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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé

Â äàííîì ïîñîáèè ìû ïðîäîëæàåì èçó÷åíèå ïðîñòðàíñòâà îáîáùåííûõ
ôóíêöèé S ′(Rm) . Íàøåé öåëüþ ÿâëÿåòñÿ ðåøåíèå òèïîâûõ ïðèìåðîâ è çàäà÷,
ñâÿçàííûõ ñ ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííûõ ôóíêöèé.

Îïðåäåëåíèå ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé

Íàïîìíèì ñíà÷àëà îïðåäåëåíèå ïðåîáðàçîâàíèÿ Ôóðüå àáñîëþòíî èíòå-
ãðèðóåìûõ ôóíêöèé.

Îïðåäåëåíèå 1 Ïðåîáðàçîâàíèåì Ôóðüå àáñîëþòíî èíòåãðèðóåìîé ôóíê-
öèè ϕ(x) íàçûâàþò ôóíêöèþ, çàäàííóþ ôîðìóëîé

F [ϕ(x)] (y) =

∫
Rm

e i(x,y) ϕ(x) dx , y ∈ Rm ,

ãäå ÷åðåç (x,y) îáîçíà÷åíî ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x è y .

Èç ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå, èçó÷åííûõ Âàìè ðàíåå, ñëåäóåò, ÷òî
ïðåîáðàçîâàíèå Ôóðüå ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(Rm) ñóùåñòâóåò è
ïðèíàäëåæèò ïðîñòðàíñòâó S(Rm) .
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Îïðåäåëåíèå 2 Ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè f(x) ∈ S ′(Rm)
íàçûâàþò îáîáùåííóþ ôóíêöèþ, äåéñòâèå êîòîðîé íà ïðîèçâîëüíóþ îñíîâ-
íóþ ôóíêöèþ ϕ(y), çàäàíî ôîðìóëîé〈

F [f(x)] (y) , ϕ(y)
〉

=
〈
f(x) , F [ϕ(y)] (x)

〉
(1)

Ïðîâåðèì, ÷òî ôîðìóëà (1) äåéñòâèòåëüíî îïðåäåëÿåò îáîáùåííóþ ôóíê-
öèþ, ò.å. ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà ïðîñòðàíñòâå S ′(Rm) .

Ëèíåéíîñòü ýòîãî ôóíêöèîíàëà íåïîñðåäñòâåííî ñëåäóåò èç ëèíåéíîñòè
ïðåîáðàçîâàíèÿ Ôóðüå îñíîâíûõ ôóíêöèé.

Äîêàæåì åãî íåïðåðûâíîñòü.
Ñ ýòîé öåëüþ äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1 Åñëè ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé ϕn ∈ S(Rm)
óäîâëåòâîðÿåò óñëîâèþ

ϕn
S(Rm)−−−→ 0 ïðè n→∞ ,

òî

F [ϕn]
S(Rm)−−−→ 0 ïðè n→∞ .

Äîêàçàòåëüñòâî. Äëÿ ëþáûõ ìóëüòèèíäåêñîâ α è β èç ñâîéñòâ ïðåîáðà-
çîâàíèÿ Ôóðüå ñëåäóåò ðàâåíñòâî

yβ∂ αF [ϕn] (y) = yβF [(ix)αϕn] (y) =
1

(−i)|β|
F
[
∂ β{(ix)αϕn}

]
(y)

Êðîìå òîãî, ïîñêîëüêó

ϕn
S(Rm)−−−→ 0 ïðè n→∞ ,

òî èìååò ìåñòî ðàâíîìåðíàÿ ñõîäèìîñòü(
1 + |x|m+1

)
∂ β{(ix)αϕn} ⇒

Rm

0 ïðè n→∞ ,

à, çíà÷èò, ñóùåñòâóåò òàêîå ÷èñëî M > 0 , ÷òî äëÿ âñåõ x ∈ Rm è âñåõ n ∈ N
âûïîëíåíî íåðàâåíñòâî ∣∣∂ β{(ix)αϕn}

∣∣ 6 M

1 + |x|m+1

2



ïðè÷åì∫
Rm

M

1 + |x|m+1
dx =

+∞∫
0

dr

∫
|x|=r

M

1 + rm+1
dSx 6

+∞∫
0

M̃

1 + r2
dr <∞

Îòñþäà, ïðèìåíÿÿ òåîðåìó Ëåáåãà îá îãðàíè÷åííîé ñõîäèìîñòè, ïîëó÷àåì

lim
n→∞

sup
Rm

∣∣yβ∂ αF [ϕn] (y)
∣∣ = lim

n→∞
sup
Rm

∣∣∣∣ 1

(−i)|β|
F
[
∂ β{(ix)αϕn}

]
(y)

∣∣∣∣ =

= lim
n→∞

sup
Rm

∣∣∣∣∣∣
∫
Rm

ei(x,y)∂ β{(ix)αϕn} dx

∣∣∣∣∣∣ 6 lim
n→∞

sup
Rm

∫
Rm

∣∣∣ ei(x,y)∂ β{(ix)αϕn}
∣∣∣ dx =

= lim
n→∞

∫
Rm

∣∣∂ β{(ix)αϕn}
∣∣ dx =

∫
Rm

lim
n→∞

∣∣∂ β{(ix)αϕn}
∣∣ dx = 0

Óòâåðæäåíèå 1 äîêàçàíî.

Íåïðåðûâíîñòü ôóíêöèîíàëà, çàäàííîãî ôîðìóëîé (1), êàê è ëþáîãî ëè-
íåéíîãî ôóíêöèîíàëà, äîñòàòî÷íî äîêàçàòü òîëüêî â íóëå.

Ñ ýòîé öåëüþ ðàññìîòðèì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü îñíîâíûõ
ôóíêöèé ϕn ∈ S(Rm) , ñõîäÿùóþñÿ ê íóëþ â ïðîñòðàíñòâå S(Rm) :

ϕn
S(Rm)−−−→ 0 ïðè n→∞ .

