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Îïåðàòîð Øòóðìà-Ëèóâèëëÿ

Îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ íàçûâàþò ëèíåéíûé

äèôôåðåíöèàëüíûé îïåðàòîð

Ly(x) = − (p(x)y′(x))′ + q(x)y(x), x ∈ (a, b),

ãäå

p(x) ∈ C1[a, b] è p(x) > 0 äëÿ ∀x ∈ [a, b];

q(x) ∈ C[a, b] è q(x) ≥ 0 äëÿ ∀x ∈ [a, b];
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Îïåðàòîð Øòóðìà-Ëèóâèëëÿ

Îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ íàçûâàþò ëèíåéíûé

äèôôåðåíöèàëüíûé îïåðàòîð

Ly(x) = − (p(x)y′(x))′ + q(x)y(x), x ∈ (a, b),

ãäå

p(x) ∈ C1[a, b] è p(x) > 0 äëÿ ∀x ∈ [a, b];

q(x) ∈ C[a, b] è q(x) ≥ 0 äëÿ ∀x ∈ [a, b];
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y(x) ∈ C2(a, b) ∪ C1[a, b] è y(x) óäîâëåòâîðÿåò
îäíîðîäíûì êðàåâûì óñëîâèÿì

α1y(a)− α2y
′(a) = 0,

β1y(b) + β2y
′(b) = 0,

à ÷èñëà α1, α2, β1, β2 íåîòðèöàòåëüíû è

α2
1 + α2

2 6= 0, β2
1 + β2

2 6= 0.
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Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Çàäà÷ó ïîèñêà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ

ôóíêöèé äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Ly(x) = λy(x), x ∈ (a, b),
α1y(a)− α2y

′(a) = 0,
β1y(b) + β2y

′(b) = 0,
íàçûâàþò çàäà÷åé Øòóðìà-Ëèóâèëëÿ.
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Ðåøåíèå óðàâíåíèÿ Ly(x) = f (x)
Åñëè λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì

îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L, òî ðåøåíèå óðàâíåíèÿ

Ly(x) = f (x)
ìîæíî ïðåäñòàâèòü â âèäå

y(x) =
b∫
a
G(x, t)f (t)dt

Ôóíêöèþ G(x, t) íàçûâàþò ôóíêöèåé Ãðèíà îïåðàòîðà

Øòóðìà-Ëèóâèëëÿ.
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Ïîñòðîåíèå ôóíêöèè Ãðèíà îïåðàòîðà

Øòóðìà-Ëèóâèëëÿ

Ïóñòü λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì

îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L.

Ïîñòðîèì ôóíêöèþ Ãðèíà ïî ñëåäóþùåé ñõåìå:
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Íàéäåì y1(x) - íåíóëåâîå ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ

Ly(x) = 0,

óäîâëåòâîðÿþùåå òîëüêî êðàåâîìó óñëîâèþ íà

ëåâîì êîíöå îòðåçêà [a, b]:

α1y(a)− α2y
′(a) = 0
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Íàéäåì y2(x) - íåíóëåâîå ðåøåíèå îäíîðîäíîãî
óðàâíåíèÿ

Ly(x) = 0,

óäîâëåòâîðÿþùåå òîëüêî êðàåâîìó óñëîâèþ íà

ïðàâîì êîíöå îòðåçêà [a, b]:

β1y(b) + β2y
′(b) = 0
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Âû÷èñëèì W (x) - îïðåäåëèòåëü Âðîíñêîãî äëÿ
y1(x) è y2(x)

W (x) =
∣∣∣∣∣∣∣
y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣∣∣∣
è íàéäåì

p(x)W (x)
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Âûïèøåì ôóíêöèþ Ãðèíà äëÿ îïåðàòîðà

Øòóðìà-Ëèóâèëëÿ

G(x, t) = − 1
p(x)W (x)


y1(x) · y2(t), a ≤ x ≤ t ≤ b,

y2(x) · y1(t), a ≤ t ≤ x ≤ b.
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Çàìå÷àíèå 1

Â ñèëó òîãî, ÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì

çíà÷åíèåì îïåðàòîðà L, îïðåäåëèòåëü Âðîíñêîãî

W (x) 6= 0 äëÿ ∀x ∈ [a, b]

Äîêàçàòåëüñòâî (îò ïðîòèâíîãî)

Ïóñòü ∃x0 ∈ [a, b] òàêîå, ÷òî W (x0) = 0. Òîãäà

W (x) = 0 äëÿ ∀x ∈ [a, b],

ïîñêîëüêó y1(x) è y2(x) � ðåøåíèÿ óðàâíåíèÿ Ly = 0.
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Â ÷àñòíîñòè, W (b) = 0. Ñëåäîâàòåëüíî, ñóùåñòâóåò
÷èñëî k òàêîå, ÷òî 

y1(b) = k y2(b),
y′1(b) = k y′2(b).

