
Ôóíêöèÿ Ãðèíà ëèíåéíîãî äèôôåðåíöèàëüíîãî

îïåðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â

S ′(Rn) . Ïðèìåðû ðåøåíèÿ çàäà÷

Ñàìàðîâà Ñ.Ñ.

ÔÎÏÔ, 3 êóðñ, ÓÌÔ

Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â ýòîì ïîñîáèè äëÿ äèñòàíöèîííîãî çàíÿòèÿ ìû ðàçáåðåì ìåòîäû ðå-
øåíèÿ çàäà÷ íà âû÷èñëåíèå ôóíêöèé Ãðèíà ëèíåéíûõ äèôôåðåíöèàëüíûõ
îïåðàòîðîâ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â S ′(Rn) .

Ðàññìîòðèì ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè

L =
m∑

k1,k2,...,kn=0

ak1k2...kn
∂k1+k2+...+kn

∂xk11 ∂x
k2
2 . . . ∂x

kn
n

(1)

Îïðåäåëåíèå 1 Ôóíêöèåé Ãðèíà îïåðàòîðà L íàçûâàþò ðåøåíèå

E(x1, x2, . . . , xn) ∈ S ′(Rn) óðàâíåíèÿ

LE(x1, x2, . . . , xn) = δ(x1, x2, . . . , xn) (2)

Âû÷èñëåíèå ôóíêöèé Ãðèíà äëÿ îïåðàòîðîâ (1) ìîæíî ïðîâîäèòü äâóìÿ
ñïîñîáàìè.

Â ïåðâîì ñïîñîáå ñíà÷àëà áåðåòñÿ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé
óðàâíåíèÿ (2) ïî âñåì ïåðåìåííûì, ïîñëå ýòîãî ïîëó÷åííîå àëãåáðàè÷åñêîå
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óðàâíåíèå ðåøàåòñÿ â ïðîñòðàíñòâå S ′(Rn) îòíîñèòåëüíî F
[
E
]
, à çàòåì âû-

÷èñëÿåòñÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå.
Âî âòîðîì ñïîñîáå ïðåîáðàçîâàíèå Ôóðüå áåðåòñÿ ïî (n−1) ïåðåìåííîé,

ïîñëå ýòîãî âû÷èñëÿåòñÿ ôóíêöèÿ Ãðèíà ïîëó÷åííîãî äèôôåðåíöèàëüíîãî
îïåðàòîðà â ïðîñòðàíñòâå S ′(R) , à çàòåì âû÷èñëÿåòñÿ îáðàòíîå ïðåîáðàçî-
âàíèå Ôóðüå.

Ýòîò ñïîñîá ïîçâîëÿåò èñïîëüçîâàòü ìåòîäû âû÷èñëåíèÿ ôóíêöèé Ãðè-
íà â ïðîñòðàíñòâå S ′(R) , ðàññìîòðåííûå íàìè íà ïðåäûäóùåì âåáèíàðå (ñì.
ìàòåðèàë äëÿ äèñòàíöèîííîãî çàíÿòèÿ ¾Ôóíêöèÿ Ãðèíà ëèíåéíîãî äèôôå-
ðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â S ′(R) . Ïðèìåðû
ðåøåíèÿ çàäà÷¿).

Ïåðåéäåì ê ðåøåíèþ çàäà÷.

Çàäà÷à 1 Â ïðîñòðàíñòâå S ′(R3) ðàññìàòðèâàåòñÿ îïåðàòîð

L =
∂

∂x
+ 3

∂

∂y
− 4

∂

∂z
+ 1

1. Äîêàçàòü, ÷òî îïåðàòîð L èìååò åäèíñòâåííóþ ôóíêöèþ Ãðèíà
E(x, y, z) ∈ S ′(R3)

2. Âû÷èñëèòü ôóíêöèþ Ãðèíà E(x, y, z) ∈ S ′(R3) îïåðàòîðà L

Ðåøåíèå.