Òîãäà èç óòâåðæäåíèÿ 1 ñëåäóåò, ÷òî è ïîñëåäîâàòåëüíîñòü èõ ïðåîáðàçîâàíèé
Ôóðüå òîæå ñõîäèòñÿ ê ê íóëþ â ïðîñòðàíñòâå S(Rm) :

F [ϕn]
S(Rm)−−−→ 0 ïðè n→∞ .

Ïîýòîìó ïî ôîðìóëå (1) ïîëó÷àåì〈
F [f(x)] (y) , ϕn(y)

〉
=
〈
f(x) , F [ϕn(y)] (x)

〉
→ 0 ïðè n→∞ .

Íåïðåðûâíîñòü ôóíêöèîíàëà, çàäàííîãî ôîðìóëîé (1), à âìåñòå ñ íåé è êîð-
ðåêòíîñòü îïðåäåëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé, äîêàçà-
íû.

Â îòëè÷èå îò îáû÷íûõ (íå îáîáùåííûõ) ôóíêöèé ïðåîáðàçîâàíèå Ôóðüå
ñóùåñòâóåò äëÿ êàæäîé îáîáùåííîé ôóíêöèè èç ïðîñòðàíñòâà S ′(Rm) , ïðè-
÷åì ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

3



Óòâåðæäåíèå 2 Ïóñòü f(x) � àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ. Îáî-
çíà÷èì ÷åðåç f̂(y) åå ïðåîáðàçîâàíèå Ôóðüå

f̂(y) =

∫
Rm

e i(x,y) f(x) dx , y ∈ Rm .

Òîãäà ïðåîáðàçîâàíèå Ôóðüå ðåãóëÿðíîãî ôóíêöèîíàëà, çàäàííîãî f(x) , ÿâ-
ëÿåòñÿ ðåãóëÿðíûì ôóíêöèîíàëîì, çàäàííûì f̂(y) .

Äîêàçàòåëüñòâî.
Ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé ïîëó÷àåì〈
F [f(x)] (y) , ϕ(y)

〉
=
〈
f(x) , F [ϕ(y)] (x)

〉
=

∫
Rm

f(x)F [ϕ(y)] (x) dx =

=

∫
Rm

dx f(x)

∫
Rm

e i(x,y) ϕ(y) dy =

∫
Rm

dx

∫
Rm

e i(x,y) ϕ(y) f(x) dy

Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ

e i(x,y) ϕ(y) f(x)

ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé íà Rm×Rm , òî ïî òåîðåìå Ôóáèíè ìîæíî
èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ∫

Rm

dx

∫
Rm

e i(x,y) ϕ(y) f(x) dy =

∫
Rm

dy ϕ(y)

∫
Rm

e i(x,y) f(x) dx =

=

∫
Rm

ϕ(y) f̂(y) dy =
〈
f̂(y) , ϕ(y)

〉
Òàêèì îáðàçîì,

F [f(x)] (y) = f̂(y) ,

÷òî è òðåáîâàëîñü äîêàçàòü.

Îïðåäåëåíèå îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ
ôóíêöèé

Íàïîìíèì ñíà÷àëà îïðåäåëåíèå îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå àáñî-
ëþòíî èíòåãðèðóåìîé ôóíêöèè.
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Îïðåäåëåíèå 3 Îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå àáñîëþòíî èíòåãðèðó-
åìîé ôóíêöèè ϕ(x), íàçûâàþò ôóíêöèþ, çàäàííóþ ôîðìóëîé

F−1[ϕ(x)] (y) =
1

(2π)m

∫
Rm

e− i(x,y) ϕ(x) dx , y ∈ Rm

Îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ëþáîé îñíîâíîé ôóíêöèè ϕ(x) ∈ S(Rm)
ñóùåñòâóåò è ïðèíàäëåæèò ïðîñòðàíñòâó S(Rm) .

Îïðåäåëåíèå 4 Îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå îáîáùåííîé ôóíêöèè
f(x) ∈ S ′(Rm) íàçûâàþò îáîáùåííóþ ôóíêöèþ, äåéñòâèå êîòîðîé íà ïðî-
èçâîëüíóþ îñíîâíóþ ôóíêöèþ ϕ(y), îïðåäåëÿåòñÿ ôîðìóëîé〈

F−1[f(x)] (y) , ϕ(y)
〉

=
〈
f(x) , F−1[ϕ(y)] (x)

〉
(2)

Äîêàæåì, ÷òî ôîðìóëà (2) îïðåäåëÿåò îáîáùåííóþ ôóíêöèþ.
Ëèíåéíîñòü íåïîñðåäñòâåííî ñëåäóåò èç ëèíåéíîñòè îáðàòíîãî ïðåîáðàçî-

âàíèÿ Ôóðüå îñíîâíûõ ôóíêöèé, à íåïðåðûâíîñòü îáåñïå÷èâàåòñÿ ñëåäóþùèì
óòâåðæäåíèåì.

Óòâåðæäåíèå 3 Åñëè ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé ϕk ∈ S(Rm)
óäîâëåòâîðÿåò óñëîâèþ

ϕn
S(Rm)−−−→ 0 ïðè n→∞ ,

òî

F−1 [ϕn]
S(Rm)−−−→ 0 ïðè n→∞ .

Äîêàçàòåëüñòâî. Âîñïîëüçîâàâøèñü óòâåðæäåíèåì 1, ïîëó÷àåì

F−1 [ϕn] (y) =
1

(2π)m
F [ϕn] (−y)

S(Rm)−−−→ 0 ïðè n→∞ .

Óòâåðæäåíèå 3 äîêàçàíî.

Ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé

Ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé èç S ′(Rm) àíàëî-
ãè÷íû ñâîéñòâàì ïðåîáðàçîâàíèÿ Ôóðüå àáñîëþòíî èíòåãðèðóåìûõ ôóíêöèé
è íåïîñðåäñòâåííî èç íèõ ñëåäóþò.

