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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ðàññìàòðèâàþòñÿ èíòåãðàëüíûå îïåðàòîðû

(Au) (x) =

∫
G

K(t, x)u(t)dt, u ∈ L2(G), x ∈ G,

ãäå G ∈ Rn � îáëàñòü, à ôóíêöèÿ K(t, x) ∈ L2

(
G×G

)
, íàçûâàåìàÿ ÿäðîì

èíòåãðàëüíîãî îïåðàòîðà, èìååò âèä

K(t, x) =
n∑

k=1

gk(t) · hk(x)

Â ýòîì ñëó÷àå

(Au) (x) =

∫
G

K(t, x)u(t)dt =
n∑

k=1

hk(x)

∫
G

gk(t)u(t)dt =
n∑

k=1

Ck · hk(x)

ãäå ÷èñëà

Ck =

∫
G

gk(t)u(t)dt, k = 1, 2, . . . , n.
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Îòñþäà ñëåäóåò, ÷òî îáðàç èíòåãðàëüíîãî îïåðàòîðà ImA ÿâëÿåòñÿ êîíå÷-
íîìåðíûì ïîäïðîñòðàíñòâîì L2(G).

Îïðåäåëåíèå 1 ×èñëî λ íàçûâàþò õàðàêòåðèñòè÷åñêèì ÷èñëîì èíòå-

ãðàëüíîãî îïåðàòîðà A, åñëè ñóùåñòâóåò íåíóëåâîå ðåøåíèå u(x) îäíî-

ðîäíîãî èíòåãðàëüíîãî óðàâíåíèÿ

u(x) = λ

∫
G

K(t, x)u(t)dt

Â ýòîì ñëó÷àå ôóíêöèþ u(x) íàçûâàþò ñîáñòâåííîé ôóíêöèåé èíòåãðàëü-

íîãî îïåðàòîðà A.

Çàìå÷àíèå 1. Åñëè λ � õàðàêòåðèñòè÷åñêîå ÷èñëî îïåðàòîðà A, òî
÷èñëî

1

λ

ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A.

Çàìå÷àíèå 2. Äëÿ èíòåãðàëüíûõ îïåðàòîðîâ ñ êîíå÷íîìåðíûì ìíîæå-
ñòâîì çíà÷åíèé ðåøåíèå íåîäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé

u(x) = λ

∫
G

K(t, x)u(t)dt+ f(x), f ∈ L2[a, b]

è ïîèñê õàðàêòåðèñòè÷åñêèõ ÷èñåë è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ ôóíê-
öèé ñâîäèòñÿ ê ðåøåíèþ àëãåáðàè÷åñêèõ ñèñòåì óðàâíåíèé, êàê ýòî ñåé÷àñ
áóäåò ïîêàçàíî íà ïðèìåðàõ.

Çàäà÷à 1 Íàéòè õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíêöèè èíòå-

ãðàëüíîãî îïåðàòîðà è ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ λ ðåøèòü èíòå-

ãðàëüíîå óðàâíåíèå

u(x) = λ

π
2∫

−π
2

(sinx+ y cosx)u(y) dy + 12x+ π2, −π

2
⩽ x ⩽

π

2
(1)
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Ðåøåíèå. Ïðåîáðàçóåì ïðàâóþ ÷àñòü óðàâíåíèÿ (1) ê âèäó

u(x) = λ sinx

π
2∫

−π
2

u(y) dy + λ cosx

π
2∫

−π
2

y u(y) dy + 12x+ π2 (2)

è îáîçíà÷èì

C1 =

π
2∫

−π
2

u(y) dy , C2 =

π
2∫

−π
2

y u(y) dy

Îòñþäà ñëåäóåò, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ (2) èìååò âèä

u(x) = C1λ sinx+ C2λ cosx+ 12x+ π2, (3)

ãäå C1 è C2 � íåêîòîðûå ÷èñëà.
×òîáû íàéòè ýòè ÷èñëà, ñîñòàâèì ñèñòåìó óðàâíåíèé. Äëÿ ýòîãî ñíà÷àëà