1. Äîêàæåì, ÷òî îïåðàòîð L èìååò åäèíñòâåííóþ ôóíêöèþ Ãðèíà
E(x, y, z) ∈ S ′(R3) .

Ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

LE(x, y, z) = δ(x, y, z)

∂E
∂x

+ 3
∂E
∂y
− 4

∂E
∂z

+ E = δ(x, y, z)

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ýòîãî óðàâíåíèÿ ïî âñåì
ïåðåìåííûì, ïîëó÷èì

(−iξ)F
[
E
]
+ 3(−iη)F

[
E
]
− 4(−iζ)F

[
E
]
+ F

[
E
]
= 1

(−iξ − 3iη + 4iζ + 1)F
[
E
]
= 1 (3)
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Ïîñêîëüêó ïðè (ξ, η, ζ) ∈ R3 âûïîëíåíî íåðàâåíñòâî

∣∣−iξ − 3iη + 4iζ + 1
∣∣ > 1 (4)

òî óðàâíåíèå (3) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå S ′(R3) .

Äåéñòâèòåëüíî, äëÿ ëþáîé îñíîâíîé ϕ ∈ S(R3) âûïîëíåíî

〈
F
[
E
]
, ϕ(ξ, η, ζ)

〉
=

〈
F
[
E
]
, (−iξ−3iη+4iζ+1)· ϕ(ξ, η, ζ)

(−iξ − 3iη + 4iζ + 1)

〉
Â ñèëó íåðàâåíñòâà (4) ôóíêöèÿ

ϕ(ξ, η, ζ)

(−iξ − 3iη + 4iζ + 1)
∈ S(R3)

Ïîýòîìó

〈
F
[
E
]
, ϕ(ξ, η, ζ)

〉
=

〈
(−iξ−3iη+4iζ+1)F

[
E
]
,

ϕ(ξ, η, ζ)

(−iξ − 3iη + 4iζ + 1)

〉
=

=

〈
1 ,

ϕ(ξ, η, ζ)

(−iξ − 3iη + 4iζ + 1)

〉
=

〈
1

(−iξ − 3iη + 4iζ + 1)
, ϕ(ξ, η, ζ)

〉
Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ Ãðèíà äëÿ îïåðàòîðà L áóäåò åäèíñòâåí-
íîé è åå ïðåîáðàçîâàíèå Ôóðüå ðàâíî

F
[
E
]
=

1

−iξ − 3iη + 4iζ + 1

2. Íàéäåì ôóíêöèþ Ãðèíà E(x, y, z) .

E(x, y, z) = F−1

[
1

−iξ − 3iη + 4iζ + 1

]
=

= F−1ζ

[
F−1η

[
F−1ξ

[ 1

−iξ − 3iη + 4iζ + 1

]]]
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Âû÷èñëèì ñíà÷àëà

F−1ξ

[
1

−iξ − 3iη + 4iζ + 1

]
Âîñïîëüçîâàâøèñü ôîðìóëîé äëÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îò
ðàöèîíàëüíîé äðîáè

F−1
[

1

x+ b+ ia

]
(y) = −i sign a θ(ay) e−ay+iby, a 6= 0,

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî îáó÷åíèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîá-
ùåííûõ ôóíêöèé èç S ′(Rm)¿, çàäà÷à 12), ïîëó÷èì

F−1ξ

[
1

−iξ − 3iη + 4iζ + 1

]
= iF−1ξ

[
1

ξ + 3η − 4ζ + i

]
= θ(x) e−x+3iηx−4iζx

Äàëåå âû÷èñëÿåì

F−1η

[
θ(x) e−x+3iηx−4iζx

]
= θ(x) e−x−4iζxF−1η

[
e3iηx

]
= θ(x) e−x−4iζxδ(y−3x)

È, íàêîíåö, ïîëó÷àåì

E(x, y, z) = F−1ζ

[
θ(x) e−x−4iζxδ(y−3x)