Ïðèâåäåì ñíà÷àëà ôîðìóëû, ñâÿçûâàþùèå ïðÿìîå è îáðàòíîå ïðåîáðàçî-
âàíèå Ôóðüå îáîáùåííûõ ôóíêöèé.
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Äëÿ ëþáîé îáîáùåííîé ôóíêöèè f ∈ S ′(Rm) ñïðàâåäëèâû ðàâåíñòâà:

� F−1
[
F [ f ] (y)

]
(x) = F

[
F−1[ f ] (y)

]
(x) = f(x)

� F−1[ f(x) ](y) =
1

(2π)m
F [ f(x) ](−y) =

1

(2π)m
F [ f(−x) ](y)

Äîêàçàòåëüñòâî ýòèõ ñâîéñòâ áóäåò äàíî íà ëåêöèÿõ.
Òåïåðü ïðèâåäåì ôîðìóëû, îòíîñÿùèåñÿ ê äèôôåðåíöèðîâàíèþ ïðåîá-

ðàçîâàíèÿ Ôóðüå è ê ïðåîáðàçîâàíèþ Ôóðüå îò ïðîèçâîäíûõ îáîáùåííûõ
ôóíêöèé.

Äëÿ ëþáîé îáîáùåííîé ôóíêöèè f ∈ S ′(Rm) è ëþáîãî ìóëüòèèíäåêñà
α = (α1, α2, . . . , αm) ñïðàâåäëèâû ðàâåíñòâà

� ∂ αF
[
f(x)

]
(y) = F

[
(ix)αf(x)

]
(y)

� F
[
∂ αf(x)

]
(y) = (−iy)αF

[
f(x)

]
(y)

Â êà÷åñòâå ïðèìåðà äîêàæåì ïåðâóþ èç ýòèõ ôîðìóë.

Çàäà÷à 1 (çàäàíèå 1.16 (á)) Äëÿ îáîáùåííîé ôóíêöèè f ∈ S ′(Rm) äîêà-
çàòü ðàâåíñòâî

∂ αF
[
f(x)

]
(y) = F

[
(ix)αf(x)

]
(y)

Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ îïðåäåëåíèÿìè äèôôåðåíöèðîâàíèÿ
è ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ ôóíêöèé äëÿ ëþáîé îñíîâíîé ôóíêöèè
ϕ ∈ S(Rm) âûïîëíåíû ðàâåíñòâà〈

∂ αF
[
f(x)

]
(y) , ϕ(y)

〉
= (−1) |α|

〈
F
[
f(x)

]
(y) , ∂ αϕ(y)

〉
=

= (−1) |α|
〈
f(x) , F

[
∂ αϕ(y)

]
(x)
〉

Ïîñêîëüêó îñíîâíàÿ ôóíêöèÿ ϕ(y) è âñå åå ïðîèçâîäíûå ïîðÿäêà |α| íåïðå-
ðûâíû è àáñîëþòíî èíòåãðèðóåìû, òî ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèì
ñâîéñòâîì ïðåîáðàçîâàíèÿ Ôóðüå àáñîëþòíî èíòåãðèðóåìûõ ôóíêöèé:

F
[
∂ αϕ(y)

]
(x) = (−ix)αF

[
ϕ(y)

]
(x) = (−1) |α| (ix)αF

[
ϕ(y)

]
(x).

Òîãäà ñ ó÷åòîì îïðåäåëåíèé îïåðàöèé óìíîæåíèÿ íà áåñêîíå÷íî äèôôåðåí-
öèðóåìóþ ôóíêöèþ ìåäëåííîãî ðîñòà è ïðåîáðàçîâàíèÿ Ôóðüå äëÿ îáîáùåí-
íûõ ôóíêöèé ïîëó÷àåì

(−1) |α|
〈
f(x) , F

[
∂ αϕ(y)

]
(x)
〉

= (−1) 2|α|
〈
f(x) , (ix)αF

[
ϕ(y)

]
(x)
〉

=
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=
〈
(ix)αf(x) , F [ϕ(y)] (x)

〉
=
〈
F
[
(ix)αf(x)

]
(y) , ϕ(y)

〉
Äîêàçàíî.

Òî÷íî òàê æå ìîæíî ïðîâåñòè è äîêàçàòåëüñòâî ñâîéñòâà

F
[
∂ αf(x)

]
(y) = (−iy)αF

[
f(x)

]
(y)

èç çàäàíèÿ 1.16 â). Ïðîäåëàéòå ýòî ñàìîñòîÿòåëüíî.
Ñôîðìóëèðóåì åùå îäíî ñâîéñòâî ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ

ôóíêöèé, êîòîðîå ìû áóäåì èñïîëüçîâàòü ïðè ðåøåíèè çàäà÷, à äîêàçàòåëü-
ñòâî ïðèâåäåì ïîñëå èçó÷åíèÿ òåìû ¾Ëèíåéíûå çàìåíû â àðãóìåíòå îáîá-
ùåííîé ôóíêöèè¿.

Äëÿ ëþáîé îáîáùåííîé ôóíêöèè f ∈ S ′(Rm) è ëþáîãî âåêòîðà x0 ∈ Rm

ñïðàâåäëèâî ðàâåíñòâî

� F [f(x− x0)] (y) = e i(y,x0)F [f(x)] (y)

� F−1 [f(x− x0)] (y) = e−i(y,x0)F−1 [f(x)] (y)

Ýòè ñâîéñòâà íàçûâàþò ¾ôîðìóëàìè ñäâèãà¿ (¾ôîðìóëàìè ñìåùåíèÿ¿).

Ïðèìåðû âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííûõ
ôóíêöèé â îäíîìåðíîì ñëó÷àå

Ðàññìîòðèì ðÿä ïðèìåðîâ âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåí-
íûõ ôóíêöèé èç ïðîñòðàíñòâà S ′(R) . Íà÷íåì ñ ïðîñòîãî, íî î÷åíü âàæíîãî
ñëó÷àÿ.