ïîäñòàâèì ôóíêöèþ u(x) â âèäå (3) â ôîðìóëó äëÿ C1

C1 =

π
2∫

−π
2

u(y) dy =

π
2∫

−π
2

(
C1λ sin y + C2λ cos y + 12y + π2

)
dy =

= C1λ

π
2∫

−π
2

sin y dy + C2λ

π
2∫

−π
2

cos y dy +

π
2∫

−π
2

(
12y + π2

)
dy =

= C1λ(− cos y)|
π
2
−π

2
+ C2λ sin y|

π
2
−π

2
+

(
6y2 + π2y

)∣∣π2
−π

2
= 2C2λ+ π3

Òåïåðü ïîäñòàâèì ôóíêöèþ u(x) â âèäå (3) â ôîðìóëó äëÿ C2

C2 =

π
2∫

−π
2

y u(y) dy =

π
2∫

−π
2

y
(
C1λ sin y + C2λ cos y + 12y + π2

)
dy =
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= C1λ

π
2∫

−π
2

y sin y dy + C2λ

π
2∫

−π
2

y cos y dy +

π
2∫

−π
2

(
12y2 + π2y

)
dy

Âû÷èñëèì êàæäûé èç ïîëó÷èâøèõñÿ èíòåãðàëîâ.

π
2∫

−π
2

y sin y dy = 2

π
2∫

0

y sin y dy = −2y cos y|
π
2
0 + 2

π
2∫

0

cos y dy = 2 sin y|
π
2
0 = 2

Ïîñêîëüêó ôóíêöèÿ y cos y � íå÷åòíàÿ, òî

π
2∫

−π
2

y cos y dy = 0

Íàêîíåö,

π
2∫

−π
2

(
12y2 + π2y

)
dy =

(
4y3 +

π2y2

2

)∣∣∣∣
π
2

−π
2

= π3

Òàêèì îáðàçîì,

C2 = 2C1λ+ π3

Ñëåäîâàòåëüíî, ÷èñëà C1 è C2 óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé{
C1 = 2C2λ+ π3,

C2 = 2C1λ+ π3,
⇔

{
C1 − 2C2λ = π3,

2C1λ− C2 = −π3.
(4)

Âûïèøåì ðàñøèðåííóþ ìàòðèöó ñèñòåìû (4)(
1 −2λ
2λ −1

∣∣∣∣ π3

−π3

)
è ðàññìîòðèì âñå âîçìîæíûå ñëó÷àè â çàâèñèìîñòè îò çíà÷åíèÿ λ.
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1. Ñëó÷àé îäíîçíà÷íîé ðàçðåøèìîñòè ñèñòåìû (4).

Îïðåäåëèòåëü

∆ =

∣∣∣∣ 1 −2λ
2λ −1

∣∣∣∣ = −1 + 4λ2 ̸= 0 ⇔ λ ̸= ±1

2

Â ýòîì ñëó÷àå ñèñòåìà (4) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæíî
íàéòè ïî ïðàâèëó Êðàìåðà

∆C1
=

∣∣∣∣ π3 −2λ
−π3 −1

∣∣∣∣ = −π3 − 2λπ3 = −π3(1 + 2λ);

C1 =
∆C1

∆
=

−π3(1 + 2λ)

4λ2 − 1
=

−π3

2λ− 1

∆C2
=

∣∣∣∣ 1 π3

2λ −π3

∣∣∣∣ = −π3 − 2λπ3 = −π3(1 + 2λ);

C2 =
∆C2

∆
=

−π3(1 + 2λ)

4λ2 − 1
=

−π3

2λ− 1

Ïîäñòàâëÿÿ íàéäåííûå êîíñòàíòû C1 è C2 â ôîðìóëó (3), ïîëó÷àåì,

÷òî ïðè λ ̸= ±1

2
óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå

u(x) =
−π3

2λ− 1
λ sinx+

−π3

2λ− 1
λ cosx+ 12x+ π2 =

= − π3λ

2λ− 1
(sinx+ cosx) + 12x+ π2

2. Ïåðåéäåì òåïåðü ê ñëó÷àþ λ =
1

2
.