]
= θ(x) e−xδ(y−3x)F−1ζ

[
e−4iζx

]
=

= θ(x) e−xδ(z + 4x)δ(y − 3x)

Îòâåò. E(x, y, z) = θ(x) e−xδ(z + 4x)δ(y − 3x)
Ðàçáåðåì çàäà÷ó èç ýêçàìåíàöèîííîé êîíòðîëüíîé ïî ÓÌÔ 2017/2018

ó÷åáíîãî ãîäà

Çàäà÷à 2 Â ïðîñòðàíñòâå S ′(R2) ðàññìàòðèâàåòñÿ îïåðàòîð

L = i
∂

∂t
+

(
i
∂

∂x
+ 1

)2

− i

1. Äîêàçàòü, ÷òî îïåðàòîð L èìååò åäèíñòâåííóþ ôóíêöèþ Ãðèíà
E(t, x) ∈ S ′(R2)

2. Âû÷èñëèòü ôóíêöèþ Ãðèíà E(t, x) ∈ S ′(R2) îïåðàòîðà L

Äëÿ ñïðàâêè:

+∞∫
−∞

e−it
2

dt =
√
πe−

iπ
4

4



Ðåøåíèå.

1. Äîêàæåì, ÷òî îïåðàòîð L èìååò åäèíñòâåííóþ ôóíêöèþ Ãðèíà
E(t, x) ∈ S ′(R2) .

Ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

LE(t, x) = δ(t, x)

i
∂E(t, x)
∂t

+

(
i
∂

∂x
+ 1

)2

E(t, x)− iE(t, x) = δ(t, x)

i
∂E(t, x)
∂t

− ∂2E(t, x)
∂x2

+ 2i
∂E(t, x)
∂x

+ (1− i) E(t, x) = δ(t, x)

Âçÿâ ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé ýòîãî óðàâíåíèÿ ïî âñåì
ïåðåìåííûì, ïîëó÷èì

i(−iτ)F
[
E
]
− (−iξ)2F

[
E
]
+ 2i(−iξ)F

[
E
]
+ (1− i)F

[
E
]
= 1

(τ + ξ2 + 2ξ + 1− i)F
[
E
]
= 1 (5)

Ïîñêîëüêó ïðè (τ, ξ) ∈ R2 âûïîëíåíî íåðàâåíñòâî

∣∣τ + ξ2 + 2ξ + 1− i
∣∣ > 1 (6)

òî óðàâíåíèå (5) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå S ′(R2) .

Äåéñòâèòåëüíî, äëÿ ëþáîé îñíîâíîé ϕ ∈ S(R2) âûïîëíåíî ðàâåíñòâî

〈
F
[
E
]
, ϕ(τ, ξ)

〉
=

〈
F
[
E
]
, (τ + ξ2 + 2ξ + 1− i) · ϕ(τ, ξ)

(τ + ξ2 + 2ξ + 1− i)

〉
Â ñèëó íåðàâåíñòâà (6) ôóíêöèÿ

ϕ(τ, ξ)

τ + ξ2 + 2ξ + 1− i
∈ S(R2)

Ïîýòîìó〈
F
[
E
]
, ϕ(τ, ξ)

〉
=

〈
(τ + ξ2 + 2ξ + 1− i)F

[
E
]
,

ϕ(τ, ξ)

(τ + ξ2 + 2ξ + 1− i)

〉
=
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=

〈
1 ,

ϕ(τ, ξ)

τ + ξ2 + 2ξ + 1− i

〉
=

〈
1

τ + ξ2 + 2ξ + 1− i
, ϕ(τ, ξ)

〉
Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ Ãðèíà äëÿ îïåðàòîðà L áóäåò åäèíñòâåí-
íîé è åå ïðåîáðàçîâàíèå Ôóðüå ðàâíî

F
[
E
]
=

1

τ + ξ2 + 2ξ + 1− i

2. Íàéäåì ôóíêöèþ Ãðèíà E(t, x).

