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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ðàññìàòðèâàþòñÿ èíòåãðàëüíûå îïåðàòîðû

(Au) (x) =

b∫
a

K(t, x)u(t)dt, u ∈ L2[a, b], x ∈ [a, b],

ó êîòîðûõ

1. K(t, x) ∈ L2

(
[a, b]× [a, b]

)
,

2. K(t, x) = K(x, t) äëÿ âñåõ x ∈ [a, b] è âñåõ t ∈ [a, b].

Íåîáõîäèìûå äëÿ ðåøåíèÿ çàäà÷ òåîðåòè÷åñêèå ñâåäåíèÿ

Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî.
Îïðåäåëåíèå 1. Ëèíåéíûé îïåðàòîð A : H → H íàçûâàþò êîìïàêò-

íûì, åñëè äëÿ ëþáîé îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè {xn} èç ïîñëåäî-
âàòåëüíîñòè åå îáðàçîâ {A(xn)} ìîæíî âûäåëèòü ôóíäàìåíòàëüíóþ ïîäïî-
ñëåäîâàòåëüíîñòü.
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Ñâîéñòâî 1. Åñëè K(t, x) ∈ L2

(
[a, b]× [a, b]

)
, òî èíòåãðàëüíûé îïåðà-

òîð

(Au) (x) =

b∫
a

K(t, x)u(t)dt, u ∈ L2[a, b], x ∈ [a, b],

ÿâëÿåòñÿ íåïðåðûâíûì è êîìïàêòíûì.

Ñâîéñòâî 2. Åñëè K(t, x) ∈ L2

(
[a, b]× [a, b]

)
è K(t, x) = K(x, t) äëÿ

âñåõ x ∈ [a, b] è âñåõ t ∈ [a, b] , òî èíòåãðàëüíûé îïåðàòîð

(Au) (x) =

b∫
a

K(t, x)u(t)dt, u ∈ L2[a, b], x ∈ [a, b],

ÿâëÿåòñÿ ñèììåòðè÷íûì.

Ñâîéñòâî 3. Åñëè K(t, x) ∈ L2

(
[a, b]× [a, b]

)
è K(t, x) = K(x, t) äëÿ

âñåõ x ∈ [a, b] è âñåõ t ∈ [a, b] , òî èíòåãðàëüíûé îïåðàòîð

(Au) (x) =

b∫
a

K(t, x)u(t)dt, u ∈ L2[a, b], x ∈ [a, b],

ÿâëÿåòñÿ ñàìîñîïðÿæåííûì.
Çàìå÷àíèå. Ñâîéñòâî 3 ñëåäóåò èç òîãî, ÷òî ðàññìàòðèâàåìûé îïåðàòîð

ÿâëÿåòñÿ íåïðåðûâíûì, ñèììåòðè÷íûì è îïðåäåëåí íà âñåì ïðîñòðàíñòâå
L2[a, b].

Ñôîðìóëèðóåì òåïåðü îäíó èç öåíòðàëüíûõ òåîðåì äàííîãî êóðñà.
Òåîðåìà Ãèëüáåðòà-Øìèäòà

Ïóñòü ëèíåéíûé îïåðàòîð A : H → H ÿâëÿåòñÿ êîìïàêòíûì ñàìîñîïðÿ-

æåííûì îïåðàòîðîì, ïðè÷åì A ̸= 0. Òîãäà â ïîäïðîñòðàíñòâå
(
KerA

)⊥

ñóùåñòâóåò íå áîëåå, ÷åì ñ÷åòíûé, îðòîãîíàëüíûé áàçèñ {en} èç ñîáñòâåííûõ
âåêòîðîâ îïåðàòîðà A. Ïðè ýòîì äëÿ ∀x ∈ H ñóùåñòâóåò åäèíñòâåííûé
âåêòîð x0 ∈ Ker A òàêîé, ÷òî

x = x0 +
∑
n

(x, en)

(en, en)
en

Äëÿ ðåøåíèÿ çàäà÷ íàì òàêæå ïîòðåáóåòñÿ ðÿä î ñïåêòðàõ îïåðàòîðîâ.
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Òåîðåìà î ñïåêòðå êîìïàêòíîãî îïåðàòîðà

Ïóñòü ëèíåéíûé îïåðàòîð A : H → H ÿâëÿåòñÿ êîìïàêòíûì îïåðàòî-
ðîì. Òîãäà

� ëþáîé ýëåìåíò ñïåêòðà, îòëè÷íûé îò 0, ÿâëÿåòñÿ ñîáñòâåííûì çíà÷å-
íèåì;

� ñïåêòð îïåðàòîðà íå áîëåå, ÷åì ñ÷åòåí;

� ñïåêòð îïåðàòîðà íå èìååò ïðåäåëüíûõ òî÷åê, êðîìå, áûòü ìîæåò, òî÷êè
0.

