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Ïîòåíöèàë ïðîñòîãî ñëîÿ äëÿ ïîâåðõíîñòè S

Ïóñòü S � îãðàíè÷åííàÿ êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü â

ïðîñòðàíñòâå R3, à µ(x) � íåïðåðûâíàÿ ôóíêöèÿ,

çàäàííàÿ íà S.

Ïîòåíöèàëîì ïðîñòîãî ñëîÿ äëÿ ïîâåðõíîñòè S ñ

ïëîòíîñòüþ µ(x) íàçûâàþò ôóíêöèþ

V
(0)

3 (x) =
∫
S

µ(y)
|x− y|

dSy , x ∈ R3.
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Ôèçè÷åñêèé ñìûñë ïîòåíöèàëà ïðîñòîãî ñëîÿ

äëÿ ïîâåðõíîñòè S

Ïî ñâîåìó ñìûñëó ôóíêöèÿ V
(0)

3 (x) ïðåäñòàâëÿåò
ñîáîé íüþòîíîâñêèé (èëè êóëîíîâñêèé) ïîòåíöèàë,

ñîçäàâàåìûé ìàññàìè (èëè çàðÿäàìè), ðàñïðåäåëåí-

íûìè íà ïîâåðõíîñòè S ñ ïëîòíîñòüþ µ(x).
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Ñâîéñòâà ïîòåíöèàëà ïðîñòîãî ñëîÿ

Ïîòåíöèàë ïðîñòîãî ñëîÿ V
(0)

3 (x) ∈ C(R3).

Âíå ïîâåðõíîñòè S âûïîëíåíî óðàâíåíèå Ëàïëàñà

∆V (0)
3 (x) = 0

V
(0)

3 (x) = 1
|x|

∫
S

µ(y) dSy + O

 1
|x|2

 ïðè |x| → ∞

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 4 / 1



Çàäà÷à 2. (çàäàíèå 18.16)

Âû÷èñëèòü ïîòåíöèàë ïðîñòîãî ñëîÿ, ðàñïðåäåëåííîãî

ñ ïîñòîÿííîé ïëîòíîñòüþ µ0 íà ñôåðå |x| = R.

Ðåøåíèå (1-é ñïîñîá � ïðÿìîå âû÷èñëåíèå).

Âû÷èñëèì ïîòåíöèàë ïðîñòîãî ñëîÿ ïî îïðåäåëåíèþ

V
(0)

3 (x) =
∫

|y|=R

µ0
|x− y|

dSy
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Ïàðàìåòðèçóåì ñôåðó, âûáèðàÿ â êà÷åñòâå óãëà θ

óãîë ìåæäó âåêòîðàìè x è y, à â êà÷åñòâå óãëà ϕ �

ïîëÿðíûé óãîë â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé âåêòîðó

x.

Êðîìå òîãî, âîñïîëüçîâàâøèñü òåîðåìîé êîñèíóñîâ

äëÿ âû÷èñëåíèÿ |x− y| è ó÷èòûâàÿ, ÷òî |y| = R,

ïîëó÷àåì

|x− y| =
√
|x|2 + R2 − 2|x|R cos θ
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Òàêèì îáðàçîì,

V
(0)

3 (x) =
2π∫
0
dϕ

π∫
0

µ0 ·R2 sin θ√
|x|2 + R2 − 2|x|R cos θ

dθ =

= 2πµ0R
2
π∫

0

sin θ√
|x|2 + R2 − 2|x|R cos θ

dθ =

= 2πµ0R
2

√
|x|2 + R2 − 2|x|R cos θ

|x|R

∣∣∣∣∣∣∣∣
π

0
=
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= 2πµ0R

|x|

((
R + |x|

)
−

∣∣∣∣R− |x|∣∣∣∣
)

Ðàññìîòðèì äâà ñëó÷àÿ.

1. Ïðè |x| ≥ R íàõîäèì

V
(0)

3 (x) = 2πµ0R

|x|

(
R + |x| + R− |x|

)
= 4πµ0R

2

|x|

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 8 / 1



2. Ïðè |x| < R íàõîäèì

V
(0)

3 (x) = 2πµ0R

|x|

(
R + |x| −R + |x|

)
= 4πµ0R

Îòâåò.