E(t, x) = F−1

[
1

τ + ξ2 + 2ξ + 1− i

]
=

= F−1ξ

[
F−1τ

[
1

τ + ξ2 + 2ξ + 1− i

]]
Âû÷èñëèì ñíà÷àëà

F−1τ

[
1

τ + ξ2 + 2ξ + 1− i

]
Âîñïîëüçîâàâøèñü ôîðìóëîé äëÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îò
ðàöèîíàëüíîé äðîáè

F−1
[

1

x+ b+ ia

]
(y) = −i sign a θ(ay) e−ay+iby, a 6= 0,

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî îáó÷åíèÿ ¾Ïðåîáðàçîâàíèå Ôóðüå îáîá-
ùåííûõ ôóíêöèé èç S ′(Rm)¿, çàäà÷à 12), ïîëó÷èì

F−1τ

[
1

τ + ξ2 + 2ξ + 1− i

]
= i θ(−t) e t+i(ξ2+2ξ+1)t = i θ(−t) e t+it(ξ+1)2

Äàëåå ïîëó÷àåì

F−1ξ

[
i θ(−t) e t+it(ξ+1)2

]
= i θ(−t) etF−1ξ

[
e it(ξ+1)2

]
= i θ(−t) e t+ixF−1ξ

[
e itξ

2
]

Âû÷èñëèì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî ξ îò ôóíêöèè e itξ
2

ïðè
êàæäîì t < 0 .
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Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R2) âûïîëíåíû ðàâåíñòâà〈
F−1ξ

[
e itξ

2
]
, ϕ(t, x)

〉
=
〈
e itξ

2

, F−1x

[
ϕ(t, x)

]〉
=

=

〈
e itξ

2

,
1

2π

+∞∫
−∞

e−ixξ ϕ(t, x)dx

〉
=

1

2π

+∞∫
−∞

dξ

+∞∫
−∞

e itξ
2

e−ixξ ϕ(t, x)dx

Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðè-
ðóåìîé ïî ξ , òî ñðàçó ïðèìåíÿòü òåîðåìó Ôóáèíè íåëüçÿ. Îäíàêî â ñèëó
ñõîäèìîñòè èíòåãðàëà ïî ξ èìååì

1

2π

+∞∫
−∞

dξ

+∞∫
−∞

e itξ
2

e−ixξ ϕ(t, x)dx = lim
R→+∞

1

2π

R∫
−R

dξ

+∞∫
−∞

e itξ
2−ixξ ϕ(t, x)dx

È òåïåðü ïî òåîðåìå Ôóáèíè ïîëó÷àåì

lim
R→+∞

1

2π

R∫
−R

dξ

+∞∫
−∞

e itξ
2−ixξ ϕ(t, x)dx =

= lim
R→+∞

1

2π

+∞∫
−∞

dxϕ(t, x)

R∫
−R

e itξ
2−ixξ dξ =

= lim
R→+∞

1

2π

+∞∫
−∞

ϕ(t, x) I(t, x, R)dx (7)

ãäå

I(t, x, R) =

R∫
−R

eitξ
2−ixξ dξ
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Ïðåîáðàçóåì âûðàæåíèå, ñòîÿùåå â ïîêàçàòåëå ýêñïîíåíòû, âûäåëèâ
ïîëíûé êâàäðàò:

itξ2 − ixξ = it

(
ξ2 − 2ξ

x

2t
+
x2

4t2

)
− it x

2

4t2
= it

(
ξ − x

2t

)2
− ix2

4t

Ïðèíèìàÿ âî âíèìàíèå óñëîâèå t < 0 , âûïîëíèì çàìåíó ïåðåìåííîé

s =
√
−t
(
ξ − x

2t

)
, ds =

√
−t dξ

â èíòåãðàëå I(t, x, R)