Òåîðåìà î ñïåêòðå ñàìîñîïðÿæåííîãî îïåðàòîðà

Ïóñòü ëèíåéíûé îïåðàòîð A : H → H ÿâëÿåòñÿ ñàìîñîïðÿæåííûì
îïåðàòîðîì. Òîãäà

� ñïåêòð îïåðàòîðà ëåæèò íà äåéñòâèòåëüíîé îñè

σ(A) ⊂ R

� îñòàòî÷íûé ñïåêòð îïåðàòîðà ïóñò.

Çàìå÷àíèå. Ðàññìàòðèâàåìûå íàìè èíòåãðàëüíûå îïåðàòîðû

(Au) (x) =

b∫
a

K(t, x)u(t)dt, u ∈ L2[a, b], x ∈ [a, b],

ó êîòîðûõ

1. K(t, x) ∈ L2

(
[a, b]× [a, b]

)
,

2. K(t, x) = K(x, t) äëÿ âñåõ x ∈ [a, b] è âñåõ t ∈ [a, b],

ÿâëÿþòñÿ êîìïàêòíûìè è ñàìîñîïðÿæåííûìè (ñì. ñâîéñòâà 1 è 3), ïîýòîìó
èõ ñïåêòðû îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

� ëþáîé ýëåìåíò ñïåêòðà ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì;

� ëþáîé ýëåìåíò ñïåêòðà, îòëè÷íûé îò 0, ÿâëÿåòñÿ ñîáñòâåííûì çíà÷å-
íèåì;

� ñïåêòð îïåðàòîðà íå áîëåå, ÷åì ñ÷åòåí;
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� ñïåêòð îïåðàòîðà íå èìååò ïðåäåëüíûõ òî÷åê, êðîìå, áûòü ìîæåò, òî÷êè
0;

� îñòàòî÷íûé ñïåêòð îïåðàòîðà ïóñò.

Äîêàçàòåëüñòâà ïåðå÷èñëåííûõ ôàêòîâ ÿâëÿåòñÿ ëåêöèîííûì ìàòåðèà-
ëîì, à ìû ïåðåõîäèì ê ðåøåíèþ çàäà÷.

Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 Ëèíåéíûé îïåðàòîð A : L2[0, 4] → L2[0, 4] èìååò âèä

(Au) (x) =

x∫
0

t(3x− 2)u(t)dt+

4∫
x

x(3t− 2)u(t)dt, u ∈ L2[0, 4], x ∈ [0, 4].

1. Äîêàçàòü, ÷òî A � êîìïàêòíûé, ñàìîñîïðÿæåííûé, âçàèìíî-

îäíîçíà÷íûé îïåðàòîð.

2. Íàéòè ñïåêòð σ(A) îïåðàòîðà A.

3. Íàéòè ñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà A.

4. Äëÿ ëþáîãî çíà÷åíèÿ λ /∈ σ(A) íàéòè ðåçîëüâåíòó îïåðàòîðà A.

5. Ðåøèòü óðàâíåíèå

u = Au+ x, u ∈ L2[0, 4].

Ðåøåíèå.

1. Ïðåäñòàâèì îïåðàòîð A â âèäå

(Au) (x) =

4∫
0

K(t, x)u(t)dt, u ∈ L2[0, 4], x ∈ [0, 4],

ãäå

K(t, x) =

{
t(3x− 2), 0 ≤ t ≤ x ≤ 4,

x(3t− 2), 0 ≤ x ≤ t ≤ 4.
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� Êîìïàêòíîñòü.

K(t, x) íåïðåðûâíà íà [0, 4]× [0, 4] ⇒ K(t, x) ∈ L2

(
[0, 4]× [0, 4]

)
.

Â ñèëó ñâîéñòâà 1 îïåðàòîð A êîìïàêòåí.

� Ñàìîñîïðÿæåííîñòü.

K(t, x) ∈ L2

(
[0, 4]× [0, 4]

)
è K(t, x) = K(x, t) äëÿ âñåõ x ∈ [0, 4]

è âñåõ t ∈ [0, 4]. Â ñèëó ñâîéñòâà 3 îïåðàòîð A ñàìîñîïðÿæåí.

� Âçàèìíàÿ îäíîçíà÷íîñòü.

Äëÿ äîêàçàòåëüñòâà âçàèìíîé îäíîçíà÷íîñòè îïåðàòîðà A ïîêà-
æåì, ÷òî KerA = {0}.
Èñïîëüçóÿ äîêàçàííîå ðàíåå íà ëåêöèÿõ ñâîéñòâî ëèíåéíûõ îïåðà-
òîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå

KerA∗ =
(
ImA

)⊥

è ñàìîñîïðÿæåííîñòü îïåðàòîðà A , ïîëó÷àåì:

KerA = KerA∗ =
(
ImA

)⊥

Äîêàæåì, ÷òî ImA = L2[0, 4].

Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ u ∈ C[0, 4] è ôóíêöèþ

v(x) = (Au)(x) =

x∫
0

t(3x− 2)u(t)dt+

4∫
x

x(3t− 2)u(t)dt =

= (3x− 2)

x∫
0

tu(t)dt+ x

4∫
x

(3t− 2)u(t)dt

(1)

Èç ñâîéñòâ èíòåãðàëîâ ñ ïåðåìåííûìè âåðõíèì è íèæíèì ïðåäåëàìè
è íåïðåðûâíîñòè ôóíêöèè u ïîëó÷àåì, ÷òî ôóíêöèÿ v äèôôå-
ðåíöèðóåìà íà [0, 4].
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Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (1).

v′(x) = x(3x− 2)u(x) +

x∫
0

3tu(t)dt− x(3x− 2)u(x)+

+

4∫
x

(3t− 2)u(t)dt = 3

x∫
0

tu(t)dt+

4∫
x

(3t− 2)u(t)dt

(2)

Ïîñêîëüêó ïðè äèôôåðåíöèðîâàíèè ôóíêöèè, îòëè÷àþùèåñÿ íà
êîíñòàíòó, äàþò îäèí è òîò æå ðåçóëüòàò, òî äëÿ ýêâèâàëåíòíîñòè
ñîîòíîøåíèé (1) è (2) äîáàâèì ê (2) êðàåâîå óñëîâèå

v(0) = 0

Íåòðóäíî çàìåòèòü, ÷òî â ñîîòíîøåíèè (2) ïîäûíòåãðàëüíûå ôóíê-
öèè íåïðåðûâíû, à, çíà÷èò, v′(x) äèôôåðåíöèðóåìà.

Íàéäåì v′′(x):

v′′(x) = 3xu(x)− (3x− 2)u(x) = 2u(x) (3)

È ñíîâà äëÿ òîãî, ÷òîáû ñîîòíîøåíèÿ (2) è (3) ñòàëè ýêâèâàëåíò-
íûìè, äîáàâèì ê (3) êðàåâîå óñëîâèå óæå ïðè x = 4. Äëÿ ýòîãî
çàìåòèì, ÷òî

v(4) = 10

4∫
0

tu(t)dt; v′(4) = 3

4∫
0

tu(t)dt ⇒ 3v(4) = 10v′(4)

Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî

A (C[0, 4]) =

{
v ∈ C2[0, 4] : v(0) = 0, v′(4) =

3

10
v(4)

}
(4)

Èç êóðñà ìàòåìàòè÷åñêîãî àíàëèçà èçâåñòíî, ÷òî ýòî ìíîæåñòâî âñþ-
äó ïëîòíî â L2[0, 4]. Ïîýòîìó

A (C[0, 4]) = L2[0, 4] ⇒ ImA = L2[0, 4] ⇒ KerA =
(
ImA

)⊥
= {0}

Ñëåäîâàòåëüíî, îïåðàòîð A ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì.
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2. Ñïåêòð.

Íàéäåì ñíà÷àëà ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè.

Çàìåòèì, ÷òî â ñèëó ñàìîñîïðÿæåííîñòè îïåðàòîðà A âñå åãî ñîáñòâåí-
íûå çíà÷åíèÿ äåéñòâèòåëüíûå, à â ñèëó âçàèìíîé îäíîçíà÷íîñòè îïåðà-
òîðà A ÷èñëî λ = 0 íå ÿâëÿåòñÿ åãî ñîáñòâåííûì çíà÷åíèåì.

Ðàññìîòðèì óðàâíåíèå

Au = λu, u ∈ L2[0, 4],

x∫
0

t(3x− 2)u(t)dt+

4∫
x

x(3t− 2)u(t)dt = λu, u ∈ L2[0, 4]. (5)

Ïîñêîëüêó u ∈ L2[0, 4] , òî ïî ñâîéñòâàì èíòåãðàëîâ ñ ïåðåìåííûìè
âåðíèì è íèæíèì ïðåäåëàìè ïîëó÷àåì, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ (5)
ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé, çíà÷èò, è â ïðàâîé ÷àñòè u ∈ C[0, 4].

Ñíîâà îáîçíà÷èì v = Au è âîñïîëüçóåìñÿ ðåçóëüòàòàìè (3) è (4),
ïîëó÷åííûìè ïðè äîêàçàòåëüñòâå âçàèìíîé îäíîçíà÷íîñòè A

v′′(x) = λu′′(x) = 2u(x),

u(0) =
1

λ
v(0) = 0, u′(4) =

1

λ
v′(4) =

3

10λ
v(4) =

3

10
u(4),

Âîçìîæíû äâà ñëó÷àÿ.