Çàäà÷à 2 Â ïðîñòðàíñòâå S ′(R) âû÷èñëèòü ïðåîáðàçîâàíèå Ôóðüå îáîá-
ùåííîé ôóíêöèè

δ(x− a) ,

ãäå a � ïðîèçâîëüíîå äåéñòâèòåëüíîå ÷èñëî.

Ðåøåíèå. Ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííîé ôóíêöèè
äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ(y) ∈ S(R) âûïîëíåíû ðàâåíñòâà〈

F
[
δ(x− a)

]
(y) , ϕ(y)

〉
=
〈
δ(x− a) , F

[
ϕ(y)

]
(x)
〉

=
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=

〈
δ(x− a) ,

+∞∫
−∞

e ixy ϕ(y) dy

〉
=

+∞∫
−∞

e iay ϕ(y) dy =
〈
e iay , ϕ(y)

〉
Ñëåäîâàòåëüíî,

F
[
δ(x− a)

]
(y) = e iay

Îòâåò. F
[
δ(x− a)

]
(y) = e iay

Èç ïîëó÷åííîãî â çàäà÷å 2 ðåçóëüòàòà ëåãêî âûòåêàþò ñëåäóþùèå óòâåð-
æäåíèÿ:

� F
[
δ(x)

]
(y) = 1 ;

� F−1[1] (y) = δ(y) ;

� F−1
[
e iax

]
(y) = δ(y − a) , ãäå a � ëþáîå äåéñòâèòåëüíîå ÷èñëî;

� F
[
e iax

]
(y) = 2πF−1

[
e−iax

]
(y) = 2πδ(y+a) , ãäå a � ëþáîå äåéñòâè-

òåëüíîå ÷èñëî;

� F [1] (y) = 2πδ(y) ;

� F−1
[
δ(x− a)

]
(y) =

1

2π
e− iay , ãäå a � ëþáîå äåéñòâèòåëüíîå ÷èñëî.

Çàäà÷à 3 Â ïðîñòðàíñòâå S ′(R) íàéòè ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé
ôóíêöèè

f(x) = x2

Ðåøåíèå. Â ñîîòâåòñòâèè ñî ñâîéñòâàìè ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåí-
íûõ ôóíêöèé âûïîëíåíû ðàâåíñòâà

F
[
x2
]

(y) = −F
[
(ix)2 · 1

]
(y) = −F ′′[1] (y) = −2πδ ′′ (y)

Îòâåò. F
[
x2
]

(y) = −2πδ ′′ (y)
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Çàäà÷à 4 Â ïðîñòðàíñòâå S ′(R) íàéòè ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé
ôóíêöèè

f(x) = sin x

Ðåøåíèå. Âîñïîëüçîâàâøèñü ñëåäñòâèÿìè èç çàäà÷è 2, ïîëó÷àåì

F
[
sinx

]
(y) = F

[
eix − e−ix

2i

]
(y) =

1

2i

(
F
[
eix
]
− F

[
e−ix

])
=

=
2π

2i

(
δ(y + 1)− δ(y − 1)

)
= −πi

(
δ(y + 1)− δ(y − 1)

)
Îòâåò. F

[
sinx

]
(y) = −πi

(
δ(y + 1)− δ(y − 1)

)
Ïðîèëëþñòðèðóåì òåïåðü ïðèìåíåíèå ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå ïðè

ðåøåíèè îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà â ïðî-
ñòðàíñòâå S ′(R) .

Çàäà÷à 5 (çàäàíèå, çàäà÷à 1.15) Ïóñòü îáîáùåííàÿ ôóíêöèÿ f(x) ∈
S ′(R) òàêîâà, ÷òî

f ′(x) = 0

Äîêàçàòü, ÷òî f(x) = const .
Äîêàçàòåëüñòâî. Îáîçíà÷èâ

f̂(y) = F
[
f(x)

]
(y) ,

ïîëó÷àåì
F
[
f ′(x)

]
(y) = −iy F

[
f(x)

]
(y) = −iy f̂(y) = 0 .

Êàê ìû óæå çíàåì, ðåøåíèåì óðàâíåíèÿ

−iy f̂(y) = 0

ÿâëÿåòñÿ îáîáùåííàÿ ôóíêöèÿ

f̂(y) = C δ(y) ,

ãäå C � ëþáîå ÷èñëî.
Ïðèìåíÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷àåì

f(x) = F−1
[
f̂(y)

]
(x) = F−1

[
C δ(y)

]
(x) = C

1

2π
= const .

Äîêàçàíî.

Ðàçáåðåì åùå îäèí âàæíûé ïðèìåð.
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Çàäà÷à 6 (çàäàíèå, çàäà÷à 1.14 â)) Â ïðîñòðàíñòâå S ′(R) íàéòè ïðå-
îáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = signx

Ðåøåíèå. Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ïðåîáðàçîâàíèÿ Ôóðüå îáîá-
ùåííûõ ôóíêöèé äëÿ êàæäîé îñíîâíîé ôóíêöèè ϕ(y) ∈ S(R) âûïîëíåíû
ðàâåíñòâà

〈
F [ signx] (y) , ϕ(y)

〉
=
〈
signx , F [ϕ(y)] (x)

〉
=

〈
signx ,

+∞∫
−∞

e ixy ϕ(y) dy

〉
=

=

+∞∫
−∞

dx signx

+∞∫
−∞

e ixy ϕ(y) dy =

+∞∫
−∞

dx

+∞∫
−∞

e ixy signxϕ(y) dy

Ê ñîæàëåíèþ, íåïîñðåäñòâåííî ïðèìåíèòü òåîðåìó Ôóáèíè, ÷òîáû èçìå-
íèòü ïîðÿäîê èíòåãðèðîâàíèÿ â ïîëó÷åííîì èíòåãðàëå, íåëüçÿ, ïîñêîëüêó
ïîäûíòåãðàëüíàÿ ôóíêöèÿ

e ixy signxϕ(y)

íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé ïî ïåðåìåííîé x .