I(t, x, R) =

R∫
−R

eitξ
2 − ixξ dξ =

R∫
−R

eit
(
ξ − x

2t

)2 − ix2

4t dξ =

=
1√
−t

e−
ix2

4t

√
−t (R− x

2t)∫
√
−t (−R− x

2t)

e−is
2
ds

Òîãäà ñ ó÷åòîì èíòåãðàëà, ïðèâåä¼ííîãî äëÿ ñïðàâêè â óñëîâèè çàäà÷è,
ïîëó÷àåì

lim
R→+∞

I(t, x, R) =
1√
−t

e−
ix2

4t

+∞∫
−∞

e−is
2
ds =

√
π√
−t

e−
ix2

4t −
iπ
4

Îñòàåòñÿ òîëüêî äîêàçàòü âîçìîæíîñòü ïåðåõîäà ê ïðåäåëó ïîä çíàêîì
èíòåãðàëà â ôîðìóëå (7). Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ

g(A) =

A∫
0

e−is
2
ds

Ýòà ôóíêöèÿ ÿâëÿåòñÿ íåïðåðûâíîé íà (−∞,+∞) è èìååò ïðåäåëû ïðè
A→ ±∞
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lim
A→+∞

g(A) =

√
π

2
e−

iπ
4 , lim

A→−∞
g(A) = −

√
π

2
e−

iπ
4

Ïîýòîìó ôóíêöèÿ g(A) îãðàíè÷åíà, òî åñòü ∃ M > 0 òàêîå, ÷òî äëÿ
âñåõ A ∈ (−∞,+∞) âûïîëíåíî íåðàâåíñòâî

|g(A)| < M

Ñëåäîâàòåëüíî, äëÿ ëþáîãî R > 0

∣∣∣∣∣∣∣∣
√
−t (R− x

2t)∫
√
−t (−R− x

2t)

e−is
2
ds

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣ g
(√
−t
(
R− x

2t

))
−g
(√
−t
(
−R− x

2t

))∣∣∣∣∣ 6 2M

Îòñþäà ñ ó÷¼òîì (7) âûòåêàåò îöåíêà

∣∣∣ϕ(t, x) I(t, x, R)∣∣∣ 6 M̂

1 + x2
· 2M√
−t

èç êîòîðîé ïî òåîðåìå Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè äëÿ ôîðìóëû
(7) ïîëó÷àåì

lim
R→+∞

1

2π

+∞∫
−∞

ϕ(t, x) I(t, x, R)dx =
1

2π

+∞∫
−∞

ϕ(t, x) lim
R→+∞

I(t, x, R) dx =

=
1

2π

+∞∫
−∞

ϕ(t, x)

√
π√
−t

e−
ix2

4t −
iπ
4 dx =

〈
1

2
√
−tπ

e−
ix2

4t −
iπ
4 , ϕ(t, x)

〉

Òàêèì îáðàçîì, îêîí÷àòåëüíî èìååì

E(t, x) = iθ(−t) e t+ixF−1ξ

[
e itξ

2
]
= iθ(−t) e t+ix 1

2
√
−tπ

e−
ix2

4t −
iπ
4 =
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=
θ(−t)
2
√
−tπ

e t+ix−
ix2

4t +
iπ
4

Îòâåò. E(t, x) = θ(−t)
2
√
−tπ

e t+ix−
ix2

4t +
iπ
4

Ðåøèì åùå îäíó çàäà÷ó, â êîòîðîé ôóíêöèÿ Ãðèíà áóäåò íååäèíñòâåííîé.

Çàäà÷à 3 (çàäàíèå 2.6) Âû÷èñëèòü â S ′(R1+m) âñå ôóíêöèè Ãðèíà E(t, x)
îïåðàòîðà

L =
∂

∂t
+ (v,∇x), t ∈ R, x ∈ Rm, v ∈ Rm

Ðåøåíèå.
Êàê ìû óæå çíàåì, ôóíêöèÿ Ãðèíà ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî

óðàâíåíèÿ

∂E(t, x)
∂t

+
(
v,∇xE(t, x)

)
= δ(t, x)

