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Jlekiuga 2

Il1an Jekmun

e VpaBHEHNe XapaKTEPUCTHK JJI YPABHEHUS B YACTHBIX TPOM3BOAHBIX B RZ.
[TonsiTne xapakrepucruku

o Ilpusesenne ypasuenuit B R? K KAHOHMYECKOMY BHJY — METOJOM
XapaKTepUCTUK

YpaBHeHUE XapaKTEePUCTUK JIJid YPABHEHUS B YaCTHBIX
npousBoaHbix B R2. TloHsATHE XapaKTePUCTUKN

Omnpenenenue 1 Cocmasaennoe no ypasrenuto 6 4acmuole npouseoonvl

A, y)tae + 2B(x,y)tay + C(@,y)uyy + F(2,y, 0, Uz, uy) =0 (1)
0bviKHoBeHH0E duddeperyuarvroe YpasHeHUue

Az, y)dy* — 2B(z,y)dx dy + C(z, y)dz* =0 (2)
HA3BLBAIOM YPAGHEHUEM TAPAKMEPUCTIUE.
Onpenesnenne 2
Kpusyio na naockocmu, 3adannyio ypasHenuem
H(x,y) = const,

2de pynxuus H(z,y) € C*(R?), naswearom wapaxmepucmurxot ypasnenus (1),
ecau 6 kascdoti mouke (T,y) 2mot Kpueot cnpasediuso pasercmeo

Az, y)H? + 2B(x,y)H, H, + C(x, y)Hy2 =0 (3)
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IIpuBenenne ypaBHenuii B R? K KAHOHIYE€CKOMY BHJLY
METO/IOM XapaKTEePUCTUK

Teopema 1
(o mpuBeseHNYU rUNepoOINIECKNX YPABHEHUI K KAHOHUYIECKOMY BULY)

Ypasnenue
A(x, y)ugy + 2B(x, y)ugy + C(z, y)uyy + F(z,y, u, gy, uy) =0

umeem zunepbosuveckuti mun moz2da u Mmosvko mozda, k0206 YpasHenue Tapak-

mepucmus
Az, y)dy* — 2B(z,y)dx dy + C(x, y)dz* =0

umeem 06a He3a46UCUMBLT 0etLcMEUMEAbHBLT pewerHuA

o(x,y) = const, ¥(z,y) = const.

Hpu IMOM 3AMEHA TLEPEMEHHDBLIT

§=(r,y)
n=v(z,y)

npueot?um ypasrerue (Z) KX KAHOHUYECKOMY (3’U,()jl/
Ugnp + F3(£7 n, u, ug, u77) =0

Jloka3aTejabCTBO

Coseprium B ypasuenun (1) obparumyio nBax bl juddepeHupyeMyo 3a-
MeHy TiepeMeHHbIX (4) ¢ HensecTHbIMU NOKa dyHKmaAME @(x,y) u Y (z,y). s
9TOr0 MEePecUnTaeM IPOU3BOJIHBIE, UCIOIL3YsI MHEMOHIUIECKOE TPABUIIO.

Uy = Ug E; + Uy 1)
Uy = ug §y + Uy 1)y
Az, y) |uge = U££<5m>2 + Uey - 2810 + u7777<77:r)2 + g Eaw + Uy Naa
2B(2,y) |tay = ueeSsSy + uey(Eamy + Eyn) + Wittty + g Eay + Uy Ny
C(x,y) Uyy = Ugg(fy)z + ugy - 25ymy, + unn(ny)2 + e Eyy + U Tyy

TToscrapyista nonssojubie B ypasuenue (1), mosyanm
Az, y)uge + 2B(z, y)uey + C(z, y)upy + F(x,y, u, ue, uy) = 0, (5)
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rje

Az, y) = Az, y) ’Sg +2B(z,y) 2y + Clz,y) 557
B(x,y) = Az, y) £ + B, y) (Eeny + &) + C2,y) Eyny; (6)
C(z,y) = Alz,y) n} + 2B(z,y) nny + Cz, y) ;.

Hama nesb — nojobpars dyukiuuu @(z, y) u ¥ (x, y) Tak, 4r00bl BHIIOJHIIUCH
PaBEHCTBA

~

Az,y) =0, C(z,y)=0.

DopmyJibl st koadduiuenra B(x,y) u dyukuuu F ceituac nac He unrepe-
CYIOT, T.K. OHU HE BJIUAIOT Ha THI YpaBHEHMUSI.

