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Îïðåäåëåíèå ôóíêöèè Ãðèíà çàäà÷è Äèðèõëå

Ïóñòü D � îáëàñòü â ïðîñòðàíñòâå R3 ñ ãðàíèöåé ∂D.

Ôóíêöèåé Ãðèíà çàäà÷è Äèðèõëå äëÿ îáëàñòè D

íàçûâàþò ôóíêöèþ äâóõ ïåðåìåííûõ

G(x, y), x ∈ D, y ∈ D,

îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:
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G(x, y) = 1
4π|x− y|

+ g(x, y),

ãäå ôóíêöèÿ g(x, y) � ãàðìîíè÷åñêàÿ â îáëàñòè D
è íåïðåðûâíàÿ â D ïî x ïðè êàæäîì y ∈ D;

G(x, y)|x∈∂D = 0 ïðè êàæäîì y ∈ D;

Åñëè îáëàñòü D íåîãðàíè÷åíà, òî

G(x, y)→ 0 ïðè |x| → ∞

ïðè êàæäîì y ∈ D.
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Ïðèìåíåíèå ôóíêöèè Ãðèíà äëÿ ðåøåíèÿ

çàäà÷è Äèðèõëå

Ðåøåíèå u(x) çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà

∆u = −f (x), x ∈ D,
u(x)|x∈∂D = u0(x),

âû÷èñëÿåòñÿ ïî ôîðìóëå

u(x) = −
∫
∂D

∂G(x, y)
∂ny

u0(y)dSy +
∫
D

G(x, y)f (y)dy
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Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 [ çàäàíèå 17.1(1) ]

Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ ïîëóïðîñòðàíñòâà

D = {x ∈ R3 : x3 > 0}.

Ðåøåíèå. Áóäåì ñòðîèòü ôóíêöèþ Ãðèíà

G(x, y) = 1
4π|x− y|

+ g(x, y)

ìåòîäîì îòðàæåíèé.
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Ìåòîä îòðàæåíèé îñíîâàí íà èíòåðïðåòàöèè

ôóíêöèè Ãðèíà êàê ïîòåíöèàëà, ñîçäàâàåìîãî â òî÷êå

x ∈ D ñèñòåìîé èç íåñêîëüêèõ ýëåêòðè÷åñêèõ çàðÿäîâ,

îäèí èç êîòîðûõ ðàñïîëîæåí â òî÷êå y ∈ D , à äðóãèå

âûáèðàþòñÿ âíå D òàê, ÷òîáû ïîòåíöèàë íà ãðàíèöå

îáëàñòè D áûë ðàâåí íóëþ.

Â ðàññìàòðèâàåìîé çàäà÷å íóæíàÿ ñèñòåìà ñîñòîèò

èç äâóõ çàðÿäîâ è èçîáðàæåíà íà ñëåäóþùåì ñëàéäå.
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Èç ðèñóíêà ïîëó÷àåì, ÷òî ôóíêöèÿ Ãðèíà èìååò âèä

G(x, y) = 1
4π|x− y|

− 1
4π|x− y∗|

ãäå y = (y1, y2, y3), y∗ = (y1, y2, −y3), y3 > 0.
Çàìåòèì, ÷òî ôóíêöèÿ

g(x, y) = − 1
4π|x− y∗|

äåéñòâèòåëüíî ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè

D = {x ∈ R3 : x3 > 0}, ïîñêîëüêó y∗ /∈ D.
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Èç ñîîáðàæåíèé ñèììåòðèè òàêæå ñëåäóåò, ÷òî,

åñëè x ∈ ∂D, òî åñòü ëåæèò íà ïëîñêîñòè x3 = 0, òî
|x− y| = |x− y∗| è ïîýòîìó

G(x, y)|x3=0 = 0

Îòâåò.