Ïðîâåðèì ñíà÷àëà, èìååò ëè îäíîðîäíîå óðàâíåíèå

∂E(t, x)
∂t

+
(
v,∇xE(t, x)

)
= 0

íåíóëåâûå ðåøåíèÿ. Ñ ýòîé öåëüþ âû÷èñëèì ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ
÷àñòåé ýòîãî óðàâíåíèÿ ïî âñåì ïåðåìåííûì è ïîëó÷èì

(−iτ)F
[
E
]
− i(v, ξ)F

[
E
]
= 0

−i
(
τ + (v, ξ)

)
F
[
E
]
= 0

Ïîñêîëüêó ìíîæèòåëü
(
τ + (v, ξ)

)
îáðàùàåòñÿ â íóëü ïðè τ = −(v, ξ) , òî ó

äàííîãî óðàâíåíèÿ ìîãóò áûòü íåíóëåâûå ðåøåíèÿ, à íàõîäèòü èõ â S ′(R1+m)
ìû íå óìååì.

Ïîýòîìó áóäåì èñêàòü ôóíêöèè Ãðèíà ïî-äðóãîìó.
Ñíîâà ðàññìîòðèì óðàâíåíèå

∂E(t, x)
∂t

+
(
v,∇xE(t, x)

)
= δ(t, x) = δ(t)δ(x)
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è âîçüìåì ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé óðàâíåíèÿ òîëüêî ïî x

∂Fx
[
E
]

∂t
− i(v, ξ)Fx

[
E
]
= δ(t)

Îáîçíà÷èâ

g(t, ξ) = Fx
[
E
]
(t, ξ),

ïîëó÷èì
∂g

∂t
− i(v, ξ)g = δ(t) (8)

è çàìåòèì, ÷òî ïðè êàæäîì ξ ôóíêöèÿ g(t, ξ) ÿâëÿåòñÿ ôóíêöèåé Ãðèíà
îïåðàòîðà

∂

∂t
− i(v, ξ) (9)

Íàéäåì âñå ôóíêöèè Ãðèíà ýòîãî îïåðàòîðà.
Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (8). Ñ ýòîé öåëüþ ðåøèì

çàäà÷ó Êîøè

y′ − i(v, ξ)y = 0, y(0) = 1.

Ïîñêîëüêó

λ = i(v, ξ),

òî îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä

y = Ce i(v,ξ)t

Ñ ó÷åòîì óñëîâèÿ

y(0) = 1

ïîëó÷àåì

y = e i(v,ξ)t

Òàê êàê Reλ = 0 , òî ÷àñòíîå ðåøåíèå óðàâíåíèÿ (8) èìååò âèä

g(t, ξ) = θ(t)e i(v,ξ)t

(ñì. ïîñîáèå äëÿ äèñòàíöèîííîãî çàíÿòèÿ ¾Ôóíêöèÿ Ãðèíà ëèíåéíîãî äèôôå-
ðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â S ′(R). Ïðèìåðû
ðåøåíèÿ çàäà÷¿)
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Òåïåðü ðåøèì îäíîðîäíîå óðàâíåíèå

∂g(t, ξ)

∂t
− i(v, ξ) g(t, ξ) = 0 (10)

Äëÿ ýòîãî âîçüìåì ïðåîáðàçîâàíèå Ôóðüå îò îáåèõ ÷àñòåé óðàâíåíèÿ (10)
ïî ïåðåìåííîé t

−iτFt
[
g
]
(τ, ξ)− i(v, ξ)Ft

[
g
]
(τ, ξ) = 0

−i
(
τ + (v, ξ)

)
Ft
[
g
]
(τ, ξ) = 0 (11)

Ïîñêîëüêó τ = −(v, ξ) � ýòî íóëü êðàòíîñòè 1, òî ðåøåíèÿ óðàâíåíèÿ
(11) èìåþò âèä

Ft
[
g
]
(τ, ξ) = Cδ

(
τ + (v, ξ)