Ïðè λ =
1

2
ñèñòåìà (4) ïðèíèìàåò âèä{

C1 − C2 = π3,

C1 − C2 = −π3.
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Ñëåäîâàòåëüíî, ïðè λ =
1

2
ñèñòåìà (4), à âìåñòå ñ íåé è èñõîäíîå èíòå-

ãðàëüíîå óðàâíåíèå, ðåøåíèé íå èìåþò.

3. Íàêîíåö, ðàññìîòðèì ñëó÷àé λ = −1

2
.

Ïðè λ = −1

2
ñèñòåìà (4) ïðèíèìàåò âèä{

C1 + C2 = π3,

−C1 − C2 = −π3,
⇔ C1 + C2 = π3

Ñëåäîâàòåëüíî, ïðè λ = −1

2
ñèñòåìà (4) èìååò áåñêîíå÷íî ìíîãî ðåøå-

íèé, êîòîðûå ìîæíî çàïèñàòü òàê:{
C1 = C,

C2 = π3 − C,

ãäå C � ëþáîå ÷èñëî.

Ïîäñòàâëÿÿ íàéäåííûå êîíñòàíòû C1 è C2 â ôîðìóëó (3), ïîëó÷àåì,

÷òî ïðè λ = −1

2
èíòåãðàëüíîå óðàâíåíèå (1) èìååò áåñêîíå÷íî ìíîãî

ðåøåíèé, êîòîðûå âûðàæàþòñÿ ôîðìóëîé

u(x) = −1

2
C sinx− 1

2
(π3 − C) cos x+ 12x+ π2 =

=
1

2
C (cosx− sinx) + 12x+ π2 − π3

2
cosx,

ãäå C � ëþáîå ÷èñëî.

Òåïåðü ïåðåéäåì ê ïîèñêó õàðàêòåðèñòè÷åñêèõ ÷èñåë è ñîáñòâåííûõ
ôóíêöèé èíòåãðàëüíîãî îïåðàòîðà.

Ïîñêîëüêó èíòåãðàëüíûé îïåðàòîð èìååò âèä

(Au) (x) =

π
2∫

−π
2

(sinx+ y cosx)u(y) dy,

6



òî äëÿ òîãî, ÷òîáû íàéòè åãî õàðàêòåðèñòè÷åñêèå ÷èñëà è ñîáñòâåííûå ôóíê-
öèè, íàì íåîáõîäèìî ðåøèòü îäíîðîäíîå óðàâíåíèå

u(x) = λ

π
2∫

−π
2

(sinx+ y cosx)u(y) dy (5)

Íåòðóäíî çàìåòèòü, ÷òî â îòëè÷èå îò ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ
(2) ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (5) èìååò âèä

u(x) = C1λ sinx+ C2λ cosx, (6)

ãäå C1 è C2 � ðåøåíèÿ îäíîðîäíîé ñèñòåìû óðàâíåíèé{
C1 − 2C2λ = 0,

2C1λ− C2 = 0.
(7)

Îäíîðîäíàÿ ñèñòåìà (7) èìååò íåíóëåâîå ðåøåíèå òîãäà è òîëüêî òîãäà,
êîãäà åå îïðåäåëèòåëü

∆ =

∣∣∣∣ 1 −2λ
2λ −1

∣∣∣∣ = −1 + 4λ2 = 0 ⇔ λ = ±1

2

Ðàññìîòðèì îáà ñëó÷àÿ.

1. Ïðè λ =
1

2
ñèñòåìà (7) ïðèíèìàåò âèä{

C1 − C2 = 0,

C1 − C2 = 0.
⇔ C1 = C2 = C,

ãäå C � ëþáîå ÷èñëî. Èç ôîðìóëû (6) íàõîäèì

u(x) = Cλ sinx+ Cλ cosx = Cλ(sinx+ cosx)

Ñëåäîâàòåëüíî, ôóíêöèÿ

u1(x) = sinx+ cosx

ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé èíòåãðàëüíîãî îïåðàòîðà (5) ñ õàðàêòå-

ðèñòè÷åñêèì ÷èñëîì λ =
1

2
.
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2. Ïðè λ = −1

2
ñèñòåìà (7) ïðèíèìàåò âèä{

C1 + C2 = 0,

C1 + C2 = 0.
⇔

{
C1 = C,

C2 = −C,

ãäå C � ëþáîå ÷èñëî. Èç ôîðìóëû (6) íàõîäèì

u(x) = Cλ sinx− Cλ cosx = Cλ(sinx− cosx)

Ñëåäîâàòåëüíî, ôóíêöèÿ

u2(x) = sinx− cosx

ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé èíòåãðàëüíîãî îïåðàòîðà (5) ñ õàðàêòå-

ðèñòè÷åñêèì ÷èñëîì λ = −1

2
.