V
(0)

3 (x) =



4πµ0R
2

|x|
ïðè |x| ≥ R,

4πµ0R ïðè |x| < R.
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Ðåøåíèå (2-é ñïîñîá � èñïîëüçîâàíèå ñâîéñòâ

ïîòåíöèàëà ïðîñòîãî ñëîÿ).

1. Ïðè |x| < R ðåøèì óðàâíåíèå Ëàïëàñà

∆V (0)
3 (x) = 0

Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â øàðå,

íàõîäèì ðåøåíèå óðàâíåíèÿ Ëàïëàñà â øàðå:

V
(0)

3 (x) = Y0 = a0
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2. Ïðè |x| > R òàêæå ðåøèì óðàâíåíèå Ëàïëàñà

∆V (0)
3 (x) = 0

Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé âíå

øàðà, íàõîäèì ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå øàðà:

V
(0)

3 (x) = V
(0)

3 (r) = 1
r
Ŷ0 = a1

r
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Ïîñêîëüêó ïðè r →∞

V
(0)

3 (r) = 1
r

∫
|y|=R

µ0 dSy + O

 1
r2


òî

a1 =
∫

|y|=R
µ0 dSy = 4πR2µ0

Òàêèì îáðàçîì, ïðè |x| > R ïîòåíöèàë èìååò âèä

V
(0)

3 (x) = 4πR2µ0
|x|
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3. Íàéäåì a0 èç ñâîéñòâà íåïðåðûâíîñòè ïîòåíöèàëà

ïðîñòîãî ñëîÿ ïðè |x| = R

a0 = 4πRµ0

îòêóäà ïîëó÷àåì òîò æå ñàìûé, êàê è â ñïîñîáå 1,

Îòâåò.

V
(0)

3 (x) =



4πµ0R
2

|x|
ïðè |x| ≥ R,

4πµ0R ïðè |x| < R.
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Ïîòåíöèàë äâîéíîãî ñëîÿ äëÿ ïîâåðõíîñòè S

Ïóñòü S � îãðàíè÷åííàÿ êóñî÷íî-ãëàäêàÿ

îðèåíòèðîâàííàÿ ïîâåðõíîñòü â ïðîñòðàíñòâå R3, à

ν(x) � íåïðåðûâíàÿ ôóíêöèÿ, çàäàííàÿ íà S.

Ïîòåíöèàëîì äâîéíîãî ñëîÿ äëÿ ïîâåðõíîñòè S ñ

ïëîòíîñòüþ ν(x) íàçûâàþò ôóíêöèþ

V
(1)

3 (x) =
∫
S

ν(y) ∂

∂ny

 1
|x− y|

 dSy , x ∈ R3.
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Ôèçè÷åñêèé ñìûñë ïîòåíöèàëà äâîéíîãî ñëîÿ

äëÿ ïîâåðõíîñòè S

Ïî ñâîåìó ñìûñëó ôóíêöèÿ V
(1)

3 (x) ïðåäñòàâëÿåò
ñîáîé êóëîíîâñêèé ïîòåíöèàë, ñîçäàâàåìûé äèïîëÿìè,

ðàñïðåäåëåííûìè íà ïîâåðõíîñòè S ñ ïëîòíîñòüþ ν(x),
äèïîëüíûé ìîìåíò êîòîðûõ íàïðàâëåí âäîëü íîðìàëè

ê ïîâåðõíîñòè S.
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Ñâîéñòâà ïîòåíöèàëà äâîéíîãî ñëîÿ

Âíå ïîâåðõíîñòè S âûïîëíåíî óðàâíåíèå Ëàïëàñà

∆V (1)
3 (x) = 0

V
(1)

3 (x) = O

 1
|x|2

 ïðè |x| → ∞

Åñëè ïîâåðõíîñòü S ÿâëÿåòñÿ äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìîé, òî ïîòåíöèàë äâîéíîãî ñëîÿ

V
(1)

3 (x) ∈ C(S).
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Ïóñòü D � îãðàíè÷åííàÿ îáëàñòü â R3 c äâàæäû

íåïðåðûâíî äèôôåðåíöèðóåìîé ãðàíèöåé S.