)
ãäå C = C(ξ) , à äëÿ óðàâíåíèÿ (8) ñîîòâåòñòâåííî ïîëó÷àåì

g(t, ξ) = C(ξ)F−1τ

[
δ
(
τ + (v, ξ)

)]
= C(ξ)ei(v,ξ)t

Òàêèì îáðàçîì, âñå ôóíêöèè Ãðèíà îïåðàòîðà (9) èìåþò âèä

g(t, ξ) = θ(t)ei(v,ξ)t + C(ξ)ei(v,ξ)t

Ïîñêîëüêó ôóíêöèÿ g(t, ξ) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (8) òîëüêî êàê
ôóíêöèÿ ïåðåìåííîé t ïðè êàæäîì ôèêñèðîâàííîì çíà÷åíèè ïåðåìåííîé ξ ,

òî íóæíî åùå ïðîâåðèòü, ÷òî ôóíêöèÿ

g(t, ξ) = θ(t)e i(v,ξ)t + C(ξ)e i(v,ξ)t ,

ãäå C(ξ) � ïðîèçâîëüíàÿ îáîáùåííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà S ′(Rm) , áó-
äåò ðåøåíèåì óðàâíåíèÿ (8) è êàê ôóíêöèÿ âñåõ ïåðåìåííûõ â ïðîñòðàíñòâå
S ′(Rm+1) .

Äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R1+m) âûïîëíåíû ðàâåíñòâà

〈
∂g

∂t
− i(v, ξ)g , ϕ(t, ξ)

〉
=

〈
g(t, ξ) , − ∂ϕ(t, ξ)

∂t
− i(v, ξ)ϕ(t, ξ)

〉
=

=

〈(
θ(t) + C(ξ)

)
e i(v,ξ)t , − ∂ϕ(t, ξ)

∂t
− i(v, ξ)ϕ(t, ξ)

〉
=
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=

〈
θ(t) + C(ξ) , − e i(v,ξ)t

∂ϕ(t, ξ)

∂t
− i(v, ξ)e i(v,ξ)tϕ(t, ξ)

〉
=

=

〈
θ(t) + C(ξ) , − ∂

∂t

(
e i(v,ξ)t ϕ(t, ξ)

)〉
=

〈
∂

∂t

(
θ(t) + C(ξ)

)
, e i(v,ξ)t ϕ(t, ξ)

〉
=

=
〈
δ(t) , e i(v,ξ)t ϕ(t, ξ)

〉
=
〈
δ(t) , ϕ(t, ξ)

〉
Èòàê, ìû äîêàçàëè, ÷òî ôóíêöèÿ g(t, ξ) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

∂g

∂t
− i(v, ξ)g = δ(t)

â ïðîñòðàíñòâå S ′(R1+m) . Ïîýòîìó ôóíäàìåíòàëüíîå ðåøåíèå

E(t, x) = F−1ξ

[
g(t, ξ)

]
(t, x) = F−1ξ

[(
θ(t) + C(ξ)

)
ei(v,ξ)t

]
(t, x) =

= F−1ξ

[
θ(t) + C(ξ)

]
(t, x− vt) = θ(t)δ(x− vt) + C1(x− vt)

ãäå C1(z) � ïðîèçâîëüíàÿ îáîáùåííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà S ′(Rm) .

Îòâåò. E(t, x) = θ(t)δ(x− vt) + C1(x− vt) , ãäå C1(z) � ïðîèçâîëü-
íàÿ îáîáùåííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà S ′(Rm) .

Íà ýòîì ìû çàêàí÷èâàåì ðåøåíèå çàäà÷, ñâÿçàííûõ ñ âû÷èñëåíèåì ôóíê-
öèé Ãðèíà. Ôóíêöèè Ãðèíà îñíîâíûõ îïåðàòîðîâ áóäóò ïîëó÷åíû ïðè ðàñ-
ñìîòðåíèè äðóãèõ òåì ïî ìåðå íåîáõîäèìîñòè.
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Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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