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Óðàâíåíèÿ Ëàïëàñà è Ïóàññîíà íà ïëîñêîñòè

Îäíîðîäíîå ýëëèïòè÷åñêîå óðàâíåíèå

∆u = 0, ãäå ∆u = uxx + uyy , u = u(x, y),

íàçûâàþò óðàâíåíèåì Ëàïëàñà íà ïëîñêîñòè, à åãî

ðåøåíèÿ íàçûâàþò ãàðìîíè÷åñêèìè ôóíêöèÿìè.

Íåîäíîðîäíîå óðàâíåíèå

∆u = f (x, y)

íàçûâàþò óðàâíåíèåì Ïóàññîíà íà ïëîñêîñòè.
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Îáîçíà÷èì

r =
√
x2 + y2

Ìû áóäåì ðàññìàòðèâàòü ðåøåíèÿ óðàâíåíèé Ëàïëàñà

è Ïóàññîíà u(x, y) ∈ C2(D) â ñëåäóþùèõ îáëàñòÿõ:

âíóòðè êðóãà D = {r < R};

âíå êðóãà D = {r > R};

â êîëüöå D = {R1 < r < R2}.
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Çàäà÷à Äèðèõëå äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà â êðóãå

Ïóñòü

D = {r < R},

∂D = {r = R},

f (x, y) ∈ C(D),

u0(x, y) ∈ C(∂D).
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Çàäà÷åé Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå

íàçûâàþò çàäà÷ó

∆u = f (x, y)
u|r=R = u0(x, y)

ãäå u ∈ C2(D) ∩ C(D̄).

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå
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Çàäà÷à Äèðèõëå äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà âî âíåøíîñòè êðóãà

Ïóñòü

D = {r > R},

∂D = {r = R},

f (x, y) ∈ C(D),

u0(x, y) ∈ C(∂D).
Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 6 / 53



Çàäà÷åé Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà âî

âíåøíîñòè êðóãà íàçûâàþò çàäà÷ó

∆u = f (x, y)
u|r=R = u0(x, y)

ãäå u ∈ C2(D) ∩ C(D̄) è îãðàíè÷åíà.

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà âî âíåøíîñòè êðóãà
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Çàäà÷à Äèðèõëå äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà â êîëüöå

Ïóñòü

D = {R1 < r < R2},

∂D =
{
{r = R1} ∪ {r = R2}

}
,

f (x, y) ∈ C(D),

u0(x, y) ∈ C({r = R1}),

u1(x, y) ∈ C({r = R2}).
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Çàäà÷åé Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà â êîëüöå

íàçûâàþò çàäà÷ó

∆u = f (x, y)
u|r=R1

= u0(x, y), u|r=R2
= u1(x, y)

ãäå u ∈ C2(D) ∩ C(D̄).

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå
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Çàäà÷à Íåéìàíà äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà â êðóãå

Ïóñòü

D = {r < R},

∂D = {r = R},

f (x, y) ∈ C(D),

u1(x, y) ∈ C(∂D).
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Çàäà÷åé Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå

íàçûâàþò çàäà÷ó

∆u = f (x, y)
∂u
∂r

∣∣∣∣
r=R = u1(x, y)

ãäå u ∈ C2(D) ∩ C1(D̄).

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå
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Íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà äëÿ
óðàâíåíèÿ Ïóàññîíà â êðóãå∫

r=R
u1(x, y) dS =

∫∫
r<R

f (x, y) dx dy

Äîêàçàòåëüñòâî∫
r=R

u1(x, y) dS =
∫

r=R

∂u

∂r
dS =

∫
r=R

∂u

∂n
dS =

= {1-ÿ ôîðìóëà Ãðèíà} =
∫∫

r<R

∆u dx dy =
∫∫

r<R

f (x, y) dx dy
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Ñëåäñòâèå (íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà
äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå)∫

r=R
u1(x, y) dS = 0
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Çàäà÷à Íåéìàíà äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà âî âíåøíîñòè êðóãà

Ïóñòü

D = {r > R},

∂D = {r = R},

f (x, y) ∈ C(D),

u1(x, y) ∈ C(∂D).
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Çàäà÷åé Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà âî

âíåøíîñòè êðóãà íàçûâàþò çàäà÷ó

∆u = f (x, y)
∂u
∂r

∣∣∣∣
r=R = u1(x, y)

ãäå u ∈ C2(D) ∩ C1(D̄) è îãðàíè÷åíà.