Òîãäà V
(1)

3 (x) äëÿ ïîâåðõíîñòè S c ïëîòíîñòüþ

ν(x) èìååò ðàçðûâ ïðè ïåðåõîäå ÷åðåç ïîâåðõíîñòü

S, ïðè÷åì äëÿ ∀x0 ∈ S âûïîëíåíû ðàâåíñòâà

lim
x→x0
x∈D

V
(1)

3 (x) = −2πν(x0) + V
(1)

3 (x0)

lim
x→x0
x/∈D

V
(1)

3 (x) = 2πν(x0) + V
(1)

3 (x0)
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Çàäà÷à 2. (çàäàíèå 18.20)

Âû÷èñëèòü ïîòåíöèàë äâîéíîãî ñëîÿ, ðàñïðåäåëåííîãî

ñ ïîñòîÿííîé ïëîòíîñòüþ ν0 íà ñôåðå |x| = R.

Ðåøåíèå (1-é ñïîñîá � ïðÿìîå âû÷èñëåíèå).

Âû÷èñëèì ïîòåíöèàë äâîéíîãî ñëîÿ ïî îïðåäåëåíèþ

V
(1)

3 (x) =
∫

|y|=R
ν0

∂

∂ny

 1
|x− y|

 dSy
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Ïðè êàæäîì ôèêñèðîâàííîì x ââåäåì äëÿ ïåðåìåí-

íîé y ñôåðè÷åñêèå êîîðäèíàòû, âûáèðàÿ â êà÷åñòâå

óãëà θ óãîë ìåæäó âåêòîðàìè x è y, à â êà÷åñòâå óãëà ϕ

� ïîëÿðíûé óãîë â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé âåêòî-

ðó x.

Êðîìå òîãî, âîñïîëüçóåìñÿ òåîðåìîé êîñèíóñîâ äëÿ

âû÷èñëåíèÿ |x− y|

|x− y| =
√
|x|2 + |y|2 − 2|x||y| cos θ =

=
√
|x|2 + r2 − 2|x|r cos θ
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Ïîñêîëüêó íà ñôåðå âíåøíÿÿ íîðìàëü íàïðàâëåíà ïî

ðàäèóñó, òî

∂

∂ny

 1
|x− y|

 = ∂

∂r

 1√
|x|2 + r2 − 2|x|r cos θ

 =

=

−1
2

(2r − 2|x| cos θ)

(|x|2 + r2 − 2|x|r cos θ)
3
2

= |x| cos θ − r
(|x|2 + r2 − 2|x|r cos θ)

3
2
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Ñëåäîâàòåëüíî,

∂

∂ny

 1
|x− y|


∣∣∣∣∣∣∣|y|=R = |x| cos θ −R

(|x|2 + R2 − 2|x|R cos θ)
3
2

Òàêèì îáðàçîì,

V
(1)

3 (x) =
∫

|y|=R
ν0

∂

∂ny

 1
|x− y|

 dSy =

= ν0
∫

|y|=R

|x| cos θ −R
(|x|2 + R2 − 2|x|R cos θ)

3
2
dSy =
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= ν0
2π∫
0
dϕ

π∫
0

|x| cos θ −R
(|x|2 + R2 − 2|x|R cos θ)

3
2
R2 sin θ dθ

1. Ïóñòü |x| 6= R

Â ðåçóëüòàòå çàìåíû ïåðåìåííîé

z = |x|2 + R2 − 2|x|R cos θ, dz = 2|x|R sin θdθ,
ïîëó÷àåì

|x| cos θ = |x|
2 + R2 − z

2R
, |x| cos θ −R = |x|

2 −R2 − z
2R
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Òîãäà

ν0
2π∫
0
dϕ

π∫
0

|x| cos θ −R
(|x|2 + R2 − 2|x|R cos θ)

3
2
R2 sin θ dθ =

= 2πν0

(R+|x|)2∫
(R−|x|)2

|x|2 −R2 − z
4|x|z 3

2
dz =

= πν0
2|x|

(
|x|2 −R2

) − 2√
z


∣∣∣∣∣∣∣
(R+|x|)2

(R−|x|)2
− πν0

2|x|
· 2
√
z

∣∣∣∣∣∣∣
(R+|x|)2

(R−|x|)2
=

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 23 / 1



= πν0
|x|

(
|x|2 −R2

) − 1
R + |x|

+ 1
|R− |x||

−

−πν0
|x|
·
((
R + |x|

)
−

∣∣∣∣R− |x|∣∣∣∣
)

Ðàññìîòðèì äâà ñëó÷àÿ.
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1 à). Ïðè |x| > R íàõîäèì

V
(1)