G(x, y) = 1
4π|x− y|

− 1
4π|x− y∗|
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Çàäà÷à 2 [ çàäàíèå 17.1(2) ]

Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ äâóãðàííîãî óãëà

D = {x ∈ R3 : x2 > 0, x3 > 0}.

Ðåøåíèå. Äëÿ ïîèñêà ôóíêöèè Ãðèíà

G(x, y) = 1
4π|x− y|

+ g(x, y)

ñíîâà ïðèìåíèì ìåòîä îòðàæåíèé.
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Ñíà÷àëà, êàê è â ïðåäûäóùåé çàäà÷å, ïîìåñòèì

îòðèöàòåëüíûé åäèíè÷íûé çàðÿä â òî÷êó y∗,

ñèììåòðè÷íóþ òî÷êå y îòíîñèòåëüíî ïëîñêîñòè x3 = 0.

Â ðåçóëüòàòå ïîòåíöèàë, ñîçäàâàåìûé ñèñòåìîé èç

äâóõ çàðÿäîâ y è y∗, áóäåò ðàâåí íóëþ íà ïëîñêîñòè

x3 = 0.
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Îäíàêî, êàê õîðîøî âèäíî èç ðèñóíêà íà

ïðåäûäóùåì ñëàéäå, íà ïëîñêîñòè x2 = 0 ïîòåíöèàë íå

ðàâåí íóëþ.

Äëÿ òîãî, ÷òîáû ïîòåíöèàë ñèñòåìû çàðÿäîâ ñòàë

ðàâíûì íóëþ òàêæå è íà ïëîñêîñòè x2 = 0, ðàçìåñòèì
çàðÿäû ñ ïðîòèâîïîëîæíûìè çíàêàìè â òî÷êàõ,

ñèììåòðè÷íûõ òî÷êàì y è y∗ îòíîñèòåëüíî ïëîñêîñòè

x2 = 0.
Ïîëó÷èâøàÿñÿ ñèñòåìà çàðÿäîâ èçîáðàæåíà íà

ñëåäóþùåì ñëàéäå.
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Èç ðèñóíêà ñëåäóåò, ÷òî ôóíêöèÿ Ãðèíà èìååò âèä

G(x, y) = 1
4π|x− y|

− 1
4π|x− y∗|

−

− 1
4π|x− y∗∗|

+ 1
4π|x− y∗∗∗|

ãäå

y = (y1, y2, y3); y∗ = (y1, y2, −y3);
y∗∗ = (y1, −y2, y3); y∗∗∗ = (y1, −y2, −y3);
y2 > 0, y3 > 0 .
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Ôóíêöèÿ

g(x, y) = − 1
4π|x− y∗|

− 1
4π|x− y∗∗|

+ 1
4π|x− y∗∗∗|

ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè

D = {x ∈ R3 : x2 > 0, x3 > 0}

ïîñêîëüêó y∗ /∈ D, y∗∗ /∈ D, y∗∗∗ /∈ D.
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Ïî ñîîáðàæåíèÿì ñèììåòðèè

äëÿ {x ∈ R3 : x2 > 0, x3 = 0} âûïîëíåíû
ðàâåíñòâà

|x− y| = |x− y∗| è |x− y∗∗| = |x− y∗∗∗|

äëÿ {x ∈ R3 : x2 = 0, x3 > 0} âûïîëíåíû
ðàâåíñòâà

|x− y| = |x− y∗∗∗| è |x− y∗| = |x− y∗∗|
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Ñëåäîâàòåëüíî,

G(x, y)|{x2>0, x3=0} = 0; G(x, y)|{x2=0, x3>0} = 0.

Îòâåò.

G(x, y) = 1
4π|x− y|

− 1
4π|x− y∗|

−

− 1
4π|x− y∗∗|

+ 1
4π|x− y∗∗∗|
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Çàäà÷à 3

Ïîñòðîèòü ôóíêöèþ Ãðèíà äëÿ øàðà

D = {x ∈ R3 : |x| < R}.

