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Óðàâíåíèÿ Ëàïëàñà è Ïóàññîíà â ïðîñòðàíñòâå

Îäíîðîäíîå ýëëèïòè÷åñêîå óðàâíåíèå

∆u = 0, ãäå ∆u = uxx + uyy + uzz , u = u(x, y, z),

íàçûâàþò óðàâíåíèåì Ëàïëàñà â ïðîñòðàíñòâå, à åãî

ðåøåíèÿ íàçûâàþò ãàðìîíè÷åñêèìè ôóíêöèÿìè â R3.

Íåîäíîðîäíîå óðàâíåíèå

∆u = f (x, y, z)

íàçûâàþò óðàâíåíèåì Ïóàññîíà â ïðîñòðàíñòâå.
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Îáîçíà÷èì

r =
√

x2 + y2 + z2

Ìû áóäåì ðàññìàòðèâàòü ðåøåíèÿ óðàâíåíèé Ëàïëàñà

è Ïóàññîíà u(x, y, z) ∈ C2(D) â ñëåäóþùèõ îáëàñòÿõ:

â øàðå D = {r < R};

âíå øàðà D = {r > R};

â øàðîâîì ñëîå D = {R1 < r < R2}.
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà â ñôåðè÷åñêè ñèììåòðè÷íûõ

îáëàñòÿõ â R3

Òàê æå, êàê è äëÿ êðóãîâûõ îáëàñòåé â ïðîñòðàíñòâå

R2, äëÿ ñôåðè÷åñêè ñèììåòðè÷íûõ îáëàñòåé â

ïðîñòðàíñòâå R3 äëÿ óðàâíåíèÿ Ëàïëàñà è Ïóàññîíà

ìû áóäåì ðåøàòü êðàåâûå çàäà÷è Äèðèõëå, Íåéìàíà è

ñìåøàííîãî òèïà.
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Ïîñòàíîâêà ýòèõ çàäà÷ â R3 è óñëîâèÿ ðàçðåøèìîñòè

çàäà÷è Íåéìàíà ïîëíîñòüþ àíàëîãè÷íû ñëó÷àþ R2,

êîòîðûé ìû ïîäðîáíî ðàññìîòðåëè íà ïðåäûäóùåì

äèñòàíöèîííîì çàíÿòèè, è ñåé÷àñ ìû íà ýòèõ âîïðîñàõ

îñòàíàâëèâàòüñÿ íå áóäåì.
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Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ

Îïåðàòîð Ëàïëàñà â ñôåðè÷åñêèõ êîîðäèíàòàõ èìååò

âèä

∆ = ∂2

∂r2 + 2
r

∂

∂r
+ 1

r2 sin θ
· ∂

∂θ

sin θ
∂

∂θ

 + 1
r2 sin2 θ

· ∂2

∂φ2
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Îïåðàòîð Ëàïëàñà-Áåëüòðàìè

Îïåðàòîð, äåéñòâóþùèé íà ôóíêöèè ïî ôîðìóëå

∆θ,φ = 1
sin θ

· ∂

∂θ

sin θ
∂

∂θ

 + 1
sin2 θ

· ∂2

∂φ2

íîñèò íàçâàíèå îïåðàòîðà Ëàïëàñà-Áåëüòðàìè è

ÿâëÿåòñÿ ¾óãëîâîé ÷àñòüþ¿ îïåðàòîðà Ëàïëàñà â

ñôåðè÷åñêèõ êîîðäèíàòàõ. Ýòîò îïåðàòîð ÷àñòî

ðàññìàòðèâàþò êàê îïåðàòîð, äåéñòâóþùèé íà

ôóíêöèè, îïðåäåëåííûå íà åäèíè÷íîé ñôåðå.
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Ñôåðè÷åñêèå ôóíêöèè

Îãðàíè÷åííûå íà åäèíè÷íîé ñôåðå 2π � ïåðèîäè-

÷åñêèå ïî φ ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà-

Áåëüòðàìè íàçûâàþò ñôåðè÷åñêèìè ôóíêöèÿìè.