� λ > 0

Â ýòîì ñëó÷àå, ðåøàÿ óðàâíåíèå

u′′ =
2

λ
u, u(0) = 0, u′(4) =

3

10
u(4),

ïîëó÷èì

u(x) = c1 sh

(√
2

λ
x

)
+ c2 ch

(√
2

λ
x

)
u(0) = c2 = 0

u′(4) = c1

√
2

λ
ch

(
4

√
2

λ

)
=

3

10
u(4) = c1

3

10
sh

(
4

√
2

λ

)
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Ïîñêîëüêó íàñ èíòåðåñóåò ñëó÷àé c1 ̸= 0, òî

th

(
4

√
2

λ

)
=

10

3

√
2

λ

Îáîçíà÷èì

µ = 4

√
2

λ
Òîãäà

thµ =
5

6
µ , µ > 0 (6)

Íàðèñóåì ãðàôèêè ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ (6), ïðåîáðàçî-
âàâ thµ ê áîëåå óäîáíîìó äëÿ ðèñîâàíèÿ âèäó

thµ =
eµ − e−µ

eµ + e−µ
=

e2µ − 1

e2µ + 1
= 1− 2

e2µ + 1

Ðèñ.1

Êàê âèäíî èç ãðàôèêîâ, óðàâíåíèå (6) èìååò åäèíñòâåííûé ïîëîæè-

òåëüíûé êîðåíü µ0 <
6

5
.

Òàêèì îáðàçîì, ó îïåðàòîðà A åñòü åäèíñòâåííîå ïîëîæèòåëüíîå
ñîáñòâåííîå çíà÷åíèå è ñîîòâåòñòâóþùàÿ ýòîìó ñîáñòâåííîìó çíà÷å-
íèþ ñîáñòâåííàÿ ôóíêöèÿ:

λ0 = 2

(
µ0

4

)−2

=
32

µ2
0

; u0 = sh

(
µ0

4
x

)
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� λ < 0

Â ýòîì ñëó÷àå, ðåøàÿ óðàâíåíèå

u′′ =
2

λ
u, u(0) = 0, u′(4) =

3

10
u(4),

ïîëó÷èì

u(x) = c1 sin

(√
2

−λ
x

)
+ c2 cos

(√
2

−λ
x

)
u(0) = c2 = 0

u′(4) = c1

√
2

−λ
cos

(
4

√
2

−λ

)
=

3

10
u(4) = c1

3

10
sin

(
4

√
2

−λ

)

Ïîñêîëüêó íàñ èíòåðåñóåò ñëó÷àé c1 ̸= 0, òî

tg

(
4

√
2

−λ

)
=

10

3

√
2

−λ

Îáîçíà÷èì

µ = 4

√
2

−λ

Òîãäà

tg µ =
5

6
µ , µ > 0 (7)

Íàðèñóåì ãðàôèêè ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ (7)
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Ðèñ.2

Êàê âèäíî èç ãðàôèêîâ, óðàâíåíèå (7) èìååò ñ÷åòíîå ìíîæåñòâî êîð-
íåé

µ1 < µ2 < ... µk ∈
(
πk,

π

2
+ πk

)
, k = 1, 2, 3, ...

ñëåäîâàòåëüíî, ó îïåðàòîðà A åñòü ñ÷åòíîå ìíîæåñòâî îòðèöàòåëü-
íûõ ñîáñòâåííûõ çíà÷åíèé

λk = −2

(
µk

4

)−2

= −32

µ2
k

è ñîîòâåòñòâóþùèõ ýòèì ñîáñòâåííûì çíà÷åíèÿì ñîáñòâåííûõ ôóíê-
öèé:

uk = sin

(
µk

4
x

)
Äëÿ îêîí÷àòåëüíîãî îïðåäåëåíèÿ ñòðóêòóðû ñïåêòðà îïåðàòîðà A îñòà-
ëîñü ïîíÿòü, ÷òî ïðåäñòàâëÿåò ñîáîé òî÷êà 0.

Êàê ìû âûÿñíèëè ðàíåå, λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì.
Â ïóíêòå 1 ìû óæå äîêàçàëè, ÷òî îïåðàòîð A ÿâëÿåòñÿ âçàèìíî îäíî-
çíà÷íûì è çàìûêàíèå åãî îáðàçà

ImA = L2[0, 4]
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Â ñèëó òîãî, ÷òî
ImA ̸= L2[0, 4]

çàêëþ÷àåì, ÷òî λ = 0 ïðèíàäëåæèò íåïðåðûâíîìó ñïåêòðó.

Òàêèì îáðàçîì, ñïåêòð îïåðàòîðà A

σ(A) = {0, λ0, λ1, λ2, . . .}

3. Ñïåêòðàëüíîå ðàçëîæåíèå.

Ïî òåîðåìå Ãèëüáåðòà-Øìèäòà ó êîìïàêòíîãî ñàìîñîïðÿæåííîãî îïå-
ðàòîðà ñóùåñòâóåò îðòîãîíàëüíûé áàçèñ èç ñîáñòâåííûõ ôóíêöèé â(
KerA

)⊥
. Â íàøåì ñëó÷àå îêàçàëîñü, ÷òî KerA = {0}, ïîýòîìó ñîá-

ñòâåííûå ôóíêöèè
u0, u1, u2...