3amernM, 4To Koapbunuent A(z, y) npu uge OyaeT paBeH HyJIIO TOIJA U TOJb-
KO TOTJIa, KOT/IA

Az, y) (&)° + 2B(z,y)&&, + Cla,y) (§,)° =0

[Tepenuiem 310 paBeHcTBo yepes hyHkImo @(x,y)

Az, y) (92)? + 2B(z, y)papy + C(2,y) (9,)° =0 (7)

u 3amernm, 9to A(x,y) = 0 Torja u TOJLKO TOT/A, KOTJa KpUBas

go(x, y) = const

ABJISETCS XapaKTEPUCTUKOIA.
[TockosibKy MBI paccMaTprBaeM TOJBKO 0OpaTUMBbIE 3aMEHbI, TO JIH00 ¢, F# 0,

mbo ¢, # 0.
IIycrb st oupegesentocru @, # 0. Pazieanm pasencrso (7) na (@)

2
Az, y) (&> +2B(z,y) 2 + Cla,y) = 0
Py Py

Paccmorpum dyrknumio y = y(x), 3a/aHHyI0 HESIBHO ypaBHEHUEM

¢(z,y(x)) = const,
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1 BCIIOMHHUM, 9TO B HaIlleM cjydae 31a pyHKIims JuddepeHnupyemMa u ee mpous-
BOJIHAsT PABHA

dx Py

Takum 06pazoM, paBeHCTBO (8) MOXKHO HEpENUcaTh B BUJIE

dy

Ale,y) (d—) ~2B(a.9) 2 1 Olay) =0 )

Vunoxus (9) na dz?, nosyunm ypasHenne xapakTrepuctuk (2)
Az, y)dy* — 2B(x, y)dx dy + C(x, y)dz* = 0

Takum 06pazoM, Mbl OJIYUHIIH, YTO B pesy/ibrare 3amenbl (4) koaddurment

~

A(x,y) npn uge Gyer paBen HyJIO TOT/Ia U TOJIBKO TOT/IA, KOT/Ia XapaKTEPHCTHKA

o(x,y) = const

33/1a€T HEeSTBHO KaKoe-Jinbo perenne y(r) ypaBHEHHS XapaKTEPUCTHK (2).
Paccyxast ToqnO Tak e, 3aK/odaeM, 4ro 1 koabduiment C(z, y) 1pu Uy,
OyJieT paBeH HYJII0 TOIJIA U TOJBKO TOTJA, KOTJIA XapaKTepUCTHKA

Y(x,y) = const

TaKKe 3a/1aeT HesiBHO Kakoe-sinbo pererve y(x) ypaBHEHUs XapaKTepucTuk (2).

Ocraercs JHIIb 3aMETUTh, YTO SKBUBAJCHTHOE YPABHEHUIO XapaKTEePUCTUK
ypaBHeHue (9) SBJISIETCH KBaIPATHBIM OTHOCUTEJIBHO % ¥ UMEET JIBa Pa3JIUIHbIX
PEHICHUsT B TOM M TOJBLKO B TOM CJIydae, KOIJa ero JUCKPUMUHAHT OOJILIIE HYJIs

g = B*(z,y) — A(z,y)C(z,y) > 0 (10)

3anuchiBast Tereph MaTPUILy KO3(hUITMEHTOB BTOPHIX TACTHBIX MTPOU3BOIHBIX J1J151

K= (e o)

BUIMM, 4TO yesoBue (10) o3Hagaer, 4To onpejienresab MaTpuilbl K orpuiiaresiex
) ’ )

ypasuenns (1)

a, 3HAYUT, B CUJIy yTBepkK/ienus 1 u3 jeknuu 1 ypasaenue (1) runepbosmaeckoe.
Takum obOpa3oM, HaJINYHUE ABYX HE3ABUCHUMBIX PEIEeHU

(2, y) = const, ¥(z,y) = const,



Y ypaBHEHMS XapPaKTEPUCTUK IKBUBAJICHTHO TOMY, YTO COOTBETCTBYIOLIEE YpaBHE-
HIE B YACTHBLIX IIPOM3BOJIHLIX UMEET TUIePOOTUICCKINi THUIL.