Íà ëåêöèÿõ äîêàçûâàåòñÿ, ÷òî ñôåðè÷åñêèå

ôóíêöèè ñóùåñòâóþò ëèøü äëÿ ñîáñòâåííûõ çíà÷åíèé

λn = −n(n + 1), n = 0, 1, ...,

Ñôåðè÷åñêóþ ôóíêöèþ, ñîîòâåòñòâóþùóþ

ñîáñòâåííîìó çíà÷åíèþ λn , îáîçíà÷àþò Yn(θ, φ).
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Ïîëèíîìû Ëåæàíäðà

Äëÿ òîãî, ÷òîáû âûïèñàòü îáùèé âèä ñôåðè÷åñêèõ

ôóíêöèé Yn(θ, φ), ââåäåì íåñêîëüêî îïðåäåëåíèé.

Ïîëèíîìàìè Ëåæàíäðà íàçûâàþò ìíîãî÷ëåíû âèäà

Pn(ξ) = 1
2nn!

dn (ξ2 − 1)n

dξn
, n = 0, 1, 2, ...

êîòîðûå ìû áóäåì ðàññìàòðèâàòü ïðè ξ ∈ [−1, 1].
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Ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà

Äëÿ êàæäîãî n = 0, 1, ... ïî ôîðìóëå

P (m)
n (ξ) =

(
1 − ξ2

)m
2 · dmPn(ξ)

dξm
, 0 ≤ m ≤ n,

îïðåäåëÿþò ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà,

êîòîðûå ìû òàêæå áóäåì ðàññìàòðèâàòü ïðè ξ ∈ [−1, 1].
Ïðè m = 0 ïðèñîåäèíåííûé ïîëèíîì Ëåæàíäðà

ñîâïàäàåò ñ ïîëèíîìîì Ëåæàíäðà.

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 10 / 40



Îáùèé âèä ñôåðè÷åñêèõ ôóíêöèé

Ñôåðè÷åñêèå ôóíêöèè Yn(θ, φ) âûðàæàþòñÿ ÷åðåç

ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà ïî ôîðìóëå

Yn(θ, φ) =
n∑

k=0
(ak cos kφ + bk sin kφ) P (k)

n (cos θ)

Äëÿ óäîáñòâà ïðèâåäåì ôîðìóëû äëÿ Yn(θ, φ) ïðè
n = 0, 1, 2, 3.
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Y0(θ, φ) =a0,

Y1(θ, φ) =a1 cos θ + (b1 cos φ + c1 sin φ) sin θ,

Y2(θ, φ) =a2
(
3 cos2 θ − 1

)
+ (b2 cos φ + c2 sin φ) sin θ cos θ+

+ (d2 cos 2φ + e2 sin 2φ) sin2 θ,

Y3(θ, φ) =a3
(
5 cos3 θ − 3 cos θ

)
+

+ (b3 cos φ + c3 sin φ) sin θ
(
5 cos2 θ − 1

)
+

+ (d3 cos 2φ + e3 sin 2φ) sin2 θ cos θ+
+ (f3 cos 3φ + g3 sin 3φ) sin3 θ
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Îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â

ñôåðè÷åñêè ñèììåòðè÷íûõ îáëàñòÿõ â R3

îáùèé âèä ãàðìîíè÷åñêèõ â øàðå ôóíêöèé

u(r, θ, φ) =
∞∑

n=0
rn Yn(θ, φ)

îáùèé âèä ãàðìîíè÷åñêèõ âíå øàðà ôóíêöèé

u(r, θ, φ) =
∞∑

n=0

1
rn+1 Yn(θ, φ)
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îáùèé âèä ãàðìîíè÷åñêèõ â øàðîâîì ñëîå

ôóíêöèé

u(r, θ, φ) =
∞∑

n=0

rn Yn(θ, φ) + 1
rn+1 Ŷn(θ, φ)



ãäå Yn(θ, φ) è Ŷn(θ, φ) � ñôåðè÷åñêèå ôóíêöèè.