áóäóò îáðàçîâûâàòü îðòîãîíàëüíûé áàçèñ âî âñåì ïðîñòðàíñòâå L2[0, 4]
è äëÿ ∀u ∈ L2[0, 4] áóäóò âûïîëíåíû ðàâåíñòâà

u =
∞∑
k=0

(u, uk)

(uk, uk)
uk ;

Au =
∞∑
k=0

(Au, uk)

(uk, uk)
uk =

∞∑
k=0

(u,Auk)

(uk, uk)
uk =

∞∑
k=0

λk
(u, uk)

(uk, uk)
uk .

Cïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà A ïîëó÷åíî.

4. Ðåçîëüâåíòà îïåðàòîðà A

Ðàññìîòðèì λ, íå âõîäÿùåå â ñïåêòð σ(A), è ïðîèçâîëüíóþ ôóíêöèþ
g ∈ L2[0, 4].

Äëÿ ïîèñêà ðåçîëüâåíòû íóæíî ðåøèòü óðàâíåíèå

Au = λu+ g(x), u ∈ L2[0, 4]. (8)

Ñ ýòîé öåëüþ âûïèøåì ðàçëîæåíèÿ u ,Au è g(x) ïî áàçèñó {uk}

u =
∞∑
k=0

βkuk , Au =
∞∑
k=0

λkβkuk , g(x) =
∞∑
k=0

αkuk ,

11



ãäå

βk =
(u, uk)

(uk, uk)
; αk =

(g(x), uk)

(uk, uk)
.

Ïîäñòàâèâ âñå ðàçëîæåíèÿ â óðàâíåíèå, ïîëó÷èì

∞∑
k=0

λkβkuk = λ
∞∑
k=0

βkuk +
∞∑
k=0

αkuk

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé áàçèñíîé ôóíêöèè, íàõîäèì

(λk − λ)βk = αk , k = 0, 1, ... (9)

Ïîñêîëüêó

λ ̸= λk, k = 0, 1, 2, 3, . . . ,

òî èç óðàâíåíèÿ (9) íàõîäèì

βk =
αk

λk − λ

Ñëåäîâàòåëüíî, êàíäèäàòîì íà ðåøåíèå óðàâíåíèÿ (8) áóäåò ðÿä

u =
∞∑
k=0

βkuk =
∞∑
k=0

αk

λk − λ
uk

Ïðîâåðèì, ÷òî ýòîò ðÿä ñõîäèòñÿ â L2[0, 4].

Ïîñêîëüêó ñóùåñòâóåò ïðåäåë

lim
k→∞

(λk − λ)2 = λ2 ̸= 0

òî íàéäåòñÿ òàêîå ÷èñëî C > 0, ÷òî äëÿ âñåõ k

(λk − λ)2 ⩾ C

Ïîýòîìó

∞∑
k=0

|αk|2

(λk − λ)2
∥uk∥2 ⩽

1

C

∞∑
k=0

|αk|2∥uk∥2 =
1

C
∥g(x)∥2

12



Çíà÷èò,

u =
∞∑
k=0

αk

λk − λ
uk

äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (8).

Òàêèì îáðàçîì, ðåçîëüâåíòà îïåðàòîðà A � ýòî îïåðàòîð

Rλ(A)g =
∞∑
k=0

(g, uk)

(λk − λ) ∥uk∥2
uk

5. Ðåøåíèå óðàâíåíèÿ

u = Au+ x, u ∈ L2[0, 4]. (10)

Âûïèøåì ðàçëîæåíèÿ u , Au è x ïî áàçèñó {uk}

u =
∞∑
k=0

βkuk , Au =
∞∑
k=0

λkβkuk , ãäå βk =
(u, uk)

(uk, uk)
;

x =
∞∑
k=0

αkuk , ãäå αk =
(x, uk)

(uk, uk)
.

Êîýôôèöèåíòû ðàçëîæåíèÿ αk âû÷èñëèì ïîçäíåå.

Ïîäñòàâèâ âñå ðàçëîæåíèÿ â óðàâíåíèå, ïîëó÷èì

∞∑
k=0

βkuk =
∞∑
k=0

λkβkuk +
∞∑
k=0

αkuk

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé áàçèñíîé ôóíêöèè, íàõîäèì

(1− λk)βk = αk , k = 0, 1, ... (11)

Äîêàæåì, ÷òî 1 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A.

Ïîñêîëüêó ó îïåðàòîðà A åñòü òîëüêî îäíî ïîëîæèòåëüíîå ñîáñòâåííîå
çíà÷åíèå λ0, òî ïðîâåðèì, ÷òî îíî íå ðàâíî 1. Äåéñòâèòåëüíî, èç
ðèñóíêà 1 âèäíî, ÷òî

0 < µ0 <
6

5
⇒ λ0 =

32

µ2
0

>
32 · 25
36

=
200

9
> 1 ,
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÷òî è òðåáîâàëîñü äîêàçàòü.