Íî òîãäà ðåøåíèå y1(x) áóäåò óäîâëåòâîðÿòü òàêæå è
êðàåâîìó óñëîâèþ â òî÷êå b, òî åñòü áóäåò ñîáñòâåííîé

ôóíêöèåé îïåðàòîðà L ñ λ = 0.
Ïðîòèâîðå÷èå.
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Çàìå÷àíèå 2

p(x)W (x) = const äëÿ ∀x ∈ [a, b]

Äîêàçàòåëüñòâî

Çàïèøåì óðàâíåíèå

Ly(x) = − (p(x)y′(x))′ + q(x)y(x) = 0
â âèäå

−p(x)y′′(x)− p′(x)y′(x) + q(x)y(x) = 0
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Ïî ôîðìóëå Ëèóâèëëÿ

W (x) = Ce
−
∫
p′(x)
p(x) dx

= C1e
− ln p(x) = C1

p(x)

Òàêèì îáðàçîì,

p(x)W (x) = C1

Äîêàçàòåëüñòâî çàâåðøåíî.

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 14 / 44



Ïðè ðåøåíèè çàäà÷ ïðîâîäèòü îòäåëüíóþ ïðîâåðêó

òîãî, ÷òî λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì

îïåðàòîðà L, íå íóæíî.

Çàìå÷àíèå 3

Åñëè λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðà

L, òî ôóíêöèþ Ãðèíà ïîñòðîèòü íå óäàñòñÿ.
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Äîêàçàòåëüñòâî

Ïóñòü z(x) � ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà L ñ

ñîáñòâåííûì çíà÷åíèåì λ = 0.
Òîãäà Lz(x) = 0 è îïðåäåëèòåëü Âðîíñêîãî äëÿ

ôóíêöèé z(x) è y1(x)

W1(x) =
∣∣∣∣∣∣∣
z(x) y1(x)
z′(x) y′1(x)

∣∣∣∣∣∣∣
îáðàùàåòñÿ â íóëü ïðè x = a.
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Çíà÷èò, ñóùåñòâóåò ÷èñëî k1 òàêîå, ÷òî

y1(x) = k1z(x) äëÿ ∀x ∈ [a, b].
Òî÷íî òàê æå äîêàçûâàåì, ÷òî ñóùåñòâóåò ÷èñëî

k2 òàêîå, ÷òî y2(x) = k2z(x) äëÿ ∀x ∈ [a, b].
Çíà÷èò, ðåøåíèÿ y1(x) è y2(x) ëèíåéíî çàâèñèìû è

èõ îïðåäåëèòåëü Âðîíñêîãî W (x) = 0.
Òàêèì îáðàçîì, ôóíêöèþ Ãðèíà ïîñòðîèòü íå

óäàñòñÿ.

Äîêàçàòåëüñòâî çàâåðøåíî.
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Ñâåäåíèå çàäà÷è Øòóðìà-Ëèóâèëëÿ ê

èíòåãðàëüíîìó óðàâíåíèþ

Åñëè λ = 0 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì

îïåðàòîðà Øòóðìà-Ëèóâèëëÿ L, òî ðåøåíèå óðàâíåíèÿ

Ly(x) = λy(x)

ýêâèâàëåíòíî ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ

y(x) = λ
b∫
a
G(x, t)y(t)dt
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Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 [ çàäàíèå 15.6(3) ]

Íàéòè ôóíêöèþ Ãðèíà îïåðàòîðà Øòóðìà-Ëèóâèëëÿ

Ly = − sin2 x · y′′ − sin 2x · y′,

|y(0)| <∞ ,

y
(π

2

)
+ y′

(π
2

)
= 0 ,

íà èíòåðâàëå
(
0, π2

)
.
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Ðåøåíèå.

1. Ðåøèì óðàâíåíèå Ly = 0:

− sin2 x · y′′ − sin 2x · y′ = 0

−(sin2 x · y′)′ = 0
sin2 x · y′ = C1

y′ = C1
sin2 x

y = C1
∫ dx

sin2 x
= −C1ctgx + C2
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2. Íàéäåì y1(x):

|y1(0)| <∞ ⇒ C1 = 0 ⇒ y1(x) ≡ 1

3. Íàéäåì y2(x):

y2

(π
2

)
+y′2

(π
2

)
= 0 ⇒ C2 + C1 = 0 ⇒ C1 = −C2

y2(x) = ctgx + 1
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4. Íàéäåì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ctgx + 1

0 − 1
sin2 x

∣∣∣∣∣∣∣∣∣∣∣∣∣
= − 1

sin2 x

Òîãäà

p(x)W (x) = sin2 x · (−1)
sin2 x

= −1
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5. Âûïèøåì ôóíêöèþ Ãðèíà:

G(x, t) = − 1
(−1)


ctg t + 1, 0 ≤ x ≤ t ≤ π

2
,

ctgx + 1, 0 ≤ t ≤ x ≤ π

2
.