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 14 / 40



Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 [ çàäàíèå 16.27(5) ]

Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ âíóòðè øàðà {r < R}
è òàêóþ, ÷òî

(u + ur)|r=R = sin θ(sin φ + cos φ cos θ + sin θ).
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Ðåøåíèå.

1. Ïðåäñòàâèì êðàåâîå óñëîâèå â âèäå ëèíåéíîé

êîìáèíàöèè ñôåðè÷åñêèõ ôóíêöèé:

sin θ(sin φ + cos φ cos θ + sin θ) =

= sin θ sin φ + cos φ sin θ cos θ + (1 − cos2 θ) =

= sin φ sin θ + cos φ sin θ cos θ − 1
3

(3 cos2 θ − 1) + 2
3
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Îáîçíà÷èì Y ∗
n (θ, φ) ñôåðè÷åñêèå ôóíêöèè èç

ïðåîáðàçîâàííîãî êðàåâîãî óñëîâèÿ:

Y ∗
0 (θ, φ) = 2

3
Y ∗

1 (θ, φ) = sin φ sin θ,

Y ∗
2 (θ, φ) = −1

3
(3 cos2 θ − 1) + cos φ sin θ cos θ.

Òîãäà êðàåâîå óñëîâèå ìîæíî çàïèñàòü â âèäå:

(u + ur)|r=R = Y ∗
0 (θ, φ) + Y ∗

1 (θ, φ) + Y ∗
2 (θ, φ)
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2. Ïîñêîëüêó ãàðìîíè÷åñêèå â øàðå ôóíêöèè èìåþò

âèä

u(r, θ, φ) =
∞∑

n=0
rn Yn(θ, φ),

òî â äàííîé çàäà÷å áóäåì èñêàòü ðåøåíèå â âèäå

u(r, θ, φ) = Y0(θ, φ) + r Y1(θ, φ) + r2 Y2(θ, φ)
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3. Íàéäåì ur(r, θ, φ)

ur = Y1(θ, φ) + 2r Y2(θ, φ)

òîãäà

(u + ur)|r=R =Y0(θ, φ) + R Y1(θ, φ) + R2 Y2(θ, φ)+
+ Y1(θ, φ) + 2R Y2(θ, φ) =

=Y0(θ, φ) + (R + 1) Y1(θ, φ)+
+

(
R2 + 2R

)
Y2(θ, φ)
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Ïîäñòàâëÿÿ íàéäåííîå âûðàæåíèå â êðàåâîå óñëîâèå

Y0(θ, φ) + (R + 1) Y1(θ, φ) +
(
R2 + 2R

)
Y2(θ, φ) =

= Y ∗
0 (θ, φ) + Y ∗

1 (θ, φ) + Y ∗
2 (θ, φ),

íàõîäèì

Y0(θ, φ) = Y ∗
0 (θ, φ) = 2

3
,

Y1(θ, φ) = 1
R + 1

· Y ∗
1 (θ, φ) = 1

R + 1
sin θ sin φ,
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Y2(θ, φ) = 1
R2 + 2R

· Y ∗
2 (θ, φ) =

= 1
R2 + 2R

−1
3

(3 cos2 θ − 1) + cos φ sin θ cos θ


Òàêèì îáðàçîì,

u(r, θ, φ) = 2
3

+ r

R + 1
sin θ sin φ+

+ r2

R2 + 2R

−1
3

(3 cos2 θ − 1) + cos φ sin θ cos θ


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Îòâåò.

u(r, θ, φ) = 2
3

+ r

R + 1
sin θ sin φ+

+ r2

R2 + 2R

−1
3

(3 cos2 θ − 1) + cos φ sin θ cos θ


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Çàäà÷à 2 [ çàäàíèå 16.28(2) ]

Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ âíå øàðà {r < 1} è

òàêóþ, ÷òî

u|r=1 = cos2 θ sin θ sin
(
φ + π

3

)
.

Ðåøåíèå.