Ïîýòîìó èç óðàâíåíèÿ (11) íàõîäèì

βk =
αk

1− λk

Ñëåäîâàòåëüíî, êàíäèäàòîì íà ðåøåíèå óðàâíåíèÿ (10) áóäåò ðÿä

u =
∞∑
k=0

βkuk =
∞∑
k=0

αk

1− λk
uk

Ïðîâåðèì, ÷òî ýòîò ðÿä ñõîäèòñÿ â L2[0, 4].

Ïîñêîëüêó

|1− λ0|2 >
(
200

9
− 1

)2

> 400 > 1 , |1− λk|2 > 1 , k = 1, 2, ...

òî ñïðàâåäëèâà îöåíêà

∞∑
k=0

|αk|2

|1− λk|2
∥uk∥2 ⩽

∞∑
k=0

|αk|2∥uk∥2 = ∥x∥2 =
4∫

0

x2dx =
64

3

Çíà÷èò,

u =
∞∑
k=0

αk

1− λk
uk

äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (10). Òåïåðü îñòàëîñü òîëü-
êî âû÷èñëèòü êîýôôèöèåíòû αk

αk =
(x, uk)

(uk, uk)
=

4∫
0

x sin
(µkx

4

)
dx

4∫
0

sin2
(µkx

4

)
dx

=

=

−4x

µk
cos

(µkx

4

)∣∣∣∣4
0

+
4

µk

4∫
0

cos
(µkx

4

)
dx

1

2

4∫
0

(
1− cos

(µkx

2

))
dx

=

−16

µk
cosµk +

16

µ2
k

sinµk

2− 1

µk
sin (2µk)
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α0 =
(x, u0)

(u0, u0)
=

4∫
0

x sh
(µ0x

4

)
dx

4∫
0

sh2
(µ0x

4

)
dx

=

=

4x

µ0
ch

(µ0x

4

)∣∣∣∣4
0

− 4

µ0

4∫
0

ch
(µ0x

4

)
dx

1

2

4∫
0

(
ch

(µ0x

2

)
− 1

)
dx

=

16

µ0
chµ0 −

16

µ2
0

shµ0

1

µ0
sh (2µ0)− 2

=

Ðåøåíèå çàäà÷è 1 çàâåðøåíî.

Ðåøèì åùå îäíó çàäà÷ó. Ýòà çàäà÷à ïðîùå ðàññìîòðåííîé âûøå. Îíà
ïðåäëàãàëàñü â ñòóäåí÷åñêîé ýêçàìåíàöèîííîé êîíòðîëüíîé ðàáîòå ïî ÓÌÔ
â 2015-2016 ó÷åáíîì ãîäó.

Çàäà÷à 2 Â ïðîñòðàíñòâå H = L2[0, 1] çàäàí îïåðàòîð A : H → H âèäà

(Au) (x) =

x∫
0

u(t)

1 + i
dt+

1∫
x

u(t)

1− i
dt, 0 ≤ x ≤ 1 , u ∈ H.

Íàéòè â H îðòîãîíàëüíûé áàçèñ èç ñîáñòâåííûõ ôóíêöèé îïåðàòîðà A
è ðåøèòü óðàâíåíèå

u(x) = (Au) (x) + exp

(
iπx

2

)
, 0 ≤ x ≤ 1 .

Ðåøåíèå.

Ïðåäñòàâèì îïåðàòîð A â âèäå

(Au) (x) =

1∫
0

K(t, x)u(t)dt, u ∈ L2[0, 1], x ∈ [0, 1],

15



ãäå

K(t, x) =


1

1 + i
, 0 ≤ t ≤ x ≤ 1,

1

1− i
, 0 ≤ x ≤ t ≤ 1.

Ïîñêîëüêó K(t, x) ∈ L2

(
[0, 1] × [0, 1]

)
è K(t, x) = K(x, t) äëÿ âñåõ

x ∈ [0, 1] è âñåõ t ∈ [0, 1] , òî â ñèëó ñâîéñòâ 1 è 3 îïåðàòîð A ÿâëÿåòñÿ
êîìïàêòíûì ñàìîñîïðÿæåííûì îïåðàòîðîì.

Ïðîâåðèì, ÷òî A ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì îïåðàòîðîì.
Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ u ∈ C[0, 1] è ôóíêöèþ

v(x) = (Au)(x) =
1

1 + i

x∫
0

u(t)dt+
1

1− i

1∫
x

u(t)dt (12)

Èç ñâîéñòâ èíòåãðàëîâ ñ ïåðåìåííûìè âåðõíèì è íèæíèì ïðåäåëàìè è
íåïðåðûâíîñòè ôóíêöèè u ïîëó÷àåì, ÷òî ôóíêöèÿ v äèôôåðåíöèðóåìà íà
[0, 1].

