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Ó÷åáíîå ïîñîáèå äëÿ äèñòàíöèîííûõ çàíÿòèé ïî äèñöèïëèíå
¾Ìíîãîìåðíûé àíàëèç, èíòåãðàëû è ðÿäû¿

1 êóðñ

Â ïîñîáèè ðàññìàòðèâàþòñÿ äâîéíûå ïðåäåëû, ïîâòîðíûå ïðåäåëû è
ïðåäåëû ïî íàïðàâëåíèÿì, à òàêæå ïîíÿòèÿ íåïðåðûâíîñòè è ðàâíîìåðíîé
íåïðåðûâíîñòè ôóíêöèé äâóõ ïåðåìåííûõ.

Äâîéíîé ïðåäåë ôóíêöèé äâóõ ïåðåìåííûõ

Îïðåäåëåíèå 1 ×èñëî A íàçûâàþò ïðåäåëîì (äâîéíûì ïðåäåëîì) ôóíê-
öèè f(x, y) ïðè (x, y) → (x0, y0) è îáîçíà÷àþò

lim
x→x0
y→y0

f(x, y) = A ,

åñëè

∀ε > 0 ∃ δ(ε) > 0 : ∀(x, y), 0 <
√

(x− x0)2 + (y − y0)2 < δ(ε)

→ |f(x, y)− A| < ε

1



Åñëè íà ïëîñêîñòè Oxy ïåðåéòè ê ïîëÿðíûì êîîðäèíàòàì ñ íà÷àëîì â
òî÷êå (x0, y0) (ñì. ðèñ. 1)

Ðèñ. 1

òî îïðåäåëåíèå äâîéíîãî ïðåäåëà ìîæíî ïåðåïèñàòü â âèäå

∀ε > 0 ∃ δ(ε) > 0 : ∀(ρ, φ), 0 < ρ < δ(ε)

→ |f(x0 + ρ cosφ, y0 + ρ sinφ)− A| < ε

Ïîëó÷àåòñÿ, ÷òî ôóíêöèÿ f(x0+ρ cosφ, y0+ρ sinφ) äîëæíà ñòðåìèòüñÿ
ê ÷èñëó A ïðè ρ → 0 ïðè ëþáîì õàðàêòåðå çàâèñèìîñòè ýòîé ôóíêöèè îò
ïåðåìåííîé φ.

Ïîýòîìó äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ äâîéíîãî ïðåäåëà

lim
x→x0
y→y0

f(x, y) = A ,

îáû÷íî èñïîëüçóþò ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1 (Äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ êîíå÷íîãî

äâîéíîãî ïðåäåëà)

Ïóñòü ñóùåñòâóåò òàêîå ÷èñëî ρ0 > 0, ÷òî äëÿ âñåõ ρ ∈ (0; ρ0) è
âñåõ φ âûïîëíåíà îöåíêà

|f(x0 + ρ cosφ, y0 + ρ sinφ)− A| ⩽ F (ρ)

ïðè÷åì
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lim
ρ→0

F (ρ) = 0

Òîãäà ñóùåñòâóåò äâîéíîé ïðåäåë

lim
x→x0
y→y0

f(x, y) = A

Çàäà÷à 1 Íàéòè ïðåäåë

lim
x→0
y→0

xy2√
x4 + y4

Ðåøåíèå.
Âûÿñíèì ñíà÷àëà, ÷åìó ìîæåò áûòü ðàâåí ýòîò ïðåäåë, åñëè ïðåäïîëî-

æèòü, ÷òî îí ñóùåñòâóåò.
Â ýòîì ñëó÷àå èç îïðåäåëåíèÿ äâîéíîãî ïðåäåëà ñëåäóåò ðàâåíñòâî

lim
x→0
y→0

xy2√
x4 + y4

= lim
x→0
y=0

xy2√
x4 + y4

= 0

Ïîýòîìó, åñëè äâîéíîé ïðåäåë ñóùåñòâóåò, òî îí ðàâåí íóëþ. Äîêàæåì,
÷òî äåéñòâèòåëüíî

lim
x→0
y→0

xy2√
x4 + y4

= 0

Äëÿ ýòîãî ïåðåéäåì ê ïîëÿðíûì êîîðäèíàòàì è íàéäåì îöåíêó, íå çàâè-
ñÿùóþ îò óãëà φ,

∣∣∣∣ xy2√
x4 + y4

− 0

∣∣∣∣ = ∣∣∣∣ ρ3 cosφ sin2 φ√
ρ4 cos4 φ+ ρ4 sin4 φ

∣∣∣∣ ⩽ ρ√
cos4 φ+ sin4 φ

=

=
ρ√(

cos2 φ+ sin2 φ
)2 − 2 sin2 φ cos2 φ

=
ρ√

1− 1
2 sin

2 2φ
⩽

√
2ρ → 0 (ρ → 0)
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Äîêàçàíî â ñèëó äîñòàòî÷íîãî óñëîâèÿ ñóùåñòâîâàíèÿ äâîéíîãî ïðåäåëà.

Îòâåò. 0

Â íåêîòîðûõ ñëó÷àÿõ ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ äâîéíîãî ïðå-
äåëà óäîáíî èñïîëüçîâàòü ðàçëîæåíèÿ ïî ôîðìóëå Òåéëîðà ôóíêöèé îäíîé
ïåðåìåííîé. Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðå ðåøåíèÿ çàäà÷è èç äîìàøíå-
ãî çàäàíèÿ.