1. Ïðåäñòàâèì êðàåâîå óñëîâèå â âèäå ëèíåéíîé

êîìáèíàöèè ñôåðè÷åñêèõ ôóíêöèé:
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cos2 θ sin θ sin
(
φ + π

3

)
=

= 1
5

sin θ
(
5 cos2 θ − 1

) 1
2

sin φ +
√

3
2

cos φ

+

+1
5

sin θ

1
2

sin φ +
√

3
2

cos φ


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Îáîçíà÷èì Y ∗
n (θ, φ) ñôåðè÷åñêèå ôóíêöèè èç

ïðåîáðàçîâàííîãî êðàåâîãî óñëîâèÿ:

Y ∗
1 (θ, φ) = 1

5
sin θ

1
2

sin φ +
√

3
2

cos φ

 ,

Y ∗
3 (θ, φ) = 1

5
sin θ

(
5 cos2 θ − 1

) 1
2

sin φ +
√

3
2

cos φ

 .

Òîãäà êðàåâîå óñëîâèå ìîæíî çàïèñàòü â âèäå:

u|r=1 = Y ∗
1 (θ, φ) + Y ∗

3 (θ, φ)
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2. Ïîñêîëüêó ãàðìîíè÷åñêèå âíå øàðà ôóíêöèè èìåþò

âèä

u(r, θ, φ) =
∞∑

n=0

1
rn+1 Yn(θ, φ)

òî â äàííîé çàäà÷å áóäåì èñêàòü ðåøåíèå â âèäå

u(r, θ, φ) = 1
r2 Y1(θ, φ) + 1

r4 Y3(θ, φ)
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3. Ïîäñòàâëÿÿ u(r, θ, φ) â êðàåâîå óñëîâèå

u|r=1 = Y1(θ, φ) + Y3(θ, φ) = Y ∗
1 (θ, φ) + Y ∗

3 (θ, φ),

íàõîäèì

Y1(θ, φ) = Y ∗
1 (θ, φ) = 1

5
sin θ

1
2

sin φ +
√

3
2

cos φ

 ,

Y3(θ, φ) = Y ∗
3 (θ, φ) =

= 1
5

sin θ
(
5 cos2 θ − 1

) 1
2

sin φ +
√

3
2

cos φ


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Òàêèì îáðàçîì,

u(r, θ, φ) = 1
5r2 sin θ

1
2

sin φ +
√

3
2

cos φ

+

+ 1
5r4 sin θ

(
5 cos2 θ − 1

) 1
2

sin φ +
√

3
2

cos φ

 =

= 1
5r2 sin θ sin

(
φ + π

3

)
+ 1

5r4 sin θ
(
5 cos2 θ − 1

)
sin

(
φ + π

3

)
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Îòâåò.

u(r, θ, φ) = 1
5r2 sin θ sin

(
φ + π

3

)
+

+ 1
5r4 sin θ

(
5 cos2 θ − 1

)
sin

(
φ + π

3

)
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Çàäà÷à 3 [ çàäàíèå 16.31(1) ]

Íàéòè ôóíêöèþ, ãàðìîíè÷åñêóþ âíóòðè øàðîâîãî ñëîÿ

{1 < r < 2} è òàêóþ, ÷òî

(3u + ur)|r=1 = 5 sin2 θ sin 2φ, u|r=2 = − cos θ.
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Ðåøåíèå.

1. Îáîçíà÷èì Y ∗
n (θ, φ) âõîäÿùèå â êðàåâûå óñëîâèÿ

ñôåðè÷åñêèå ôóíêöèè :

Y ∗
1 (θ, φ) = − cos θ,

Y ∗
2 (θ, φ) = 5 sin2 θ sin 2φ.