Kpowme toro, Beibop dbyukmumit o(z,y) u ¥(x,y) s 3aMeHbl nepeMeHHbIX (4)
JlaeT BO3ZMOXKHOCTh 3aHYJINTh KOI(MDMUIMEHTBI TIPU Uge U Uy

IIpu sTom kosddunuent B(x,y) Upu ug, OyaerT He paBeH HYyJIO, HOCKOJIbKY
NOPsIJIOK yPABHEHUSA HE MOXKET IOHM3UTLCA B PE3YJIbTAaTe 3aMEHbI IEPEMEHHbIX.
[Tosromy, pasjiesuB noJydeHHOe B pesyJibrare 3aMenbl ypasaenne (5) va B(z,y),
MbI [10JIyYUM KaHOHMYECKHUii Buj ypasHenust (1).

|
3ameuanue 2
Bui, rutiepbo/inieckoro ypaBHeHusi

Uge — Upy + Fo(E, M, u, ue, upy) =0
TAK2Ke HA3BIBAIOT KAHOHUICCKIIM.

Teopema 2
(o mpuBeeHNN MApPabOJIMIECKUX yPABHEHUIT K KAHOHUYIECKOMY BUJLY)

Ypasuenue (1)
Az, y)ugs + 2B(2, Y)uay + Oz, y)uyy + F(2,y, u, up, uy) =0

umeem napabosuveckut mun mozda u Mosvko mozda, ko2da ypasHenue Tapak-
mepucmuk (2) umeem moavko 00no pewerue

o(x,y) = const.

Hpu IMOM 3AMEHA NEPEMEHHDLT

§=(r,y)
n=1(z,y)’

2de Y(x,y) — mobaa deasicdv, nenpepueno duddepenyupyeman Gynruua, He 3a-
sucawan om o(x,y), npusodum ypasuenue (1) K wanonuvecrkomy udy

Unn + F4(£7 n, u, Ug, un) =0



Jloka3aTesbCTBO
Ypasuenue (1) umeer mapaboJUIecKuil THIT TOT/IA W TOJBKO TOTJA, KOTJIA

det K = A(z,y)C(x,y) — B*(x,y) = 0,
TO €CTh TOTJA ¥ TOJLKO TOTJA, KOrJa ypaBHEeHHe XapakTeprucTuk (9)

d

A(z,y) (ﬁ) — 2B(x, y);i—z +C(z,y) =0

vMeeT JIMCKPUMUHAHT, paBHbI 0, a, 3HAUYUT, CYIIECTBYET TOJHKO OJ[HO DEIleHUe
¢(x,y) = const.
CrenaeM 3aMeHy TepeMEHHbIX B ypapHeHun (1)

§=o(z,y)
n=(x,y)
rie Y(x,y) — aobasg aBaxabl auddepeniupyemast HyHKIWA, He 3aBUCAIIAS OT

o(z,y).
Ucnonb3yst mostydeHHble TpH JIoKa3aTeabeTBe TeopeMbl 1 dopmynbt (6), B

9TOM CJIydae UMeeM
g(a:, Y)uge + QE(QZ, Y)ue, + é(x, Y)Upy + ﬁ(x, Y, U, Ug, Uy) = 0,
puIeM N
A(z,y) = 0.
I[To yreepxkiennio 2 u3 jeknuu 1 Tun ypaBHeHMsl IPU 3aMeHe TePeMEHHbBIX COXPa-
HSIETCs. SHAUUT,

g(m,y)é(m,y)—ﬁ%x,y) - _§2($7y) =0 A($,y)0($,y)—B2(fC,y) =0

Ciieslosatenbio, ypaphenue (1) nveer napaboJmIecKuii THIT TOTIa W TOJIHKO TO-
ria, korpa B(x,y) = 0. B arom ciyuae B pesy/abrare 3aMeHbl MOJIYYAETCsl yPaB-
HEeHUe N N

Clx,y)uy, + F(z,y,u,ue, uy) =0,

ko durment xoroporo C(z,y) UPH U, HE paBeH HYIIO, IOCKOILKY HOPSIIOK
ypaBHEHUsI HE MOYKET IMOHU3UTHCSA B PE3YJILTATe 3aMEHbl IIepEMEHHbIX.
Pasnesiis ypasuenue va C(x,y), MojydnM KaHOHUYECKUit BujI ypasHenus (1)
unn + F4(£7 n,u, U’{J un) =0
|



Cremyioliasi TeopeMa, siBISIeTCsI JJOTMOJHUTEIbHBIM MaTePHaJIOM JIJIs WHTEpe-
cytormuxca Y M@ cTyIeHTOB U B JEKIMOHHBIN MaTepraJi, a TaKXKe B 9K3aMCHATI-
OHHYIO IIPOIPaMMY BXOJIUTH He OyjieT.