3 (x) = πν0
|x|

(
|x|2 −R2

) − 1
R + |x|

+ 1
|x| −R

−

−πν0
|x|
·
(
R + |x| + R− |x|

)
=

= πν0
|x|

(
|x|2 −R2

)
· R− |x| + R + |x|

|x|2 −R2 − 2πRν0
|x|

= 0

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 25 / 1



1 á). Ïðè |x| < R íàõîäèì

V
(1)

3 (x) = πν0
|x|

(
|x|2 −R2

) − 1
R + |x|

+ 1
R− |x|

−

−πν0
|x|
·
(
R + |x| −R + |x|

)
=

= πν0
|x|

(
|x|2 −R2

)
· −R + |x| + R + |x|

R2 − |x|2
− 2πν0 =

= −2πν0 − 2πν0 = −4πν0
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2. Åñëè æå |x| = R, òî

V
(1)

3 (x) = ν0
∫

|y|=R

|x| cos θ −R
(|x|2 + R2 − 2|x|R cos θ)

3
2
dSy =

= ν0
∫

|y|=R

R cos θ −R
(2R2 − 2R2 cos θ)

3
2
dSy =

= −ν0
∫

|y|=R

1
2
√

2R2 (1− cos θ)
1
2
dSy =
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= − ν0

2
√

2R2

2π∫
0
dϕ

π∫
0

R2 sin θ
(1− cos θ)

1
2
dθ = −πν0√

2

π∫
0

sin θ
(1− cos θ)

1
2
dθ =

= − πν0√
2
· 2
√

1− cos θ
∣∣∣∣∣∣
π

0
= −πν0√

2
· 2(
√

2− 0) = −2πν0

Îòâåò. V
(1)

3 (x) =



0 ïðè |x| > R,

−2πν0 ïðè |x| = R,

−4πν0 ïðè |x| < R.
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Ðåøåíèå (2-é ñïîñîá � èñïîëüçîâàíèå ñâîéñòâ

ïîòåíöèàëà äâîéíîãî ñëîÿ).

1. Ïðè |x| < R ðåøèì óðàâíåíèå Ëàïëàñà

∆V (1)
3 (x) = 0

Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â øàðå,

íàõîäèì ðåøåíèå óðàâíåíèÿ Ëàïëàñà â øàðå:

V
(1)

3 (x) = Y0 = a0
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2. Ïðè |x| > R òàêæå ðåøèì óðàâíåíèå Ëàïëàñà

∆V (1)
3 (x) = 0

Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé âíå

øàðà, íàõîäèì ðåøåíèå óðàâíåíèÿ Ëàïëàñà âíå øàðà:

V
(1)

3 (x) = V
(1)

3 (r) = 1
r
Ŷ0 = a1

r
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Ïîñêîëüêó ïðè r →∞

V
(1)

3 (r) = O

 1
r2


òî a2 = 0 .

Òàêèì îáðàçîì, ïðè |x| > R ïîòåíöèàë èìååò âèä

V
(1)

3 (x) = 0
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3. Íàéäåì çíà÷åíèå ïîòåíöèàëà äâîéíîãî ñëîÿ â òî÷êàõ

x0 íà ñôåðå, èñïîëüçóÿ ñâîéñòâî

lim
x→x0
|x|>R

V
(1)

3 (x) = 2πν(x0) + V
(1)

3 (x0)

0 = 2πν0 + V
(1)

3 (x0)

V
(1)

3 (x0) = −2πν0

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 32 / 1



Òàêèì îáðàçîì, ïðè |x| = R ïîòåíöèàë èìååò âèä

V
(1)

3 (x) = −2πν0

4. Òåïåðü íàéäåì a0, èñïîëüçóÿ ñâîéñòâî

lim
x→x0
x∈D

V
(1)

3 (x) = −2πν(x0) + V
(1)

3 (x0),

ãäå |x0| = R.

a0 = −2πν0 − 2πν0 = −4πν0
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Ñëåäîâàòåëüíî, ïðè |x| < R ïîòåíöèàë èìååò âèä

V
(1)

3 (x) = −4πν0

îòêóäà ïîëó÷àåì òîò æå ñàìûé, êàê è â ñïîñîáå 1,

Îòâåò. V
(1)

3 (x) =



0 ïðè |x| > R,

−2πν0 ïðè |x| = R,

−4πν0 ïðè |x| < R.
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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