïîëó÷èì

lim
R→+∞

+∞∫
−∞

dx η1

(
3|x|
R
,
x

R

)∫
R2

θ
(
τ − |y|

)
2

ϕ
(
3|x|+ τ, x+ y

)
dτdy =

= lim
R→+∞

+∞∫
−∞

dx

∫
R2

η1

(
3|x|
R
,
x

R

)
θ
(
s− 3|x| − |z − x|

)
2

ϕ(s, z) dsdz (11)

Îöåíèì ïîäûíòåãðàëüíóþ ôóíêöèþ. Äëÿ ýòîãî çàìåòèì, ÷òî ïîäûíòå-
ãðàëüíàÿ ôóíêöèÿ â ôîðìóëå (11) ìîæåò áûòü îòëè÷íà îò íóëÿ ëèøü ïðè

s− 3|x| − |z − x| > 0 ,

îòêóäà ñëåäóåò,÷òî

3|x| 6 s .

Âîñïîëüçîâàâøèñü îãðàíè÷åííîñòüþ 1-ñðåçêè è ñâîéñòâàìè ôóíêöèè
ϕ(s, z) ∈ S(R2) , ïîëó÷àåì, ÷òî ∃M > 0 ∃A > 0 òàêèå, ÷òî∣∣∣∣ η1(3|x|R ,

x

R

)∣∣∣∣ 6M

|ϕ(s, z)| 6 A

(1 + s2)2(1 + z2)

Ïîýòîìó

∣∣∣∣∣ η1
(
3|x|
R
,
x

R

)
θ
(
s− 3|x| − |z − x|

)
2

ϕ(s, z)

∣∣∣∣∣ 6 M · A
2(1 + s2)2(1 + z2)

6

6
M · A

2(1 + s2)(1 + 9x2)(1 + z2)

Ïîñêîëüêó ïîëó÷åííàÿ îöåíêà íå çàâèñèò îò R è ÿâëÿåòñÿ àáñîëþòíî èí-
òåãðèðóåìîé ôóíêöèåé ïî âñåì òðåì ïåðåìåííûì, òî ê èíòåãðàëó (11) ìîæíî
ïðèìåíÿòü è òåîðåìó Ôóáèíè, è òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè.
Òàêèì îáðàçîì,
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lim
R→+∞

+∞∫
−∞

dx

∫
R2

η1

(
3|x|
R
,
x

R

)
θ
(
s− 3|x| − |z − x|

)
2

ϕ(s, z) dsdz =

= lim
R→+∞

∫
R3

η1

(
3|x|
R
,
x

R

)
θ
(
s− 3|x| − |z − x|

)
2

ϕ(s, z) dsdzdt =

=

∫
R3

θ
(
s− 3|x| − |z − x|

)
2

ϕ(s, z) dsdzdt =

=
1

2

∫
R2

dsdz ϕ(s, z)

+∞∫
−∞

θ
(
s− 3|x| − |z − x|

)
dx (12)

×òîáû âû÷èñëèòü âíóòðåííèé èíòåãðàë â ôîðìóëå (12), åùå ðàç çàïèøåì
óñëîâèå íåîòðèöàòåëüíîñòè àðãóìåíòà ôóíêöèè θ

(
s− 3|x| − |z − x|

)
:

s− 3|x| − |z − x| > 0 ⇔

{
s− 3|x| > 0,

|z − x| 6 s− 3|x|,
⇔

⇔


s > 0,

|x| 6 s

3
,

− s+ 3|x| 6 x− z 6 s− 3|x|.

Ðàñññìîòðèì 2 ñëó÷àÿ.
1. Åñëè x > 0 , òî


s > 0,

0 6 x 6
s

3
,

− s+ 3x 6 x− z 6 s− 3x,

⇔



s > 0,

0 6 x 6
s

3
,

x 6
s+ z

4
,

x 6
s− z
2

,

⇔
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⇔


s > 0,

0 6 x 6 min

{
s

3
,
s+ z

4
,
s− z
2

}
.

2. Åñëè æå x < 0 , òî


s > 0,

− s

3
6 x < 0,

− s− 3x 6 x− z 6 s+ 3x,

⇔



s > 0,

− s

3
6 x < 0,

x >
−s− z

2
,

x >
z − s
4

,

⇔

⇔


s > 0,

0 > x > max

{
− s

3
,
−s− z

2
,
z − s
4

}
Ñëåäîâàòåëüíî, âíóòðåííèé èíòåãðàë â ôîðìóëå (12) ðàâåí

+∞∫
−∞

θ
(
s− 3|x| − |z − x|

)
dx =

= θ(s) θ

(
min

{
s

3
,
s+ z

4
,
s− z
2

}
−max

{
− s

3
,
−s− z

2
,
z − s
4

})
·

·

min
{
s
3 ,

s+z
4 ,

s−z
2

}∫
max
{
− s

3 ,
−s−z

2 , z−s4
} dx =

= θ

(
min

{
s

3
,
s+ z

4
,
s− z
2

}
−max

{
− s

3
,
−s− z

2
,
z − s
4

}) min
{
s
3 ,

s+z
4 ,

s−z
2

}∫
max
{
− s

3 ,
−s−z

2 , z−s4
} dx =
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= θ

(
min

{
s

3
,
s+ z

4
,
s− z
2

}
−max

{
− s

3
,
−s− z

2
,
z − s
4

})
·

·

[
min

{
s

3
,
s+ z

4
,
s− z
2

}
−max

{
− s

3
,
−s− z

2
,
z − s
4

}]
Ïîýòîìó

u(t, x) =
1

2
θ

(
min

{
t

3
,
t+ x

4
,
t− x
2

}
−max

{
− t

3
,
−t− x

2
,
x− t
4

})
·

·

[
min

{
t

3
,
t+ x

4
,
t− x
2

}
−max

{
− t

3
,
−t− x

2
,
x− t
4

}]

Îòâåò.

u(t, x) =
1

2
θ

(
min

{
t

3
,
t+ x

4
,
t− x
2

}
−max

{
− t

3
,
−t− x

2
,
x− t
4

})
·

·

[
min

{
t

3
,
t+ x

4
,
t− x
2

}
−max

{
− t

3
,
−t− x

2
,
x− t
4

}]
Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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