Òîãäà êðàåâûå óñëîâèÿ ìîæíî çàïèñàòü â âèäå:

(3u + ur)|r=1 = Y ∗
2 (θ, φ), u|r=2 = Y ∗

1 (θ, φ).
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2. Ïîñêîëüêó ãàðìîíè÷åñêèå â øàðîâîì ñëîå ôóíêöèè

èìåþò âèä

u(r, θ, φ) =
∞∑

n=0

rn Yn(θ, φ) + 1
rn+1 Ŷn(θ, φ)


òî â äàííîé çàäà÷å áóäåì èñêàòü ðåøåíèå â âèäå

u(r, θ, φ) = r Y1(θ, φ)+ 1
r2 Ŷ1(θ, φ)+r2 Y2(θ, φ)+ 1

r3 Ŷ2(θ, φ)
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3. Íàéäåì ur(r, θ, φ)

ur = Y1(θ, φ) − 2
r3 Ŷ1(θ, φ) + 2r Y2(θ, φ) − 3 1

r4 Ŷ2(θ, φ)
òîãäà

(3u + ur)|r=1 =3 Y1(θ, φ) + 3Ŷ1(θ, φ) + 3Y2(θ, φ)+
+ 3Ŷ2(θ, φ) + Y1(θ, φ) − 2Ŷ1(θ, φ)+
+ 2Y2(θ, φ) − 3Ŷ2(θ, φ)

=4Y1(θ, φ) + Ŷ1(θ, φ) + 5Y2(θ, φ)

u|r=2 = 2Y1(θ, φ) + 1
4

Ŷ1(θ, φ) + 4Y2(θ, φ) + 1
8

Ŷ2(θ, φ)
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3. Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â êðàåâûå

óñëîâèÿ, ïîëó÷èì


4Y1(θ, φ) + Ŷ1(θ, φ) + 5Y2(θ, φ) = Y ∗

2 (θ, φ),
2Y1(θ, φ) + 1

4 Ŷ1(θ, φ) + 4Y2(θ, φ) + 1
8 Ŷ2(θ, φ) = Y ∗

1 (θ, φ).
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Ýòà ñèñòåìà ýêâèâàëåíòíà äâóì ñëåäóþùèì ñèñòåìàì


4Y1(θ, φ) + Ŷ1(θ, φ) = 0,

2Y1(θ, φ) + 1
4 Ŷ1(θ, φ) = Y ∗

1 (θ, φ),

è 
5Y2(θ, φ) = Y ∗

2 (θ, φ),
4Y2(θ, φ) + 1

8 Ŷ2(θ, φ) = 0.
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Ðåøèì ïåðâóþ ñèñòåìó


4Y1(θ, φ) + Ŷ1(θ, φ) = 0,

2Y1(θ, φ) + 1
4 Ŷ1(θ, φ) = Y ∗

1 (θ, φ),

4Y1(θ, φ) + Ŷ1(θ, φ) = 0,

8Y1(θ, φ) + Ŷ1(θ, φ) = 4Y ∗
1 (θ, φ),


Y1(θ, φ) = Y ∗

1 (θ, φ),
4Y1(θ, φ) + Ŷ1(θ, φ) = 0,

⇔

Y1(θ, φ) = Y ∗

1 (θ, φ),
Ŷ1(θ, φ) = −4Y ∗

1 (θ, φ).
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Ðåøèì âòîðóþ ñèñòåìó


5Y2(θ, φ) = Y ∗

2 (θ, φ),
4Y2(θ, φ) + 1

8 Ŷ2(θ, φ) = 0.


Y2(θ, φ) = 1

5 Y ∗
2 (θ, φ),

Ŷ2(θ, φ) = −32
5 Y ∗

2 (θ, φ).
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Òàêèì îáðàçîì,

u(r, θ, φ) = r Y ∗
1 (θ, φ) − 4

r2 Y ∗
1 (θ, φ) + r2

5
Y ∗

2 (θ, φ)−

− 32
5r3 Y ∗

2 (θ, φ) =
r − 4

r2

Y ∗
1 (θ, φ)+

r2

5
− 32

5r3

Y ∗
2 (θ, φ) =

= −
r − 4

r2

 cos θ + 5
r2

5
− 32

5r3

 sin2 θ sin 2φ =

=
 4

r2 − r

 cos θ +
r2 − 32

r3

 sin2 θ sin 2φ
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Îòâåò.

u(r, θ, φ) =
 4

r2 − r

 cos θ +
r2 − 32

r3

 sin2 θ sin 2φ
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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