Ïîýòîìó âîñïîëüçóåìñÿ ñõîäèìîñòüþ ïîâòîðíîãî èíòåãðàëà

+∞∫
−∞

dx

+∞∫
−∞

e ixy signxϕ(y) dy

è çàïèøåì

+∞∫
−∞

dx

+∞∫
−∞

e ixy signxϕ(y) dy = lim
R→+∞

+R∫
−R

dx

+∞∫
−∞

e ixy signxϕ(y) dy

Ïðèìåíÿÿ òåîðåìó Ôóáèíè, ïîëó÷èì

lim
R→+∞

+R∫
−R

dx

+∞∫
−∞

e ixy signxϕ(y) dy = lim
R→+∞

+∞∫
−∞

dy ϕ(y)

+R∫
−R

e ixy signx dx =
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= lim
R→+∞

+∞∫
−∞

dy ϕ(y)

+R∫
−R

(
cosxy signx︸ ︷︷ ︸
íå÷åòí.

+ i sinxy signx︸ ︷︷ ︸
÷åòí.

)
dx =

= 2i lim
R→+∞

+∞∫
−∞

dy ϕ(y)

+R∫
0

sinxy dx = 2i lim
R→+∞

+∞∫
−∞

ϕ(y)
− cosxy

y

∣∣∣∣+R
0

dy =

= 2i lim
R→+∞

+∞∫
−∞

ϕ(y)
(1− cosRy)

y
dy = 2i lim

R→+∞
v.p.

+∞∫
−∞

ϕ(y)
(1− cosRy)

y
dy =

= 2i v.p.

+∞∫
−∞

ϕ(y)

y
dy − 2i lim

R→+∞
v.p.

+∞∫
−∞

ϕ(y)

y
cosRy dy =

= 2i v.p.

+∞∫
−∞

ϕ(y)

y
dy − 2i lim

R→+∞

+∞∫
−∞

ϕ(y)− ϕ(0)

y
cosRy dy −

−2i ϕ(0) lim
R→+∞

v.p.

+∞∫
−∞

cosRy

y
dy

Ïðîàíàëèçèðóåì êàæäîå èç ñëàãàåìûõ.

� Ïî îïðåäåëåíèþ ôóíêöèè P 1

y
ïîëó÷àåì

2i v.p.

+∞∫
−∞

ϕ(y)

y
dy =

〈
2iP 1

y
, ϕ(y)

〉

� Ïîñêîëüêó ôóíêöèÿ
ϕ(y)− ϕ(0)

y

àáñîëþòíî èíòåãðèðóåìà, òî ïî ëåììå Ðèìàíà èìååì

2i lim
R→+∞

+∞∫
−∞

ϕ(y)− ϕ(0)

y
cosRy dy = 0
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� Â ñèëó íå÷åòíîñòè ïîäûíòåãðàëüíîé ôóíêöèè

2i ϕ(0) v.p.

+∞∫
−∞

cosRy

y
dy = 0

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïîëó÷àåì〈
F [ signx] (y) , ϕ(y)

〉
=

〈
2iP 1

y
, ϕ(y)

〉

Îòâåò. F [ signx] (y) = 2iP 1

y

Òåïåðü ñ ïîìîùüþ ðåçóëüòàòà, ïîëó÷åííîãî â çàäà÷å 6, ðåøèì íåñêîëüêî
çàäà÷ èç äîìàøíåãî çàäàíèÿ.

Çàäà÷à 7 (çàäàíèå, çàäà÷à 1.14 á)) Â ïðîñòðàíñòâå S ′(R) íàéòè ïðå-
îáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = P 1

x
Ðåøåíèå. Ïðèìåíÿÿ ê îòâåòó çàäà÷è 6 îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå,

ïîëó÷àåì

F−1
[
P 1

x

]
(y) =

1

2i
sign y = − i

2
sign y

Ïîýòîìó

F

[
P 1

x

]
(y) = 2πF−1

[
P 1

x

]
(−y) = −πi sign (−y) = πi sign y

Îòâåò. F

[
P 1

x

]
(y) = πi sign y

Çàäà÷à 8 (çàäàíèå, çàäà÷à 1.14 ã)) Â ïðîñòðàíñòâå S ′(R) íàéòè ïðå-
îáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = θ(x)
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Ðåøåíèå. Ïðåäñòàâëÿÿ ôóíêöèþ θ(x) â âèäå

θ(x) =
1

2
signx+

1

2
,

c ïîìîùüþ ðåçóëüòàòîâ çàäà÷ 2 è 6 ïîëó÷àåì

F
[
θ(x)

]
(y) =

1

2
F
[
signx

]
(y)+

1

2
F
[
1
]
(y) =

1

2
·2iP 1

y
+

1

2
·2π δ(y) = iP 1

y
+π δ(y)

Îòâåò. F
[
θ(x)

]
(y) = iP 1

y
+ π δ(y)

Çàäà÷à 9 (çàäàíèå, çàäà÷à 1.14 ä)) Â ïðîñòðàíñòâå S ′(R) íàéòè ïðå-
îáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = |x|

Ðåøåíèå. Âîñïîëüçîâàâøèñü ñâîéñòâàìè ïðåîáðàçîâàíèÿ Ôóðüå îáîá-

ùåííûõ ôóíêöèé è îïðåäåëåíèåì ôóíêöèè P 1

y2
, ïîëó÷àåì

F
[
|x|
]
(y) = −iF

[
ix · signx

]
(y) = −iF ′

[
signx

]
(y) = −i

(
2i P 1

y

)′
= −2 P 1

y2

Îòâåò. F
[
|x|
]
(y) = −2 P 1

y2

Ïðåîáðàçîâàíèå Ôóðüå ðàöèîíàëüíîé äðîáè
1

x+ b+ ia
â S ′(R)

Íàøåé öåëüþ ÿâëÿåòñÿ âû÷èñëåíèå ïðåîáðàçîâàíèÿ Ôóðüå ðåãóëÿðíîãî
ôóíêöèîíàëà âèäà

1

x+ b+ ia

ïðè a 6= 0 â S ′(R) . Èìåííî òàêîé çàäà÷è â çàäàíèè íåò, îäíàêî ðåçóëüòàò,
ïîëó÷åííûé â íåé, èìååò âàæíîå çíà÷åíèå ïðè ïðèìåíåíèè àïïàðàòà îáîá-
ùåííûõ ôóíêöèé â êóðñå ÓÌÔ.

