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Îáúåìíûé ïîòåíöèàë äëÿ îáëàñòè D

Ïóñòü D � îãðàíè÷åííàÿ îáëàñòü â ïðîñòðàíñòâå R3, à

ρ(x) � àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ, çàäàííàÿ

íà D.

Îáúåìíûì ïîòåíöèàëîì äëÿ îáëàñòè D ñ ïëîòíîñ-

òüþ ρ(x) íàçûâàþò ôóíêöèþ

V3(x) =
∫
D

ρ(y)
|x− y|

dy , x ∈ R3.
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Ôèçè÷åñêèé ñìûñë îáúåìíîãî ïîòåíöèàëà äëÿ

îáëàñòè D

Ïî ñâîåìó ñìûñëó ôóíêöèÿ V3(x) ïðåäñòàâëÿåò
ñîáîé íüþòîíîâñêèé (èëè êóëîíîâñêèé) ïîòåíöèàë,

ñîçäàâàåìûé ìàññàìè (èëè çàðÿäàìè), ðàñïðåäåëåí-

íûìè â îáëàñòè D ñ ïëîòíîñòüþ ρ(x).
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Ñâîéñòâà îáúåìíîãî ïîòåíöèàëà

Åñëè ρ(x) ∈ C(D), òî ïîòåíöèàë V3(x) ∈ C(1)(R3).

Âíå ìíîæåñòâà D âûïîëíåíî óðàâíåíèå Ëàïëàñà

∆V3(x) = 0

Âíóòðè îáëàñòè D âûïîëíåíî óðàâíåíèå Ïóàññîíà

∆V3(x) = −4πρ(x)

V3(x) = 1
|x|

∫
D

ρ(y) dy + O

 1
|x|2

 ïðè |x| → ∞

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 4 / 17



Çàäà÷à 1

Âû÷èñëèòü îáúåìíûé ïîòåíöèàë äëÿ øàðà

D = {|x| < R} c ïëîòíîñòüþ ρ(x) =
√
|x|.

Ðåøåíèå (1-é ñïîñîá � ïðÿìîå âû÷èñëåíèå).

Âû÷èñëèì îáúåìíûé ïîòåíöèàë ïî îïðåäåëåíèþ

V3(x) =
∫

|y|<R

√
|y|

|x− y|
dy
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Ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, âûáèðàÿ â

êà÷åñòâå óãëà θ óãîë ìåæäó âåêòîðàìè x è y, à â

êà÷åñòâå óãëà ϕ � ïîëÿðíûé óãîë â ïëîñêîñòè,

ïåðïåíäèêóëÿðíîé âåêòîðó x.

Êðîìå òîãî, âîñïîëüçóåìñÿ òåîðåìîé êîñèíóñîâ äëÿ

âû÷èñëåíèÿ |x− y|

|x− y| =
√
|x|2 + |y|2 − 2|x||y| cos θ
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Òàêèì îáðàçîì, ïîëó÷àåì

V3(x) =
R∫
0
dr

2π∫
0
dϕ

π∫
0

√
r · r2 sin θ√

|x|2 + r2 − 2|x|r cos θ
dθ =

= 2π
R∫
0
dr

π∫
0

r
5
2 sin θ√

|x|2 + r2 − 2|x|r cos θ
dθ =

= 2π
R∫
0

r
5
2
√
|x|2 + r2 − 2|x|r cos θ

|x|r

∣∣∣∣∣∣∣∣
π

0
dr =
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= 2π
|x|

R∫
0
r

3
2
((
r + |x|

)
−

∣∣∣∣r − |x|∣∣∣∣
)
dr

Ðàññìîòðèì äâà ñëó÷àÿ.

1. Ïðè |x| ≥ R íàõîäèì

V3(x) = 2π
|x|

R∫
0
r

3
2
(
r + |x| + r − |x|

)
dr = 4π

|x|
R∫
0
r

5
2dr =

= 4π
|x|
· 2 r 7

2

7

∣∣∣∣∣∣∣∣
R

0
= 8πR 7

2

7|x|
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2. Ïðè |x| < R íàõîäèì

V3(x) = 2π
|x|

|x|∫
0
r

3
2
(
r + |x| + r − |x|

)
dr+

+2π
|x|

R∫
|x|
r

3
2
(
r+ |x|− r+ |x|

)
dr = 4π

|x|

|x|∫
0
r

5
2dr+ 4π

R∫
|x|
r

3
2dr =

= 4π
|x|
· 2 r 7

2

7

∣∣∣∣∣∣∣∣
|x|

0
+ 4π · 2 r 5

2

5

∣∣∣∣∣∣∣∣
R

|x|
= 8π|x| 5

2

7
+ 8πR 5

2

5
− 8π|x| 5

2

5
=
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= 8πR 5
2

5
− 16π|x| 5

2

35
Îòâåò.

V3(x) =



8πR 7
2

7|x|
ïðè |x| ≥ R,

8πR 5
2

5
− 16π|x| 5

2

35
ïðè |x| < R.
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Ðåøåíèå (2-é ñïîñîá � èñïîëüçîâàíèå ñâîéñòâ

îáúåìíîãî ïîòåíöèàëà).

1. Ïðè |x| < R ðåøèì óðàâíåíèå

∆V3(x) = −4π
√
|x|

Â ñèëó ñôåðè÷åñêîé ñèììåòðèè áóäåì èñêàòü ÷àñòíîå

ðåøåíèå â âèäå V÷ = V÷(r)
Çàïèøåì óðàâíåíèå â ñôåðè÷åñêèõ êîîðäèíàòàõ

V
′′
÷ + 2

r
V
′
÷ = −4π

√
r
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è ïîäáåðåì ÷àñòíîå ðåøåíèå â âèäå V÷ = Ar
5
2

A · 5
2
· 3

2
r

1
2 + 2A · 5

2
r

1
2 = −4π r

1
2

15A
4

+ 5A = −4π

A = −16π
35

Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â øàðå,

ïîëó÷àåì, ÷òî îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

èìååò âèä V3(x) = Y0 = a0
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Òàêèì îáðàçîì, ïðè |x| < R ïîòåíöèàë èìååò âèä

V3(x) = −16π|x|52
35

+ a0

2. Ïðè |x| > R ðåøèì óðàâíåíèå

∆V3(x) = 0
Ó÷èòûâàÿ îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé âíå

øàðà, íàõîäèì

V3(x) = V3(r) = Y0 + 1
r
Ŷ0 = a1 + a2

r
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Ïîñêîëüêó ïðè r →∞

V3(r) = 1
r

∫
|y|<R

√
|y| dy + O

 1
r2


òî a1 = 0, è

a2 =
∫

|y|<R

√
|y| dy =

2π∫
0
dϕ

π∫
0
dθ

R∫
0

√
r · r2 sin θ dr =

= 4π
R∫
0
r

5
2 dr = 4π · 2r 7

2

7

∣∣∣∣∣∣∣∣
R

0
= 8πR7

2

7
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Òàêèì îáðàçîì, ïðè |x| > R ïîòåíöèàë èìååò âèä

V3(x) = 8πR7
2

7|x|
3. Íàéäåì a0 èç ñâîéñòâà íåïðåðûâíîñòè ïîòåíöèàëà

ïðè |x| = R

−16πR5
2

35
+ a0 = 8πR7

2

7R

a0 = 8πR5
2

7
+ 16πR5

2

35
= 8πR5

2

5
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È ìû ïîëó÷àåì

Îòâåò.

V3(x) =



8πR 7
2

7|x|
ïðè |x| ≥ R,

8πR 5
2

5
− 16π|x| 5

2

35
ïðè |x| < R.
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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