Teopema 3
(o mpuBeeHNN ITANTUYIECKUX yPABHEHNN K KAHOHMYIECKOMY BULY)

Ypasnenue (1)
A(x, y)ugy + 2B(x, y)ugy + C(z, y)uy, + F(z,y, u, gy, uy) =0

umeem aasunmudeckudl mun mozda u moavko mozda, Kozda YpasHenue Tapak-
mepucmuk (2) ne umeem Jdeticmeumesvnuir peuenu.
IIpu omom samena nepemerioir

£ =(r,y)
n= ¢($ay) 7

2de p(x,y) + (T, y) = const — KoMNAEKCHOE Pewenue YPaBGHENUA TaAPAKMEPU-
cmuk (2), npusodum ypasuenue (1) % wanonuveckomy 6udy

Uge + Upy + Fl(é,n,u,ug,un) =0

Jloka3aTejabCTBO
YpaBuenue (1) UMeeT JJIMITUYECKUA TUIl TOrJIA U TOJIBKO TOIJIa, KOTIJIa

det K = A(xz,y)C(2,y) — B*(z,y) > 0,
TO €CTb TOT/a M TOJBKO TOIJIA, KOJIa YPAaBHEHUE XapaKTepucTrk (9)

dy

Az, y) (%> — 2B(x, y)j—i + C(z,y) =0

UMeeT OTPULATEIbHBIA JUCKPUMUHAHT. DTO O3HAYAECT, YTO Y YPABHEHUS XapaKTe-
PUCTUK HET JIEHCTBUTEJIbHBIX PEIICHU, HO 3aTO €CTh JBa KOMILJIEKCHO COIPAZXKEH-
HbIX pelleHuns

H(z,y) = ¢(z,y) +iv(x,y) = const n H(z,y) = p(z,y) —ith(z,y) = const
[Tockosibky H(x,y) — xapakTepucruka, To Jijist Hee BbIoJIHEHO ypaBhenue (7)
A(z,y)H; + 2B(z,y)H,H, + C(z,y)H; =0
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Houcrasum ciona H(z,y) = ¢(z,y) + iv(z,y). Torna
Az, ) (o +ithe)* + 2B (2, y) (9 + 102) (9 +ithy) + Cla,y) (@ +it,)* = 0
CI6/10BATEITBHO,
(A(x, Y)@: + 2B(x,y)eupy + Ol y)wi) -
— (A, y)u2 + 2Bz, y)ontsy + Cla,y)? ) + (11)
+ 2 A(w,y)pate + Bl ) (e, + 0t) + Cla,p)oyty ) =0

Kak MbI BUjie/ i IpHU JOKa3aTeIHLCTBE TeOpeMbI 1, Ipu 3aMeHe IepeMeHHbIX

§=(r,y)
n=v(x,y)

B ypasuenun (1) cupaseniust dopmysst (5) u (6)

Az, y)uce + 2B(z, y)ue, + C(x, y)uy, + F(z,y, u, ue, u,) = 0, (12)

puieM
Az, y) = Alz,y)@% + 2B(z, y)prpy + Cla,y)py:
B(x,y) = A(z,y)petbe + B(x,y)(02y + 0yta) + C(z,y) 00y
Clx,y) = Az, y)s + 2Bz, )¢y, + Oz, )05

Torma dopmysy (11) MOXKHO TepernucaTsh B BH/JIE
A(z,y) — C(z,y) + 2iB(x,y) = 0,

OTKYy/da IIOJIydacM

A(z,y) = C(x,y), Blz,y)=0.

[TockobKY IpH 3aMeHe MepeMeHHBIX HOPIOK YPaBHEHHsI HE MOXKET MOHU3UTh-
cst, 10 Koabdunuentor A(x,y) = C(z,y) we paBubl Hy/T0. [losToMy, passenns
ypasuenue (12) na A(x,y), nosyaum KaHoHnueckuii B ypasaenus (1)

Uge + Uy + F1(€, M, u, ue, uy) =0