Îòâåò.

1. Ïðè λ ̸= ±1

2
óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå

u(x) = − π3λ

2λ− 1
(sinx+ cosx) + 12x+ π2

2. Ïðè λ =
1

2
óðàâíåíèå ðåøåíèé íå èìååò

3. Ïðè λ = −1

2
óðàâíåíèå èìååò áåñêîíå÷íî ìíîãî ðåøåíèé

u(x) =
1

2
C (cosx− sinx) + 12x+ π2 − π3

2
cosx,

ãäå C � ëþáîå ÷èñëî.

4. λ =
1

2
� õàðàêòåðèñòè÷åñêîå ÷èñëî, ñîáñòâåííàÿ ôóíêöèÿ

u1(x) = sinx+ cosx

5. λ = −1

2
� õàðàêòåðèñòè÷åñêîå ÷èñëî, ñîáñòâåííàÿ ôóíêöèÿ

u2(x) = sinx− cosx
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Ïðåæäå, ÷åì ðåøàòü ñëåäóþùóþ çàäà÷ó, ïðèâåäåì íåîáõîäèìûå îïðåäå-
ëåíèÿ.

Ïóñòü ëèíåéíûé îïåðàòîð

A : D(A) → H,

ãäå H � ãèëüáåðòîâî ïðîñòðàíñòâî, à I - òîæäåñòâåííûé îïåðàòîð íà H.

Îïðåäåëåíèå 2 ×èñëî λ ∈ C íàçûâàþò ðåãóëÿðíûì çíà÷åíèåì îïåðàòîðà

A, åñëè ñóùåñòâóåò íåïðåðûâíûé îáðàòíûé îïåðàòîð

(A− λI)−1 : H → H

Ìíîæåñòâî âñåõ ðåãóëÿðíûõ çíà÷åíèé íàçûâàþò ðåçîëüâåíòíûì ìíîæå-

ñòâîì îïåðàòîðà A, è îáîçíà÷àþò îïåðàòîðà ρ(A).
Ñàì íåïðåðûâíûé îáðàòíûé îïåðàòîð

Rλ(A) = (A− λI)−1

íàçûâàþò ðåçîëüâåíòîé îïåðàòîðà A.

Îïðåäåëåíèå 3 Ñïåêòðîì îïåðàòîðà A íàçûâàþò ìíîæåñòâî êîìïëåêñ-

íûõ ÷èñåë, íå âõîäÿùèõ â ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà. Ñïåêòð

îáîçíà÷àþò σ(A).

Ñïåêòð îïåðàòîðà ïîäðàçäåëÿåòñÿ íà òî÷å÷íûé ñïåêòð, íåïðåðûâíûé
ñïåêòð è îñòàòî÷íûé ñïåêòð.

Îïðåäåëåíèå 4 Òî÷å÷íûì ñïåêòðîì îïåðàòîðà A íàçûâàþò ìíîæåñòâî

åãî ñîáñòâåííûõ çíà÷åíèé. Òî÷å÷íûé ñïåêòð îáîçíà÷àþò σρ(A).

Îïðåäåëåíèå 5 Íåïðåðûâíûì ñïåêòðîì îïåðàòîðà A íàçûâàþò ìíîæå-

ñòâî

σc(A) = {λ ∈ C : Ker(A−λI) = {0}, Im (A−λI) ̸= H, Im (A− λI) = H}

Îïðåäåëåíèå 6 Îñòàòî÷íûì ñïåêòðîì îïåðàòîðà A íàçûâàþò ìíîæå-

ñòâî

σr(A) = {λ ∈ C : Ker(A− λI) = {0}, Im (A− λI) ̸= H}

Ðåøèì åùå îäíó çàäà÷ó.
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Çàäà÷à 2 Ïóñòü

Ï = {(x1, x2) ∈ R2 : 0 < x1 < 1, 0 < x2 < 1}

Äëÿ èíòåãðàëüíîãî îïåðàòîðà

(Af) (x1, x2) =

∫∫
Ï

(x1y2 + x2y1)f(y1, y2)dy1dy2, f ∈ L2(Ï), (x1, x2) ∈ Ï

íàéòè ñïåêòð è ðåçîëüâåíòó.