Ñóùåñòâóåò íåñêîëüêî ñïîñîáîâ âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îò
äðîáè òàêîãî âèäà. Ðàññìîòðèì ñàìûé ïðîñòîé, íà ìîé âçãëÿä, ñïîñîá. Äëÿ
ýòîãî ðåøèì âñïîìîãàòåëüíóþ çàäà÷ó.
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Çàäà÷à 10 Äëÿ ëþáîãî äåéñòâèòåëüíîãî ÷èñëà a 6= 0 âû÷èñëèòü â S ′(R)
ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = θ(ax) e−ax

Ðåøåíèå. Ïðåæäå âñåãî, çàìåòèì, ÷òî ôóíêöèÿ

f(x) = θ(ax) e−ax

ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé, ïîñêîëüêó∣∣ θ(ax) e−ax
∣∣ 6 e−|ax|

è

+∞∫
−∞

e−|ax| dx =

+∞∫
−∞

e−|a||x| dx = 2

+∞∫
0

e−|a|x dx = − 2

|a|
e−|a|x

∣∣∣∣+∞
0

=
2

|a|
<∞

Çíà÷èò, äëÿ âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = θ(ax) e−ax

ìû ìîæåì âîñïîëüçîâàòüñÿ ðåçóëüòàòîì óòâåðæäåíèÿ 2.
Äëÿ ýòîãî íàéäåì èíòåãðàë

+∞∫
−∞

eixy θ(ax) e−axdx

Â ñëó÷àå a > 0

+∞∫
−∞

eixy θ(ax) e−axdx =

+∞∫
0

ex(iy−a)dx =
ex(iy−a)

iy − a

∣∣∣∣+∞
0

=
−1

iy − a

Â ñëó÷àå a < 0

+∞∫
−∞

eixy θ(ax) e−axdx =

0∫
−∞

ex(iy−a)dx =
ex(iy−a)

iy − a

∣∣∣∣0
−∞

=
1

iy − a

14



Îáúåäèíÿÿ îáå ôîðìóëû â îäíó, ïîëó÷àåì

+∞∫
−∞

eixy θ(ax) e−axdx =
− sign a

iy − a
=
i sign a

y + ia

Òàêèì îáðàçîì,

F
[
θ(ax) e−ax

]
(y) =

i sign a

y + ia

Îòâåò. F
[
θ(ax) e−ax

]
(y) =

i sign a

y + ia

Äëÿ ëþáîãî äåéñòâèòåëüíîãî ÷èñëà a 6= 0 èç ïîëó÷åííîãî â çàäà÷å 10
ðåçóëüòàòà è ñâîéñòâ ïðåîáðàçîâàíèé Ôóðüå âûòåêàþò ñëåäóþùèå óòâåðæäå-
íèÿ:

� F−1
[

1

x+ ia

]
(y) =

1

i sign a
θ(ay) e−ay = −i sign a θ(ay) e−ay

� F−1
[

1

x+ b+ ia

]
(y) = eibyF−1

[
1

x+ ia

]
(y) = −i sign a θ(ay) e−ay+iby

� F

[
1

x+ b+ ia

]
(y) = 2πF−1

[
1

x+ b+ ia

]
(−y) =

= −2πi sign a θ(−ay) eay−iby

Ñóùåñòâóåò è äðóãîé ñïîñîá âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå îò äðîáè

1

x+ b+ ia

Ýòîò ñïîñîá ÿâëÿåòñÿ ïðÿìûì âû÷èñëåíèåì ïðåîáðàçîâàíèÿ Ôóðüå äàííîãî
ðåãóëÿðíîãî ôóíêöèîíàëà è èñïîëüçóåò ìåòîäû ÒÔÊÏ. Îäíàêî ïðè òàêîì
ïóòè ðåøåíèÿ òðåáóþòñÿ áîëüøèå çàòðàòû âðåìåíè è óñèëèé, â òîì ÷èñëå
è íà îáîñíîâàíèå ïðîèçâîäèìûõ äåéñòâèé. Ìû íà íåì îñòàíàâëèâàòüñÿ íå
áóäåì.

Óïðàæíåíèå äëÿ âñåõ æåëàþùèõ. Âûâåäèòå ôîðìóëû Ñîõîöêîãî ñ
ïîìîùüþ ðåçóëüòàòîâ, ïîëó÷åííûõ âûøå.
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Ïðèìåðû âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå â S ′(R3)

Ðàññìîòðèì ïðèìåðû âû÷èñëåíèÿ ïðåîáðàçîâàíèé Ôóðüå äëÿ îáîáùåí-
íûõ ôóíêöèé èç S ′(R3) .

Êàê è â îäíîìåðíîì ñëó÷àå, âûáåðåì ñíà÷àëà ôóíêöèþ, äëÿ êîòîðîé íàé-
òè ïðåîáðàçîâàíèå Ôóðüå íå î÷åíü ñëîæíî, âû÷èñëèì åãî, à çàòåì, èñïîëüçóÿ
ïîëó÷åííûé ðåçóëüòàò, íàéäåì ïðåîáðàçîâàíèÿ Ôóðüå áîëåå ñëîæíûõ â âû-
÷èñëèòåëüíîì ïëàíå ôóíêöèé.

Çàäà÷à 11 (çàäàíèå 1.17 á)) Âû÷èñëèòü â S ′(R3) ïðåîáðàçîâàíèå Ôóðüå
îáîáùåííîé ôóíêöèè

f(x) =
1

|x|
,

ãäå |x| =
√
x21 + x22 + x23 � äëèíà âåêòîðà x = (x1, x2, x3) .