Îòâåò.

G(x, t) =


ctg t + 1, 0 ≤ x ≤ t ≤ π

2
,

ctgx + 1, 0 ≤ t ≤ x ≤ π

2
.
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Ïðè ðåøåíèè çàäà÷ ÷àñòî ïîëåçíî ñëåäóþùåå

Çàìå÷àíèå 4

Äëÿ ëþáîãî îïåðàòîðà âèäà

L̃y = A(x)y′′(x) +B(x)y′(x), A(x) 6= 0 ∀x ∈ [a, b] ,

êîòîðûé íå ÿâëÿåòñÿ îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ,

ìîæíî íàéòè òàêóþ ôóíêöèþ µ(x), ÷òî îïåðàòîð

µ(x)L̃y = µ(x)A(x)y′′(x) + µ(x)B(x)y′(x)

áóäåò îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ.
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Äîêàçàòåëüñòâî

Îïåðàòîð µ(x)L̃ áóäåò îïåðàòîðîì Øòóðìà-Ëèóâèëëÿ

µ(x)L̃ = −p(x)y′′(x)− p′(x)y′(x)

òîãäà, è òîëüêî òîãäà, êîãäà ñóùåñòâóåò ôóíêöèÿ

p(x) > 0, äëÿ êîòîðîé

µ(x)A(x) = −p(x) ,
µ(x)B(x) = −p′(x) .
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Ðàçäåëèì âòîðîå óðàâíåíèå ñèñòåìû íà ïåðâîå:

p′(x)
p(x)

= B(x)
A(x)

Èíòåãðèðóÿ, ïîëó÷èì

∫
p′(x)
p(x) dx =

∫
B(x)
A(x) dx

ln p(x) =
∫
B(x)
A(x) dx
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Òàêèì îáðàçîì,

p(x) = e

∫
B(x)
A(x)dx

; µ(x) = − p(x)
A(x)

= −e

∫
B(x)
A(x)dx

A(x)

Äîêàçàòåëüñòâî çàìå÷àíèÿ 4 çàâåðøåíî.
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Çàäà÷à 2 [ çàäàíèå Ò1(á) ]

Ñâåñòè ê èíòåãðàëüíîìó óðàâíåíèþ çàäà÷ó

−(x + 1)2 y′′ − 3 (x + 1) y′ = λy + f (x), 0 < x < 1,

y′(0) = α y(0) ,
y′(1) = 0 ,

ãäå α ≥ 0 , f � íåïðåðûâíàÿ íà îòðåçêå [0, 1] ôóíêöèÿ.
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Ðåøåíèå.

1. Ñíà÷àëà ïðåîáðàçóåì óðàâíåíèå ê âèäó, êîãäà â

ëåâîé ÷àñòè áóäåò ñòîÿòü îïåðàòîð Øòóðìà-Ëèóâèëëÿ.

Â äàííîì ñëó÷àå ëåãêî óâèäåòü, ÷òî äëÿ ýòîãî

íóæíî óìíîæèòü îáå ÷àñòè óðàâíåíèÿ íà (x + 1):

−(x + 1)3 y′′ − 3(x + 1)2 y′ = (x + 1)
(
λy + f (x)

)

−((x + 1)3 y′)′ = (x + 1)
(
λy + f (x)

)
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Â ìåíåå î÷åâèäíûõ ñëó÷àÿõ äëÿ îïðåäåëåíèÿ

ìíîæèòåëÿ µ(x) íóæíî âîñïîëüçîâàòüñÿ ðåçóëüòàòîì

çàìå÷àíèÿ 4.

2. Ðåøèì óðàâíåíèå

−((x + 1)3 y′)′ = 0

(x + 1)3 y′ = C1

y′ = C1
(x + 1)3
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y = C1
∫ dx

(x + 1)3 = − C1
2(x + 1)2 + C2

3. Íàéäåì y1(x):

y′1(0) = α y1(0) ⇒ C1 = α

−C1
2

+ C2



⇒ C1

(
1 + α

2

)
= αC2 ⇒ C1 = 2α

2 + α
C2

y1(x) = − α

(2 + α)(x + 1)2 + 1
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4. Íàéäåì y2(x):

y′2 (1) = 0 ⇒ C1
8

= 0 ⇒ C1 = 0 ⇒ y2(x) ≡ 1

5. Íàéäåì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

− α

(2 + α)(x + 1)2 + 1 1

2α
(2 + α)(x + 1)3 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= − 2α

(2 + α)(x + 1)3
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Ïðè α = 0 îïðåäåëèòåëü Âðîíñêîãî îáðàùàåòñÿ â

íóëü, è ïðè ýòîì çíà÷åíèè α ñîãëàñíî çàìå÷àíèþ 3

ôóíêöèþ Ãðèíà ïîñòðîèòü íå óäàñòñÿ.