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà âî âíåøíîñòè êðóãà
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Íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà äëÿ
óðàâíåíèÿ Ïóàññîíà âî âíåøíîñòè êðóãà∫

r=R
u1(x, y) dS = −

∫∫
r<R

f (x, y) dx dy

Ñëåäñòâèå (íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà
äëÿ óðàâíåíèÿ Ëàïëàñà âî âíåøíîñòè êðóãà)∫

r=R
u1(x, y) dS = 0
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Çàäà÷à Íåéìàíà äëÿ óðàâíåíèé Ëàïëàñà è

Ïóàññîíà â êîëüöå

Ïóñòü

D = {R1 < r < R2},

∂D =
{
{r = R1} ∪ {r = R2}

}
,

f (x, y) ∈ C(D),

u1(x, y) ∈ C1({r = R1}),

u2(x, y) ∈ C1({r = R2}).
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Çàäà÷åé Íåéìàíà äëÿ óðàâíåíèÿ Ïóàññîíà â êîëüöå

íàçûâàþò çàäà÷ó

∆u = f (x, y)
∂u
∂r

∣∣∣∣
r=R1

= u1(x, y), ∂u
∂r

∣∣∣∣
r=R2

= u2(x, y)

ãäå u ∈ C2(D) ∩ C(D̄).

Â ñëó÷àå f = 0 ýòó çàäà÷ó íàçûâàþò çàäà÷åé

Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå
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Íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà äëÿ
óðàâíåíèÿ Ïóàññîíà â êîëüöå

∫
r=R2

u2(x, y) dS −
∫

r=R1

u1(x, y) dS =
∫∫

R1<r<R2

f (x, y) dx dy

Ñëåäñòâèå (íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà
äëÿ óðàâíåíèÿ Ëàïëàñà â êîëüöå)∫

r=R2

u2(x, y) dS =
∫

r=R1

u1(x, y) dS

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 19 / 53



Çàìå÷àíèå.

Äëÿ óðàâíåíèé Ëàïëàñà è Ïóàññîíà â êðóãîâûõ

îáëàñòÿõ âìåñòî óñëîâèé Äèðèõëå èëè Íåéìàíà ÷àñòî

ðàññìàòðèâàþòñÿ êðàåâûå óñëîâèÿ âèäà

∂u
∂r

+ αu

∣∣∣∣∣∣
∂D

= u0(x, y)

ãäå α � íåêîòîðàÿ êîíñòàíòà.
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Îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â

êðóãîâûõ îáëàñòÿõ

Óðàâíåíèå Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ èìååò âèä

urr + 1
r
ur + 1

r2uϕϕ = 0

Ïîñêîëüêó åãî ðåøåíèå u(r cosϕ, r sinϕ) ÿâëÿåòñÿ 2π �

ïåðèîäè÷åñêîé ïî ϕ, òî ðàçëîæèì åãî â ðÿä Ôóðüå ïî ϕ

u = A0(r) +
∞∑
n=1

(
An(r) cosnϕ + Bn(r) sinnϕ

)
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Ïîäñòàâëÿÿ ýòî ðàçëîæåíèå â óðàâíåíèå Ëàïëàñà

A′′0(r) +
∞∑
n=1

(
A′′n(r) cosnϕ + B′′n(r) sinnϕ

)
+

+1
r
A′0(r) + 1

r

∞∑
n=1

(
A′n(r) cosnϕ + B′n(r) sinnϕ

)
−

− 1
r2

∞∑
n=1

(
n2An(r) cosnϕ + n2Bn(r) sinnϕ

)
= 0

äëÿ êîýôôèöèåíòîâ Ôóðüå ïîëó÷àåì óðàâíåíèÿ
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A′′n(r) + 1
r
A′n(r)− n2

r2An(r) = 0, n = 0, 1, . . .