Ðåøåíèå. Äëÿ ïîñòðîåíèÿ ôóíêöèè Ãðèíà

G(x, y) = 1
4π|x− y|

+ g(x, y)

áóäåì ïðèìåíÿòü ìåòîä îòðàæåíèé äëÿ ñôåðû.
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Íàïîìíèì, ÷òî òî÷êó y∗ íàçûâàþò ñèììåòðè÷íîé

òî÷êå y îòíîñèòåëüíî ñôåðû {x ∈ R3 : |x− x0| = R},
åñëè îíà ëåæèò íà òîì æå ëó÷å ñ íà÷àëîì â öåíòðå

ñôåðû, ÷òî è òî÷êà y, è âûïîëíåíî ðàâåíñòâî

|y − x0| · |y∗ − x0| = R2

Äëÿ òîãî, ÷òîáû ïîëó÷èòü ïîòåíöèàë, ðàâíûé íóëþ

íà ñôåðå {x ∈ R3 : |x| = R}, ïîìåñòèì îòðèöàòåëüíûé

çàðÿä âåëè÷èíû q â òî÷êó y∗.
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Ôóíêöèÿ Ãðèíà â ýòîì ñëó÷àå èìååò âèä

G(x, y) = 1
4π|x− y|

− q

4π|x− y∗|
Íàéäåì âåëè÷èíó çàðÿäà q.

Äëÿ ýòîãî ðàññìîòðèì ïðîèçâîëüíóþ òî÷êó x,

ëåæàùóþ íà ñôåðå {x ∈ R3 : |x− x0| = R}.
Ïîñêîëüêó òî÷êè y è y∗ ñèììåòðè÷íû îòíîñèòåëüíî

ñôåðû, òî âûïîëíåíî ðàâåíñòâî

|y| · |y∗| = R2
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Èç ýòîãî ðàâåíñòâà ïîëó÷àåì

|y|
|x|

= |y|
R

= R

|y∗|
= |x|
|y∗|

Ïîýòîìó òðåóãîëüíèêè 40xy è 40y∗x ïîäîáíû ïî

âòîðîìó ïðèçíàêó. Ñëåäîâàòåëüíî,

|y|
R

= |x− y|
|x− y∗|

⇒ 1
|x− y|

= R

|y| · |x− y∗|
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Ïîñêîëüêó íà ñôåðå {|x| = R} ôóíêöèÿ Ãðèíà
äîëæíà áûòü ðàâíà íóëþ, òî âûïîëíåíû ðàâåíñòâà

G(x, y)|{|x|=R} =
 1

4π|x− y|
− q

4π|x− y∗|


∣∣∣∣∣∣∣{|x|=R} =

=
 R

4π|y| · |x− y∗|
− q

4π|x− y∗|


∣∣∣∣∣∣∣{|x|=R} = 0

Çíà÷èò, q = R

|y|
.
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Òàêèì îáðàçîì,

G(x, y) = 1
4π|x− y|

− R

4π|y| · |x− y∗|
ãäå

y∗ = y · R
2

|y|2
, |y| < R .

Îòâåò.

G(x, y) = 1
4π|x− y|

− R

4π|y| · |x− y∗|
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Çàäà÷à 4 [ çàäàíèå 17.4(1) ]

Íàéòè ðåøåíèå çàäà÷è Äèðèõëå

∆u = −f (x), x3 > 0,
u(x)|x3=0 = u0(x),

åñëè f (x) è u0(x) íåïðåðûâíû è îãðàíè÷åíû.
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Ðåøåíèå.