Ïðîäèôôåðåíöèðóåì ðàâåíñòâî (12).

v′(x) =
u(x)

1 + i
− u(x)

1− i
=

1− i− 1− i

2
u(x) = −iu(x) (13)

Ïîñêîëüêó ïðè äèôôåðåíöèðîâàíèè ôóíêöèè, îòëè÷àþùèåñÿ íà êîíñòàíòó,
äàþò îäèí è òîò æå ðåçóëüòàò, òî äëÿ ýêâèâàëåíòíîñòè ñîîòíîøåíèé (12) è
(13) äîáàâèì ê (13) êðàåâîå óñëîâèå. Ïîñêîëüêó

v(0) =
1

1− i

1∫
0

u(t)dt , v(1) =
1

1 + i

1∫
0

u(t)dt ,

òî âûïîëíåíî ðàâåíñòâî

(1− i)v(0) = (1 + i)v(1) .

Òàêèì îáðàçîì,

A (C[0, 1]) =

{
v ∈ C1[0, 1] : (1− i)v(0) = (1 + i)v(1)

}
(14)
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Ïîñêîëüêó ìíîæåñòâî (14) âñþäó ïëîòíî â L2[0, 1], òî

A (C[0, 1]) = L2[0, 1] ⇒ ImA = L2[0, 1] ⇒ KerA =
(
ImA

)⊥
= {0}

Ñëåäîâàòåëüíî, îïåðàòîð A ÿâëÿåòñÿ âçàèìíî-îäíîçíà÷íûì.
Òåïåðü íàéäåì ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðà

A.
Çàìåòèì, ÷òî â ñèëó ñàìîñîïðÿæåííîñòè îïåðàòîðà A âñå åãî ñîáñòâåí-

íûå çíà÷åíèÿ äåéñòâèòåëüíûå, à â ñèëó âçàèìíîé îäíîçíà÷íîñòè îïåðàòîðà
A ÷èñëî λ = 0 íå ÿâëÿåòñÿ åãî ñîáñòâåííûì çíà÷åíèåì.

Ðàññìîòðèì óðàâíåíèå

Au = λu, u ∈ L2[0, 1],

1

1 + i

x∫
0

u(t)dt+
1

1− i

1∫
x

u(t)dt = λu, u ∈ L2[0, 1]. (15)

Ïîñêîëüêó u ∈ L2[0, 1] , òî ïî ñâîéñòâàì èíòåãðàëîâ ñ ïåðåìåííûìè âåð-
íèì è íèæíèì ïðåäåëàìè ïîëó÷àåì, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ (15) ÿâëÿåòñÿ
íåïðåðûâíîé ôóíêöèåé, çíà÷èò, è â ïðàâîé ÷àñòè u ∈ C[0, 1].

Ñíîâà îáîçíà÷èì v = Au è âîñïîëüçóåìñÿ ôîðìóëàìè (13) è (14), ïîëó-
÷åííûìè ïðè äîêàçàòåëüñòâå âçàèìíîé îäíîçíà÷íîñòè A

v′(x) = λu′(x) = −iu(x),

u(0) =
1

λ
v(0), u(1) =

1

λ
v(1), ⇒ (1− i)u(0) = (1 + i)u(1).

Ðåøàÿ óðàâíåíèå

u′ = − i

λ
u, (1− i)u(0) = (1 + i)u(1),

ïîëó÷àåì:

u(x) = c exp

(
−ix

λ

)

(1− i)c = (1 + i)c · exp
(
− i

λ

)
17



Ïîñêîëüêó íàñ èíòåðåñóåò ñëó÷àé c ̸= 0, òî

exp

(
− i

λ

)
=

1− i

1 + i
=

(1− i)2

2
= −i = exp

(
−i

π

2
+ 2πni

)
Ñëåäîâàòåëüíî,

− i

λ
= −i

π

2
+ 2πni

λn =
1

π

2
− 2πn

Cîîòâåòñòâóþùèå ýòèì ñîáñòâåííûì çíà÷åíèÿì ñîáñòâåííûå ôóíêöèè
èìåþò âèä

un = exp

(
− ix

λn

)
= exp

{(
−i

π

2
+ 2πni

)
x

}
, n = 0,±1,±2, ...

Ïî òåîðåìå Ãèëüáåðòà-Øìèäòà ó êîìïàêòíîãî ñàìîñîïðÿæåííîãî îïåðà-

òîðà ñóùåñòâóåò îðòîãîíàëüíûé áàçèñ èç ñîáñòâåííûõ ôóíêöèé â
(
KerA

)⊥
.

Â íàøåì ñëó÷àå îêàçàëîñü, ÷òî KerA = {0}, ïîýòîìó ñîáñòâåííûå ôóíê-
öèè {un} áóäóò îáðàçîâûâàòü îðòîãîíàëüíûé áàçèñ âî âñåì ïðîñòðàíñòâå
u ∈ L2[0, 1] è äëÿ ∀u ∈ L2[0, 1] áóäóò âûïîëíåíû ðàâåíñòâà

u =
+∞∑

n=−∞

(u, un)

(un, un)
un ;

Au =
+∞∑

n=−∞

(Au, un)

(un, un)
un =

+∞∑
n=−∞

(u,Aun)

(un, un)
un =

+∞∑
n=−∞

λn
(u, un)

(un, un)
un .