B′′n(r) + 1
r
B′n(r)− n2

r2Bn(r) = 0, n = 1, 2, . . .

Ðåøèì ñíà÷àëà óðàâíåíèå äëÿ An(r). Óìíîæèâ åãî íà
r2, ìû ïîëó÷èì óðàâíåíèå Ýéëåðà

r2A′′n(r) + rA′n(r)− n2An(r) = 0
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Âûïèøåì è ðåøèì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ(λ− 1) + λ− n2 = 0
λ2 = n2

λ1,2 = ±n
Ïðè n 6= 0 ðåøåíèåì óðàâíåíèÿ Ýéëåðà áóäåò

An(r) = c1,nr
n + c2,nr

−n

Åñëè æå n = 0, òî λ1,2 = 0 è

A0(r) = c1,0 + c2,0 ln r
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Ïîñêîëüêó óðàâíåíèÿ äëÿ Bn(r) è An(r) ñîâåðøåííî
îäèíàêîâûå, òî

Bn(r) = d1,nr
n + d2,nr

−n

Òàêèì îáðàçîì,

u = c1,0 + c2,0 ln r +
∞∑
n=1

((
c1,nr

n + c2,nr
−n) cosnϕ+

+
(
d1,nr

n + d2,nr
−n) sinnϕ

)

è ìû ìîæåì âûïèñàòü îáùèé âèä ãàðìîíè÷åñêèõ

ôóíêöèé âî âñåõ òðåõ êðóãîâûõ îáëàñòÿõ.
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Çàìå÷àíèå

Âíóòðè êðóãà â ñèëó îãðàíè÷åííîñòè

ãàðìîíè÷åñêîé ôóíêöèè u(r, ϕ) ïðè r → 0
êîýôôèöèåíòû c2,n = 0 è d2,n = 0 ïðè âñåõ n > 0.

Âî âíåøíîñòè êðóãà â ñèëó îãðàíè÷åííîñòè

ãàðìîíè÷åñêîé ôóíêöèè u(r, ϕ) ïðè r →∞
êîýôôèöèåíòû c1,n = 0 è d1,n = 0 ïðè âñåõ n.

Â êîëüöå íèêàêèõ îãðàíè÷åíèé íà êîýôôèöèåíòû

íàêëàäûâàòü íå íóæíî.
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Òàêèì îáðàçîì,

îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé âíóòðè êðóãà

u = c1,0 +
∞∑
n=1

(
c1,nr

n cosnϕ + d1,nr
n sinnϕ

)

îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé âî âíåøíîñòè

êðóãà

u = c1,0 +
∞∑
n=1

(
c2,nr

−n cosnϕ + d2,nr
−n sinnϕ

)
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îáùèé âèä ãàðìîíè÷åñêèõ ôóíêöèé â êîëüöå

u = c1,0 + c2,0 ln r +
∞∑
n=1

((
c1,nr

n + c2,nr
−n) cosnϕ+

+
(
d1,nr

n + d2,nr
−n) sinnϕ

)
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Ïðèìåðû ðåøåíèÿ çàäà÷

Çàäà÷à 1 [ çàäàíèå Ò3(à) ]

Â êðóãå r < 2 èññëåäîâàòü, ïðè êàêèõ çíà÷åíèÿõ α

çàäà÷à Íåéìàíà

∆u = y,

ur|r=2 = sin3 ϕ + α cos2 ϕ,

èìååò ðåøåíèå, è íàéòè ýòî ðåøåíèå.
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Ðåøåíèå.