Ðåøåíèå. Ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííîé ôóíêöèè
äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R3) âûïîëíåíî ðàâåíñòâî〈

F

[
1

|x|

]
(y) , ϕ(y)

〉
=

〈
1

|x|
, F [ϕ(y)] (x)

〉
Ïîñêîëüêó äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(R3) ñóùåñòâóåò ÷èñëî

M òàêîå, ÷òî

|ϕ(x)| 6 M

1 + |x|4
, (3)

òî âûïîëíåíû íåðàâåíñòâà∣∣∣∣∣∣
∫
R3

ϕ(x)

|x|
dx

∣∣∣∣∣∣ 6
∞∫
0

dr

2π∫
0

dψ

π∫
0

dθ
|ϕ(x)| r2 sin θ

r
6 4πM

∞∫
0

r

1 + r4
dr <∞ .

Ïîýòîìó ôóíêöèÿ
1

|x|
çàäàåò ðåãóëÿðíûé ôóíêöèîíàë â S(R3) . Ñëåäîâà-

òåëüíî,

〈
1

|x|
, F [ϕ(y)] (x)

〉
=

∫
R3

F [ϕ(y)] (x)

|x|
dx =

∫
R3

dx

∫
R3

ei(x,y) ϕ(y)

|x|
dy

16



Ê ñîæàëåíèþ, ïðîñòî èçìåíèòü ïîðÿäîê èíòåãðèðîâàíèÿ â ïîëó÷èâøåìñÿ
èíòåãðàëå íåëüçÿ, òàê êàê ôóíêöèÿ

ei(x,y) ϕ(y)

|x|
íå ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé ïî ïåðåìåííîé x .

Ïîýòîìó, âîñïîëüçîâàâøèñü òåì, ÷òî ïîâòîðíûé èíòåãðàë∫
R3

dx

∫
R3

ei(x,y) ϕ(y)

|x|
dy

ñõîäèòñÿ, ïîëó÷àåì∫
R3

dx

∫
R3

ei(x,y) ϕ(y)

|x|
dy = lim

R→∞

∫
|x|<R

dx

∫
R3

ei(x,y) ϕ(y)

|x|
dy.

Ïî òåîðåìå Ôóáèíè

lim
R→∞

∫
|x|<R

dx

∫
R3

ei(x,y) ϕ(y)

|x|
dy = lim

R→∞

∫
R3

dy ϕ(y)

∫
|x|<R

ei(x,y)

|x|
dx (4)

è îñòàåòñÿ âû÷èñëèòü èíòåãðàë ∫
|x|<R

ei(x,y)

|x|
dx .

Äëÿ ýòîãî ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, ïðè ýòîì ââåäåì èõ òàê,
÷òîáû óãîë θ áûë óãëîì ìåæäó âåêòîðîì x è âåêòîðîì y .∫

|x|<R

ei(x,y)

|x|
dx =

R∫
0

dr

2π∫
0

dψ

π∫
0

1

r
e ir|y| cos θ r2 sin θdθ =

= 2π

R∫
0

dr

π∫
0

e ir|y| cos θ r sin θdθ = 2π

R∫
0

e ir|y| cos θ

−i|y|

∣∣∣∣π
0

dr =

= 2π

R∫
0

e−ir|y| − e ir|y|

−i|y|
dr =

4π

|y|

R∫
0

sin(r|y|)dr = − 4π

|y|2
(

cos
(
R |y|

)
− 1
)

17



Ïîäñòàâèì ïîëó÷åííûé ðåçóëüòàò â ôîðìóëó (4)

lim
R→∞

∫
R3

dy ϕ(y)

∫
|x|<R

e i(x,y)

|x|
dx = − lim

R→∞

∫
R3

4π ϕ(y)

|y|2
(

cos
(
R |y|

)
− 1
)
dy =

= − lim
R→∞

∫
R3

4π ϕ(y)

|y|2
cos
(
R |y|

)
dy + 4π

∫
R3

ϕ(y)

|y|2
dy =

= − lim
R→∞

∫
R3

4π ϕ(y)

|y|2
cos
(
R |y|

)
dy +

〈
4π

|y|2
, ϕ(y)

〉
Äîêàæåì, ÷òî

lim
R→∞

∫
R3

4π ϕ(y)

|y|2
cos
(
R |y|

)
dy = 0 . (5)

Äåéñòâèòåëüíî, ∫
R3

4π ϕ(y)

|y|2
cos
(
R |y|

)
dy =

=

+∞∫
0

dr

2π∫
0

dψ

π∫
0

4π ϕ
(
r cosψ sin θ, r sinψ sin θ, r cos θ

)
r2

cos
(
Rr
)
r2 sin θ dθ =

=

+∞∫
0

dr cos
(
Rr
) 2π∫

0

dψ

π∫
0

4πϕ
(
r cosψ sin θ, r sinψ sin θ, r cos θ

)
sin θ dθ

Â ñèëó íåðàâåíñòâà (3) èìååì îöåíêó∣∣∣∣∣∣
2π∫
0

dψ

π∫
0

4πϕ
(
r cosψ sin θ, r sinψ sin θ, r cos θ

)
sin θ dθ

∣∣∣∣∣∣ 6 16π2M

1 + r4

è, ïîñêîëüêó ôóíêöèÿ
16π2M

1 + r4

ÿâëÿåòñÿ àáñîëþòíî èíòåãðèðóåìîé, òî ïî ëåììå Ðèìàíà ïîëó÷àåì ñïðàâåä-
ëèâîñòü ôîðìóëû (5).
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Òàêèì îáðàçîì, 〈
F

[
1

|x|

]
(y) , ϕ(y)

〉
=

〈
4π

|y|2
, ϕ(y)

〉

Îòâåò. F

[
1

|x|

]
(y) =

4π

|y|2

Èç ïîëó÷åííîãî â çàäà÷å 11 ðåçóëüòàòà ëåãêî âûòåêàþò ñëåäóþùèå óòâåð-
æäåíèÿ:

� F−1
[

1

|x|2

]
(y) =

1

4π|y|

� (çàäàíèå 1.17 à)) F

[
1

|x|2

]
(y) = (2π)3F−1

[
1

|x|2

]
(−y) =

2π2

|y|

� F−1
[

1

|x|

]
(y) =

1

2π2|y|2

Âû÷èñëåíèå ïðåîáðàçîâàíèÿ Ôóðüå äëÿ δ - ôóíêöèè, ñîñðåäîòî÷åííîé íà
ñôåðå (çàäàíèå 1.17 ã))〈

δS(x) , ϕ(x)
〉

=

∫
|x|=1

ϕ(y) dSy ,

ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è ðåøåíèå çàäà÷è 11, íî ÿâëÿåòñÿ áîëåå ïðî-
ñòûì, ïîñêîëüêó â ýòîì ñëó÷àå äëÿ ïðèìåíåíèÿ òåîðåìû Ôóáèíè íå òðåáóåòñÿ
ïåðåõîä ê ïðåäåëó. Îñòàâëÿþ ýòî Âàì äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ.

Çàäà÷à 12 (çàäàíèå 1.17 â)) Âû÷èñëèòü â S ′(R3) ïðåîáðàçîâàíèå Ôóðüå
îáîáùåííîé ôóíêöèè

f(x) = |x|,
ãäå |x| =

√
x21 + x22 + x23 � äëèíà âåêòîðà x = (x1, x2, x3).

Ðåøåíèå. Èñïîëüçóÿ ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå è ðåçóëüòàò çàäà÷è 11,
ïîëó÷àåì

F
[
|x|
]
(y) = F

[
|x|2 · 1

|x|

]
(y) = −F

[(
(ix1)

2 + (ix2)
2 + (ix3)

2
)
· 1

|x|

]
(y) =

19



= −∆F

[
1

|x|

]
(y) = −4π∆

(
1

|y|2

)
Îòâåò. F [|x|] (y) = −4π∆

(
1

|y|2

)
Çàìå÷àíèå. Ïî ñîãëàñîâàíèþ ñ ëåêòîðîì îòâåò îñòàâëÿåì â òàêîì âèäå.

Ïðèìåðû âû÷èñëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå â S ′(Rm)

Â êà÷åñòâå ïðèìåðîâ âû÷èñëåíèÿ ïðåîáðàçîâàíèé Ôóðüå â S ′(Rm) ðåøèì
ñëåäóþùèå çàäà÷è.

Çàäà÷à 13 Âû÷èñëèòü â S ′(Rm) ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíê-
öèè δ(x) .

Ðåøåíèå. Ïî îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå îáîáùåííîé ôóíêöèè
äëÿ ëþáîé îñíîâíîé ôóíêöèè ϕ ∈ S(Rm) âûïîëíåíî ðàâåíñòâî

〈
F
[
δ(x)

]
(y) , ϕ(y)

〉
=
〈
δ(x) , F

[
ϕ(y)

]
(x)
〉

=

〈
δ(x) ,

∫
Rm

e i(x,y)ϕ(y) dy

〉
=

=

∫
Rm

ϕ(y) dy =
〈
1 , ϕ(y)

〉
Îòâåò. F

[
δ(x)

]
(y) = 1

Çàäà÷à 14 Âû÷èñëèòü â S ′(Rm) ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíê-
öèè

f(x) = 1

Ðåøåíèå. Ñ ó÷åòîì ðåçóëüòàòà çàäà÷è 13 ïîëó÷àåì

F [1] (y) = (2π)mF−1 [1] (y) = (2π)mδ(y)

Îòâåò. F [1] (y) = (2π)mδ(y)
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Çàäà÷à 15 (çàäàíèå 1.18 á)) Äëÿ x ∈ Rm è a ∈ Rm âû÷èñëèòü â S ′(Rm)
ïðåîáðàçîâàíèå Ôóðüå îáîáùåííîé ôóíêöèè

f(x) = |x− a|2,

ãäå |x − a| =
√

(x1 − a1)2 + (x2 − a2)2 + . . .+ (xm − am)2 � äëèíà âåêòîðà
(x− a) = (x1 − a1, x2 − a2, . . . , xm − am) .

Ðåøåíèå. Èñïîëüçóÿ ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå è ðåçóëüòàò çàäà÷è
14, ïîëó÷àåì

F
[
|x− a|2

]
(y) = F

[
|x− a|2 · 1

]
(y) =

= F

[(
(x1 − a1)2 + (x2 − a2)2 + . . .+ (xm − am)2

)
· 1
]
(y) =

= F
[(
x21 + x22 + . . .+ x2m − 2x1a1 − . . .− 2xmam + a21 + . . .+ a2m

)
· 1
]
(y) =

= −F
[(

(ix1)
2 + (ix2)

2 + . . .+ (ixm)2
)
· 1
]
(y)+

+2ia1F [ix1 · 1] (y) + . . .+ 2iamF [ixm · 1] (y) +
(
a21 + . . .+ a2m

)
F [1] (y) =

= −∆F [1] (y)+2ia1
∂F [1] (y)

∂y1
+. . .+2iam

∂F [1] (y)

∂ym
+
(
a21 + . . .+ a2m

)
F [1] (y) =

= (2π)m
(
−∆δ(y) + 2ia1

∂δ(y)

∂y1
+ . . .+ 2iam

∂δ(y)

∂ym
+
(
a21 + . . .+ a2m

)
δ(y)

)
Îòâåò.

(2π)m
(
−∆δ(y) + 2ia1

∂δ(y)

∂y1
+ . . .+ 2iam

∂δ(y)

∂ym
+
(
a21 + . . .+ a2m

)
δ(y)

)

Îñòàëüíûå çàäà÷è çàäàíèÿ 1.18 ðåøàþòñÿ àíàëîãè÷íûìè ìåòîäàìè. Ðå-
øèòå ýòè çàäà÷è ñàìîñòîÿòåëüíî.

Íà ñëåäóþùåì çàíÿòèè ìû ðàññìîòðèì ëèíåéíûå çàìåíû â àðãóìåíòå
îáîáùåííîé ôóíêöèè.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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