Ðåøåíèå. Âûÿñíèì, ïðè êàêèõ çíà÷åíèÿõ λ óðàâíåíèå ñ íåèçâåñòíîé
ôóíêöèåé f(x1, x2) (

(A− λ I)f
)
(x1, x2) = g(x1, x2) (8)

èìååò åäèíñòâåííîå ðåøåíèå äëÿ ∀g ∈ L2(Ï) è íàéäåì åãî. Âñå îñòàëüíûå
çíà÷åíèÿ λ âîéäóò â ñïåêòð.

Äëÿ ýòîãî ïðåîáðàçóåì óðàâíåíèå (8)∫∫
Ï

(x1y2 + x2y1)f(y1, y2)dy1dy2 = λf(x1, x2) + g(x1, x2)

x1

∫∫
Ï

y2f(y1, y2)dy1dy2+x2

∫∫
Ï

y1f(y1, y2)dy1dy2 = λf(x1, x2)+ g(x1, x2) (9)

è îáîçíà÷èì

C1 =

∫∫
Ï

y2f(y1, y2)dy1dy2 , C2 =

∫∫
Ï

y1f(y1, y2)dy1dy2 (10)

Îòñþäà ñëåäóåò, ÷òî äëÿ ëþáîãî ðåøåíèÿ óðàâíåíèÿ (9) ñóùåñòâóþò ÷èñ-
ëà C1 è C2 òàêèå, ÷òî âûïîëíåíî ðàâåíñòâî

C1x1 + C2x2 = λf(x1, x2) + g(x1, x2) (11)

1. Ðàññìîòðèì ñíà÷àëà ñëó÷àé λ ̸= 0.
Â ýòîì ñëó÷àå ôóíêöèþ f(x1, x2) ìîæíî âûðàçèòü èç ôîðìóëû (11)
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f(x1, x2) =
C1

λ
x1 +

C2

λ
x2 −

1

λ
g(x1, x2) (12)

Ïîäñòàâëÿÿ âûðàæåíèå (12) â ôîðìóëû (10), ïîëó÷àåì

C1 =

∫∫
Ï

y2f(y1, y2)dy1dy2 =

∫∫
Ï

y2

(
C1

λ
y1 +

C2

λ
y2 −

1

λ
g(y1, y2)

)
dy1dy2 =

=
C1

λ

1∫
0

1∫
0

y1y2dy1dy2 +
C2

λ

1∫
0

1∫
0

y22dy1dy2 −
1

λ

∫∫
Ï

y2g(y1, y2)dy1dy2 =

=
C1

4λ
+

C2

3λ
− 1

λ

∫∫
Ï

y2g(y1, y2)dy1dy2

C2 =

∫∫
Ï

y1f(y1, y2)dy1dy2 =

∫∫
Ï

y1

(
C1

λ
y1 +

C2

λ
y2 −

1

λ
g(y1, y2)

)
dy1dy2 =

=
C1

λ

1∫
0

1∫
0

y21dy1dy2 +
C2

λ

1∫
0

1∫
0

y1y2dy1dy2 −
1

λ

∫∫
Ï

y1g(y1, y2)dy1dy2 =

=
C1

3λ
+

C2

4λ
− 1

λ

∫∫
Ï

y1g(y1, y2)dy1dy2

Îáîçíà÷èâ

D1 =

∫∫
Ï

y2g(y1, y2)dy1dy2 , D2 =

∫∫
Ï

y1g(y1, y2)dy1dy2

ñîñòàâèì ñèñòåìó óðàâíåíèé


C1 =

C1

4λ
+

C2

3λ
− D1

λ
,

C2 =
C1

3λ
+

C2

4λ
− D2

λ
,

⇔

{
(12λ− 3)C1 − 4C2 = −12D1,

4C1 − (12λ− 3)C2 = 12D2.
(13)

11



Äëÿ òîãî, ÷òîáû ðåøèòü ñèñòåìó (13), âûïèøåì å¼ ðàñøèðåííóþ ìàòðèöó(
12λ− 3 −4

4 −(12λ− 3)

∣∣∣∣ −12D1

12D2

)
Ðàññìîòðèì âñå âîçìîæíûå ñëó÷àè â çàâèñèìîñòè îò çíà÷åíèÿ λ.