1. Íàéäåì, ïðè êàêèõ çíà÷åíèÿõ α âûïîëíåíî

íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè çàäà÷è Íåéìàíà â

êðóãå:

2π∫
0

(sin3 ϕ + α cos2 ϕ) 2 dϕ =
∫∫
r<2

y dx dy

Âû÷èñëèì èíòåãðàë â ëåâîé ÷àñòè ðàâåíñòâà

2π∫
0

(sin3 ϕ + α cos2 ϕ) 2 dϕ =
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= −2
2π∫
0

(1− cos2 ϕ) d(cosϕ) + α
2π∫
0

(1 + cos 2ϕ) dϕ =

= −2
cosϕ− cos3 ϕ

3


∣∣∣∣∣∣∣
2π

0
+ α

ϕ + sin 2ϕ
2

∣∣∣∣∣∣
2π

0
= 2πα

Âû÷èñëèì èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà

∫∫
r<2

y dx dy =
2∫

0
r2dr

2π∫
0

sinϕdϕ = 0

Òàêèì îáðàçîì, íåîáõîäèìûì óñëîâèåì ðàçðåøèìîñòè

çàäà÷è Íåéìàíà ÿâëÿåòñÿ óñëîâèå α = 0.
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2. Òåïåðü ðåøèì çàäà÷ó Íåéìàíà â ñëó÷àå α = 0.

∆u = y,

ur|r=2 = sin3 ϕ.

Íàéäåì êàêîå-íèáóäü ÷àñòíîå ðåøåíèå óðàâíåíèÿ

Ïóàññîíà, ÷òîáû ñâåñòè åãî ê óðàâíåíèþ Ëàïëàñà.

Ïîñêîëüêó â êðàåâîì óñëîâèè óæå ïðèñóòñòâóåò

sin3 ϕ, ÷àñòíîå ðåøåíèå óäîáíî èñêàòü â âèäå

u÷ = βy3
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Ïîäñòàâëÿÿ åãî â óðàâíåíèå, ïîëó÷àåì

∆u÷ = 6βy = y ⇒ β = 1
6
⇒ u÷ = y3

6
3. Ñîâåðøèâ â óðàâíåíèè è êðàåâîì óñëîâèè çàìåíó

u = v + y3

6
= v + r3

6
sin3 ϕ

ïîëó÷àåì

∆v = 0
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vr|r=2 = ur|r=2−
r2

2
sin3 ϕ

∣∣∣∣∣∣∣
r=2

= sin3 ϕ−2 sin3 ϕ = − sin3 ϕ

4. Ïîñêîëüêó ãàðìîíè÷åñêèå ôóíêöèè â êðóãå èìåþò

âèä

v = c1,0 +
∞∑
n=1

(
c1,nr

n cosnϕ + d1,nr
n sinnϕ

)

ïðåîáðàçóåì êðàåâîå óñëîâèå ê ñèíóñàì êðàòíûõ óãëîâ

vr|r=2 = − sin3 ϕ = −3
4

sinϕ + 1
4

sin 3ϕ
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Òàê êàê â äàííîé çàäà÷å â êðàåâîå óñëîâèå âõîäÿò

òîëüêî ôóíêöèè sinϕ è sin 3ϕ, òî ðåøåíèå áóäåò èìåòü
âèä

v = c1,0 + d1,1 r sinϕ + d1,3 r
3 sin 3ϕ

5. Íàéäåì vr

vr = d1,1 sinϕ + 3 d1,3 r
2 sin 3ϕ

è ïîäñòàâèì vr â êðàåâîå óñëîâèå

d1,1 sinϕ + 12 d1,3 sin 3ϕ = −3
4

sinϕ + 1
4

sin 3ϕ
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Ñëåäîâàòåëüíî,

d1,1 = −3
4
, d1,3 = 1

48
Òàêèì îáðàçîì,

v = c1,0 −
3 r
4

sinϕ + r3

48
sin 3ϕ

Îòâåò. α = 0, u = r3

6
sin3 ϕ− 3 r

4
sinϕ + r3

48
sin 3ϕ + c1,0,

ãäå c1,0 � ëþáîå ÷èñëî.
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Çàäà÷à 2 [ çàäàíèå Ò3(á) ]

Ðåøèòü êðàåâóþ çàäà÷ó

∆u = 3(x2−y2)+y

(x2+y2)5/2 , r > 1,

u|r=1 = −2 sinϕ + 4 sin 2ϕ.

Ðåøåíèå.