Èòàê, ìû ïîëó÷èëè ñïåêòðàëüíîå ðàçëîæåíèå îïåðàòîðà A.
Ïåðåéäåì ê ðåøåíèþ óðàâíåíèÿ

u(x) = (Au) (x) + exp

(
iπx

2

)
, 0 ≤ x ≤ 1 . (16)

Âûïèøåì ðàçëîæåíèÿ u , Au è exp

(
iπx

2

)
ïî áàçèñó {un}

u =
+∞∑

n=−∞
βnun , Au =

+∞∑
n=−∞

λnβnun , ãäå βn =
(u, un)

(un, un)
;
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exp

(
iπx

2

)
=

+∞∑
n=−∞

αnun , ãäå αn =

(
exp

(
iπx

2

)
, un

)
(un, un)

.

Êîýôôèöèåíòû ðàçëîæåíèÿ αn âû÷èñëèì ïîçäíåå.
Ïîäñòàâèâ âñå ðàçëîæåíèÿ â óðàâíåíèå (16), ïîëó÷èì

+∞∑
n=−∞

βnun =
+∞∑

n=−∞
λnβnun +

+∞∑
n=−∞

αnun

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè êàæäîé áàçèñíîé ôóíêöèè, íàõîäèì

(1− λn)βn = αn , n = 0,±1,±2, ... (17)

Çàìåòèì, ÷òî 1 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà A , ïî-
ñêîëüêó äëÿ âñåõ n

|λn| =

∣∣∣∣∣∣ 1
π

2
− 2πn

∣∣∣∣∣∣ ⩽ 2

π
< 1

Ïîýòîìó èç óðàâíåíèÿ (17) íàõîäèì

βn =
αn

1− λn

Ñëåäîâàòåëüíî, êàíäèäàòîì íà ðåøåíèå óðàâíåíèÿ (16) áóäåò ðÿä

u =
+∞∑

n=−∞
βnun =

+∞∑
n=−∞

αn

1− λn
un

Ïðîâåðèì, ÷òî ýòîò ðÿä ñõîäèòñÿ â L2[0, 1].
Ïîñêîëüêó

|1− λn| =

∣∣∣∣∣∣1− 1
π

2
− 2πn

∣∣∣∣∣∣ > 1− 2

π
>

1

3
, n = 0,±1,±2, ...

òî ñïðàâåäëèâà îöåíêà

+∞∑
n=−∞

|αn|2

|1− λn|2
∥un∥2 ≤ 9

+∞∑
n=−∞

|αn|2∥un∥2 = 9

∥∥∥∥exp(iπx

2

)∥∥∥∥2 =
19



= 9

1∫
0

∣∣∣∣exp(iπx

2

)∣∣∣∣2 dx = 9

Çíà÷èò,

u =
+∞∑

n=−∞

αn

1− λn
un

äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (16).
Òåïåðü îñòàëîñü òîëüêî âû÷èñëèòü êîýôôèöèåíòû αn

αn =

(
exp

(
iπx

2

)
, un

)
(un, un)

=

1∫
0

exp

(
iπx

2

)
· exp

{(
i
π

2
− 2πni

)
x

}
dx

1∫
0

∣∣∣∣exp{(−i
π

2
+ 2πni

)
x

}∣∣∣∣2dx
=

=

1∫
0

exp

{
(iπ − 2πni)x

}
dx =

exp

{
(iπ − 2πni)x

}
(iπ − 2πni)

∣∣∣∣∣∣∣∣
1

0

=
−2

(iπ − 2πni)

Ðåøåíèå çàäà÷è 2 çàâåðøåíî.

Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ ñàìîñîïðÿæ¼ííûìè
èíòåãðàëüíûìè îïåðàòîðàìè.

Çàìå÷àíèå. Â ñâÿçè ñ òåì, ÷òî ïî òåîðåìå Ãèëüáåðòà-Øìèäòà ñàìîñî-
ïðÿæ¼ííûå èíòåãðàëüíûå îïåðàòîðû îáëàäàþò íå áîëåå, ÷åì ñ÷¼òíûì, îð-
òîãîíàëüíûì áàçèñîì èç ñîáñòâåííûõ ôóíêöèé, òî äëÿ ýòèõ îïåðàòîðîâ ìî-
æåò áûòü ïîñòàâëåíà íà÷àëüíî-êðàåâàÿ çàäà÷à. Ìåòîäû ðåøåíèÿ íà÷àëüíî-
êðàåâûõ çàäà÷ ìû ïîäðîáíî ðàçáèðàëè â íà÷àëå ñåìåñòðà è ñåé÷àñ íà ýòîì
îñòàíàâëèâàòüñÿ íå áóäåì.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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