Ïîýòîìó ðàññìîòðèì äâà ñëó÷àÿ.

1 ñëó÷àé. Ïóñòü α 6= 0.

Òîãäà

p(x)W (x) = (x + 1)3 · (−2α)
(2 + α)(x + 1)3 = − 2α

(2 + α)
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è ìîæíî âûïèñàòü ôóíêöèþ Ãðèíà:

G(x, t) = 2 + α

2α


− α

(2 + α)(x + 1)2 + 1, 0 ≤ x ≤ t ≤ 1 ,

− α

(2 + α)(t + 1)2 + 1, 0 ≤ t ≤ x ≤ 1 .

Èíòåãðàëüíîå óðàâíåíèå â ýòîì ñëó÷àå èìååò âèä

y(x) =
1∫

0
G(x, t)(t + 1)

(
λ y(t) + f (t)

)
dt
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2 ñëó÷àé. Ïóñòü α = 0.

1. Â ýòîì ñëó÷àå ïðåîáðàçóåì óðàâíåíèå

−(x + 1)3 y′′ − 3(x + 1)2 y′ = (x + 1)
(
λy + f (x)

)

òàê, ÷òîáû ÷èñëî λ = 0 óæå íå áûëî ñîáñòâåííûì

çíà÷åíèåì îïåðàòîðà, ñòîÿùåãî â ëåâîé ÷àñòè.
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Ñ ýòîé öåëüþ äîáàâèì â îáå ÷àñòè óðàâíåíèÿ

ñëàãàåìîå q(x)y. Âèä ýòîãî ñëàãàåìîãî áóäåì âûáèðàòü

òàê, ÷òîáû ïîëó÷èâøåå îäíîðîäíîå óðàâíåíèå ìîæíî

áûëî ðåøèòü ÿâíî.

Â íàøåì ñëó÷àå âîçüìåì q(x) = k(x + 1), ãäå
÷èñëî k ïîäáåðåì ïîçæå. Òîãäà

−(x+1)3 y′′−3(x+1)2 y′+k(x+1)y = (x+1)
(
λy+ky+f (x)

)
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2. Ðåøèì óðàâíåíèå

−(x + 1)3 y′′ − 3(x + 1)2 y′ + k(x + 1)y = 0
Ñîêðàùàÿ óðàâíåíèå íà (x + 1), âèäèì, ÷òî ïîëó÷èëîñü
óðàâíåíèå Ýéëåðà

−(x + 1)2 y′′ − 3(x + 1)y′ + ky = 0
Âûïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

−ρ(ρ− 1)− 3ρ + k = 0
ρ2 + 2ρ− k = 0

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 37 / 44



ρ1,2 = −1±
√

1 + k

Âîçüìåì k = 3, ÷òîáû ïîëó÷èëèñü õîðîøèå êîðíè

ρ1 = −3, ρ2 = 1.

Òîãäà ðåøåíèå óðàâíåíèÿ Ýéëåðà ïðèìåò âèä

y(x) = C1
(x + 1)3 + C2(x + 1)
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3. Íàéäåì y1(x):

y′1(0) = 0 ⇒ −3C1 + C2 = 0 ⇒ C2 = 3C1

y1(x) = 1
(x + 1)3 + 3(x + 1)

4. Íàéäåì y2(x):

y′2 (1) = 0 ⇒ −3C1
16

+ C2 = 0 ⇒ C2 = 3C1
16

y2(x) = 16
(x + 1)3 + 3(x + 1)
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5. Íàéäåì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(x + 1)3 + 3(x + 1) 16

(x + 1)3 + 3(x + 1)

− 3
(x + 1)4 + 3 − 48

(x + 1)4 + 3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= − 180
(x + 1)3
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Ñëåäîâàòåëüíî,

p(x)W (x) = (x + 1)3 · (−180)
(x + 1)3 = −180

è ìîæíî âûïèñàòü ôóíêöèþ Ãðèíà:
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G(x, t) = 1
180



 1
(x + 1)3 + 3(x + 1)


 16

(t + 1)3 + 3(t + 1)
 ,

ïðè 0 ≤ x ≤ t ≤ 1 ,

 1
(t + 1)3 + 3(t + 1)


 16

(x + 1)3 + 3(x + 1)
 ,

ïðè 0 ≤ t ≤ x ≤ 1 .
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Èíòåãðàëüíîå óðàâíåíèå â ýòîì ñëó÷àå èìååò âèä

y(x) =
1∫

0
G(x, t)(t + 1)

(
λ y(t) + 3y(t) + f (t)

)
dt

Íà ýòîì íàø âåáèíàð çàêàí÷èâàåòñÿ.
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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