1. Íàéäåì êàêîå-íèáóäü ÷àñòíîå ðåøåíèå óðàâíåíèÿ

Ïóàññîíà, ÷òîáû ñâåñòè åãî ê óðàâíåíèþ Ëàïëàñà. Äëÿ

ýòîãî ïåðåéäåì â óðàâíåíèè ê ïîëÿðíûì êîîðäèíàòàì
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urr + 1
r
ur + 1

r2uϕϕ = 3r2 (cos2 ϕ− sin2 ϕ) + r sinϕ
r5

urr + 1
r
ur + 1

r2uϕϕ = 3
r3 cos 2ϕ + 1

r4 sinϕ

×àñòíîå ðåøåíèå óäîáíî èñêàòü â âèäå ñóììû

u÷ = u÷, 1 + u÷, 2
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ãäå u÷, 1 èìååò âèä

u÷, 1 = A

r
cos 2ϕ

è ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

urr + 1
r
ur + 1

r2uϕϕ = 3
r3 cos 2ϕ

à u÷, 2 èìååò âèä

u÷, 2 = B

r2 sinϕ

Ñàìàðîâà Ñ.Ñ., ÌÔÒÈ, ÓÌÔ (êëàññè÷åñêèé êóðñ), 2020 ã. 39 / 53



è ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

urr + 1
r
ur + 1

r2uϕϕ = 1
r4 sinϕ

Äëÿ u÷, 1 íàõîäèì

2A
r3 cos 2ϕ− A

r3 cos 2ϕ− 4A
r3 cos 2ϕ = 3

r3 cos 2ϕ

A = −1 ⇒ u÷,1 = −1
r

cos 2ϕ
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Äëÿ u÷, 2 íàõîäèì

6B
r4 sinϕ− 2B

r4 sinϕ− B

r4 sinϕ = 1
r4 sinϕ

B = 1
3
⇒ u÷,2 = 1

3r2 sinϕ

2. Ñîâåðøèâ â óðàâíåíèè è êðàåâîì óñëîâèè çàìåíó

u = v − 1
r

cos 2ϕ + 1
3r2 sinϕ
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ïîëó÷àåì

∆v = 0

vr|r=1 = ur|r=1 −
1
r2 cos 2ϕ

∣∣∣∣∣∣
r=1

+ 2
3r3 sinϕ

∣∣∣∣∣∣
r=1

=

= −2 sinϕ + 4 sin 2ϕ− cos 2ϕ + 2
3

sinϕ =

= −4
3

sinϕ + 4 sin 2ϕ− cos 2ϕ
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3. Ãàðìîíè÷åñêèå ôóíêöèè âî âíåøíîñòè êðóãà èìåþò

âèä

u = c1,0 +
∞∑
n=1

(
c2,nr

−n cosnϕ + d2,nr
−n sinnϕ

)

Ïîñêîëüêó â äàííîé çàäà÷å â ãðàíè÷íûå óñëîâèÿ

âõîäÿò òîëüêî ôóíêöèè sinϕ, sin 2ϕ è cos 2ϕ, òî
ðåøåíèå áóäåò èìåòü âèä

v = c1,0 + d2,1
r

sinϕ + d2,2
r2 sin 2ϕ + c2,2

r2 cos 2ϕ
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4. Íàéäåì vr

vr = −d2,1
r2 sinϕ− 2d2,2

r3 sin 2ϕ− 2c2,2
r3 cos 2ϕ

è ïîäñòàâèì vr â êðàåâîå óñëîâèå

−d2,1 sinϕ− 2d2,2 sin 2ϕ− 2c2,2 cos 2ϕ =

= −4
3

sinϕ + 4 sin 2ϕ− cos 2ϕ

Ñëåäîâàòåëüíî,

d2,1 = 4
3
, d2,2 = −2 c2,2 = 1

2
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Òàêèì îáðàçîì,

v = c1,0 + 4
3r

sinϕ− 2
r2 sin 2ϕ + 1

2r2 cos 2ϕ

Îòâåò.

u = −1
r

cos 2ϕ + 1
3r2 sinϕ + 4

3r
sinϕ− 2

r2 sin 2ϕ

+ 1
2r2 cos 2ϕ + c1,0

ãäå c1,0 � ëþáîå ÷èñëî.
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Çàäà÷à 3 [ çàäàíèå Ò2(à) ]

Ðåøèòü êðàåâóþ çàäà÷ó

∆u = 12x, 1 < r < 2,
u|r=1 = 2 cos3 ϕ + 1− sinϕ cosϕ,
u|r=2 = 16 cos3 ϕ− 4 sinϕ cosϕ.