� Ñëó÷àé îäíîçíà÷íîé ðàçðåøèìîñòè ñèñòåìû (13).

Îïðåäåëèòåëü

∆ =

∣∣∣∣12λ− 3 −4
4 −(12λ− 3)

∣∣∣∣ = −(12λ− 3)2 + 16 ̸= 0 ⇔ 12λ− 3 ̸= ±4

⇔ λ ̸= − 1

12
; λ ̸= 7

12

Èòàê, ïðè λ ̸= − 1

12
; λ ̸= 7

12
îïðåäåëèòåëü ∆ îòëè÷åí îò íóëÿ è

ñèñòåìà (13) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìû íàéäåì ïî ïðàâèëó
Êðàìåðà

∆C1
=

∣∣∣∣−12D1 −4
12D2 −(12λ− 3)

∣∣∣∣ = 12D1(12λ− 3) + 48D2;

C1 =
∆C1

∆
=

12D1(12λ− 3) + 48D2

16− (12λ− 3)2

∆C2
=

∣∣∣∣12λ− 3 −12D1

4 12D2

∣∣∣∣ = 12D2(12λ− 3) + 48D1;

C2 =
∆C2

∆
=

12D2(12λ− 3) + 48D1

16− (12λ− 3)2

Ïîäñòàâëÿÿ íàéäåííûå êîíñòàíòû C1 è C2 â ôîðìóëó (12), ïîëó÷àåì,

÷òî ïðè λ ̸= − 1

12
; λ ̸= 7

12
óðàâíåíèå (8) èìååò åäèíñòâåííîå ðåøåíèå

f(x1, x2) =

=
12D1(12λ− 3) + 48D2

λ [16− (12λ− 3)2]
x1 +

12D2(12λ− 3) + 48D1

λ [16− (12λ− 3)2]
x2 −

1

λ
g(x1, x2) =

12



=

∫∫
Ï

(144λ− 36)x1y2 + 48x1y1 + (144λ− 36)x2y1 + 48x2y2
λ [16− (12λ− 3)2]

g(y1, y2)dy1dy2−

−1

λ
g(x1, x2)

Òàêèì îáðàçîì, ïðè λ ̸= − 1

12
; λ ̸= 7

12
; λ ̸= 0 ìû íàøëè ðåçîëü-

âåíòó îïåðàòîðà (
Rλ(A)g

)
(x1, x2) =

=

∫∫
Ï

(144λ− 36)x1y2 + 48x1y1 + (144λ− 36)x2y1 + 48x2y2
λ [16− (12λ− 3)2]

g(y1, y2)dy1dy2−

−1

λ
g(x1, x2)

� Ïåðåéäåì òåïåðü ê ñëó÷àþ λ = − 1

12

Ïðè λ = − 1

12
ñèñòåìà (13) ëèáî íå èìååò ðåøåíèé, ëèáî èìååò áåñêîíå÷-

íî ìíîãî ðåøåíèé. Ýòî îçíà÷àåò, ÷òî λ = − 1

12
íå ÿâëÿåòñÿ ðåãóëÿðíûì

çíà÷åíèåì.

Ïîêàæåì, ÷òî ýòî ñîáñòâåííîå çíà÷åíèå. Äëÿ ýòîãî íàéäåì ñîîòâåòñòâó-
þùóþ åìó ñîáñòâåííóþ ôóíêöèþ, ò.å. íåíóëåâîå ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ

(Af)(x1, x2) = − 1

12
f(x1, x2)

Ïîëàãàÿ â ôîðìóëàõ ïðåäûäóùåãî ïóíêòà

g(x1, x2) = 0, λ = − 1

12
,

13



èç ôîðìóë (12) è (13) ïîëó÷àåì

f(x1, x2) = −12C1x1 − 12C2x2

ãäå êîíñòàíòû C1 è C2 óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé{
4C1 + 4C2 = 0,

4C1 + 4C2 = 0.