Ðåøåíèå çàäà÷è Äèðèõëå äëÿ äàííîãî óðàâíåíèÿ

ìîæíî íàéòè ïðè ïîìîùè ôóíêöèè Ãðèíà äëÿ îáëàñòè

D = {x ∈ R3 : x3 > 0} ïî ôîðìóëå

u(x) = −
∫

y3=0

∂G(x, y)
∂ny

u0(y)dSy +
∫

y3>0
G(x, y)f (y)dy
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Â çàäà÷å 1 ìû âûÿñíèëè, ÷òî ôóíêöèÿ Ãðèíà äëÿ

îáëàñòè {x ∈ R3 : x3 > 0} èìååò âèä

G(x, y) = 1
4π|x− y|

− 1
4π|x− y∗|

ãäå y = (y1, y2, y3), y∗ = (y1, y2, −y3), y3 > 0.
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Âû÷èñëèì ÿâíî ïðîèçâîäíóþ ïî íàïðàâëåíèþ

âíåøíåé íîðìàëè ny ê ãðàíèöå îáëàñòè

{y ∈ R3 : y3 > 0} â òî÷êàõ {x ∈ R3, y ∈ R3 : y3 = 0}

∂G(x, y)
∂ny

∣∣∣∣∣∣∣
y3=0

Äëÿ ýòîãî çàìåòèì, ÷òî âíåøíÿÿ íîðìàëü ê

ãðàíèöå îáëàñòè {y ∈ R3 : y3 > 0} íàïðàâëåíà âäîëü
îñè Oy3 â ñòîðîíó óìåíüøåíèÿ çíà÷åíèé y3.
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Ïîýòîìó

∂G(x, y)
∂ny

∣∣∣∣∣∣∣
y3=0

= − ∂G(x, y)
∂y3

∣∣∣∣∣∣∣
y3=0

Çàïèñûâàÿ G(x, y) â êîîðäèíàòàõ òî÷åê x è y,

ïîëó÷àåì

− ∂G(x, y)
∂y3

∣∣∣∣∣∣∣
y3=0

= − ∂

∂y3

 1
4π|x− y|

− 1
4π|x− y∗|


∣∣∣∣∣∣∣
y3=0

=
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= − ∂

∂y3

 1
4π

√
(x1 − y1)2 + (x2 − y2)2 + (x3 − y3)2−

− 1
4π

√
(x1 − y1)2 + (x2 − y2)2 + (x3 + y3)2


∣∣∣∣∣∣∣∣
y3=0

=
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= −
 (x3 − y3)

4π
(
(x1 − y1)2 + (x2 − y2)2 + (x3 − y3)2)3

2
−

− − (x3 + y3)

4π
(
(x1 − y1)2 + (x2 − y2)2 + (x3 − y3)2)3

2


∣∣∣∣∣∣∣∣∣∣
y3=0

=
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= − x3

4π
(
(x1 − y1)2 + (x2 − y2)2 + x2

3
)3

2
−

− x3

4π
(
(x1 − y1)2 + (x2 − y2)2 + x2

3
)3

2
=

= − x3

2π
(
(x1 − y1)2 + (x2 − y2)2 + x2

3
)3

2
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Äàëåå ïîëó÷àåì

∂G(x, y)
∂ny

∣∣∣∣∣∣∣
y3=0

= − x3

2π
(
(x1 − y1)2 + (x2 − y2)2 + x2

3
)3

2

∣∣∣∣∣∣∣∣∣∣
y3=0

=

= − x3
2π|x− y|3

∣∣∣∣∣∣∣
y3=0
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Ïîäñòàâëÿÿ íàéäåííîå âûðàæåíèå â ôîðìóëó äëÿ

ðåøåíèÿ çàäà÷è Äèðèõëå, ïîëó÷àåì îêîí÷àòåëüíûé

îòâåò

u(x) = −
∫

y3=0

∂G(x, y)
∂ny

u0(y)dSy +
∫

y3>0
G(x, y)f (y)dy =

= x3
2π

∫
y3=0

u0(y)
|x− y|3

dSy+

+ 1
4π

∫
y3>0

 1
4π|x− y|

− 1
4π|x− y∗|

 f (y)dy
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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