Ðåøåíèå.

1. Íàéäåì êàêîå-íèáóäü ÷àñòíîå ðåøåíèå óðàâíåíèÿ

Ïóàññîíà, ÷òîáû ñâåñòè åãî ê óðàâíåíèþ Ëàïëàñà.
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Ïîñêîëüêó â êðàåâûõ óñëîâèÿõ óæå ïðèñóòñòâóåò

cos3 ϕ, ÷àñòíîå ðåøåíèå óäîáíî èñêàòü â âèäå

u÷ = αx3

Ïîäñòàâëÿÿ åãî â óðàâíåíèå, ïîëó÷àåì

∆u÷ = 6αx = 12x ⇒ α = 2 ⇒ u÷ = 2x3

2. Ñîâåðøèâ â óðàâíåíèè è êðàåâûõ óñëîâèÿõ çàìåíó

u = v + 2x3 = v + 2r3 cos3 ϕ
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ïîëó÷àåì

∆v = 0

v|r=1 = u|r=1−2x3
∣∣∣∣
r=1 = 2 cos3 ϕ+1−sinϕ cosϕ−2 cos3 ϕ =

= 1− sinϕ cosϕ = 1− 1
2

sin 2ϕ

v|r=2 = u|r=2−2x3
∣∣∣∣
r=2 = 16 cos3 ϕ−4 sinϕ cosϕ−16 cos3 ϕ =

= −4 sinϕ cosϕ = −2 sin 2ϕ
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3. Ãàðìîíè÷åñêèå ôóíêöèè â êîëüöå èìåþò âèä

v = c1,0 + c2,0 ln r +
∞∑
n=1

((
c1,nr

n + c2,nr
−n) cosnϕ+

+
(
d1,nr

n + d2,nr
−n) sinnϕ

)

Ïîñêîëüêó â äàííîé çàäà÷å â ãðàíè÷íûå óñëîâèÿ

âõîäÿò òîëüêî êîíñòàíòà è sin 2ϕ, òî ðåøåíèå áóäåò
èìåòü âèä

v = c1,0 + c2,0 ln r +
(
d1,2r

2 + d2,2r
−2
)

sin 2ϕ
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4. Ïîäñòàâëÿÿ v â ãðàíè÷íûå óñëîâèÿ, ïîëó÷àåì

c1,0 + (d1,2 + d2,2) sin 2ϕ = 1− 1

2
sin 2ϕ

c1,0 + c2,0 ln 2 +
4d1,2 + 1

4
d2,2

 sin 2ϕ = −2 sin 2ϕ

Òàêèì îáðàçîì,


c1,0 = 1
c1,0 + c2,0 ln 2 = 0

⇔


c1,0 = 1

c2,0 = − 1
ln 2
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Êðîìå òîãî,

d1,2 + d2,2 = −1

2
4d1,2 + 1

4
d2,2 = −2

⇔


d1,2 + d2,2 = −1

2
16d1,2 + d2,2 = −8

⇔

⇔


d1,2 + d2,2 = −1

2
15d1,2 = −15

2

⇔


d1,2 = −1

2
d2,2 = 0
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Òàêèì îáðàçîì,

v = 1− ln r
ln 2
− r2

2
sin 2ϕ

u = 2r3 cos3 ϕ + 1− ln r
ln 2
− r2

2
sin 2ϕ

Îòâåò. u = 2r3 cos3 ϕ + 1− ln r
ln 2
− r2

2
sin 2ϕ
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Cïàñèáî çà âíèìàíèå.

Íå áîëåéòå!
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