Âûáèðàÿ C1 = − 1

12
; C2 =

1

12
, íàõîäèì ñîáñòâåííóþ ôóíêöèþ

f1(x1, x2) = x1 − x2

Ñëåäîâàòåëüíî,

λ = − 1

12
ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì è ïðèíàäëåæèò òî÷å÷íîìó ñïåêòðó.

� Ïåðåéäåì òåïåðü ê ñëó÷àþ λ =
7

12

Ïðè λ =
7

12
ñèñòåìà (13) ëèáî íå èìååò ðåøåíèé, ëèáî èìååò áåñêîíå÷íî

ìíîãî ðåøåíèé. Ýòî îçíà÷àåò, ÷òî λ =
7

12
íå ÿâëÿåòñÿ ðåãóëÿðíûì

çíà÷åíèåì.

Ïîêàæåì, ÷òî ýòî ñîáñòâåííîå çíà÷åíèå. Äëÿ ýòîãî íàéäåì ñîîòâåòñòâó-
þùóþ åìó ñîáñòâåííóþ ôóíêöèþ, ò.å. íåíóëåâîå ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ

(Af)(x1, x2) =
7

12
f(x1, x2)

Ïîëàãàÿ â ôîðìóëàõ

g(x1, x2) = 0, λ =
7

12

èç ôîðìóë (12) è (13) ïîëó÷àåì

f(x1, x2) =
12

7
C1x1 +

12

7
C2x2

14



ãäå êîíñòàíòû C1 è C2 óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé{
4C1 − 4C2 = 0,

4C1 − 4C2 = 0.

Âûáèðàÿ C1 =
7

12
; C2 =

7

12
, íàõîäèì ñîáñòâåííóþ ôóíêöèþ

f1(x1, x2) = x1 + x2

Ñëåäîâàòåëüíî,

λ =
7

12
ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì è ïðèíàäëåæèò òî÷å÷íîìó ñïåêòðó.

2. Òåïåðü ðàññìîòðèì ñëó÷àé λ = 0 è ïîêàæåì, ÷òî ýòî ñîáñòâåííîå
çíà÷åíèå. Äåéñòâèòåëüíî, äëÿ ôóíêöèè

f0(x1, x2) = (2− 3x1) (2− 3x2)

âûïîëíåíî

C1 =

∫∫
Ï

y2 (2− 3y1) (2− 3y2) dy1dy2 =

1∫
0

(2− 3y1) dy1 ·
1∫

0

(
2y2 − 3y22

)
dy2 =

=

(
2y1 −

3y21
2

)∣∣∣∣1
0

·
(
y22 − y32

)∣∣1
0
= −1

2
· 0 = 0

Ïîñêîëüêó f0(x1, x2) = f0(x2, x1), òî è

C2 =

∫∫
Ï

y1f0(y1, y2)dy1dy2 = 0

Ñëåäîâàòåëüíî,

(Af0)(x) = C1x1 + C2x2 = 0 = 0 · f0(x)

Çíà÷èò, λ = 0 � ýòî ñîáñòâåííîå çíà÷åíèå è îíî ïðèíàäëåæèò òî÷å÷íîìó
ñïåêòðó.
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Îòâåò. Ïðè λ ̸= − 1

12
; λ ̸= 7

12
; λ ̸= 0 ðåçîëüâåíòà îïåðàòîðà(

Rλ(A)g
)
(x1, x2) =

=

∫∫
Ï

(144λ− 36)x1y2 + 48x1y1 + (144λ− 36)x2y1 + 48x2y2
λ [16− (12λ− 3)2]

g(y1, y2)dy1dy2−

−1

λ
g(x1, x2)

Ñïåêòð îïåðàòîðà ñîñòîèò èç òðåõ ñîáñòâåííûõ çíà÷åíèé

λ = − 1

12
; λ =

7

12
; λ = 0 .

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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