Çàäà÷à 2 (çàäàíèå �2, �48(6)) Íàéòè ïðåäåë ôóíêöèè

f(x, y) =
1− 3

√
sin4 x+ cos4 y√
x2 + y2

â òî÷êå (0, 0).

Ðåøåíèå. Âûÿñíèì ñíà÷àëà, ÷åìó ìîæåò áûòü ðàâåí ýòîò ïðåäåë, åñëè ïðåä-
ïîëîæèòü, ÷òî îí ñóùåñòâóåò.

Â ýòîì ñëó÷àå èç îïðåäåëåíèÿ äâîéíîãî ïðåäåëà ñëåäóåò ðàâåíñòâî

lim
x→0
y→0

f(x, y) = lim
x→+0
y=0

f(x, y) = lim
x→+0

1− 3
√
sin4 x+ 1

x
= lim

x→+0

1− (1 + o(x))

x
= 0

Ïîýòîìó, åñëè äâîéíîé ïðåäåë ñóùåñòâóåò, òî îí ðàâåí íóëþ. Äîêàæåì,
÷òî äåéñòâèòåëüíî

lim
x→0
y→0

1− 3
√
sin4 x+ cos4 y√
x2 + y2

= 0 .

Ñ ïîìîùüþ ðàçëîæåíèé ïî ôîðìóëàì Òåéëîðà ïðè x → 0 è y → 0
ïîëó÷àåì

1− 3
√

sin4 x+ cos4 y√
x2 + y2

=
1− 3

√
o(x) + 1 + o(y)√
x2 + y2

=
1−

(
1 + o(x) + o(y)

)√
x2 + y2

=

=
o(x) + o(y)√

x2 + y2
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Ïîêàæåì, ÷òî

lim
x→0
y→0

o(x)√
x2 + y2

= 0 .

Äåéñòâèòåëüíî,∣∣∣∣ o(x)√
x2 + y2

∣∣∣∣ = ∣∣∣∣o(x)x

∣∣∣∣ · ∣∣∣∣ x√
x2 + y2

∣∣∣∣ ⩽ ∣∣∣∣o(x)x

∣∣∣∣→ 0 (ρ → 0)

Òî÷íî òàêæå è

lim
x→0
y→0

o(y)√
x2 + y2

= 0 .

Òàêèì îáðàçîì,

lim
x→0
y→0

1− 3
√
sin4 x+ cos4 y√
x2 + y2

= 0 .

Îòâåò. 0

Ïðåäåë ôóíêöèè äâóõ ïåðåìåííûõ ïî íàïðàâëåíèþ

Ñ ïîíÿòèåì ïðåäåëà ôóíêöèè äâóõ ïåðåìåííûõ áëèçêî ñâÿçàíî ïîíÿòèå
ïðåäåëà ôóíêöèè äâóõ ïåðåìåííûõ ïî íàïðàâëåíèþ, çàäàííîìó âåêòîðîì.

Îïðåäåëåíèå 2 Ïóñòü e⃗ = (cosφ, sinφ) � åäèíè÷íûé âåêòîð. Ïðåäåëîì
ôóíêöèè f(x, y) ïðè (x, y) → (x0, y0) ïî íàïðàâëåíèþ âåêòîðà e⃗ (ðèñ. 2)
íàçûâàþò ïðåäåë ôóíêöèè îäíîé ïåðåìåííîé ρ

lim
ρ→+0

f(x0 + ρ cosφ, y0 + ρ sinφ)
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Ðèñ. 2

Óòâåðæäåíèå 2 Åñëè ó ôóíêöèè f(x, y) ñóùåñòâóåò äâîéíîé ïðåäåë

lim
x→x0
y→y0

f(x, y) = A ,

òî ó íåå ñóùåñòâóåò ïðåäåë â ýòîé òî÷êå ïî ëþáîìó íàïðàâëåíèþ, è îí
ðàâåí A.

Ñëåäñòâèå. Åñëè ïðåäåëû ôóíêöèè f(x, y) ïðè (x, y) → (x0, y0) ïî
äâóì ðàçëè÷íûì íàïðàâëåíèÿì îêàçàëèñü ðàçíûìè, òî ó ýòîé ôóíêöèè íå
ñóùåñòâóåò äâîéíîãî ïðåäåëà ïðè (x, y) → (x0, y0).

Çàäà÷à 3 Íàéòè ïðåäåë

lim
x→0
y→0

x2y2

x2y2 + (x− y)2

åñëè îí ñóùåñòâóåò.

Ðåøåíèå.
Ïîêàæåì, ÷òî ýòîò äâîéíîé ïðåäåë íå ñóùåñòâóåò. Äëÿ ýòîãî ñíà÷àëà íàé-

äåì ïðåäåë ïî íàïðàâëåíèþ, çàäàííîìó óãëîì φ = 0
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lim
x→+0
y=0

x2y2

x2y2 + (x− y)2
= 0

Òåïåðü ïîñ÷èòàåì ïðåäåë ïî íàïðàâëåíèþ, çàäàííîìó óãëîì φ =
π

4

lim
x→+0
y=x

x2y2

x2y2 + (x− y)2
= lim

x→+0

x4

x4
= 1 ̸= 0

Ïîñêîëüêó ïðåäåëû ïî ýòèì äâóì íàïðàâëåíèÿì îêàçàëèñü ðàçíûìè, òî
äâîéíîé ïðåäåë íå ñóùåñòâóåò.

Îòâåò. Äâîéíîé ïðåäåë íå ñóùåñòâóåò.

Ðàâåíñòâî ïðåäåëîâ ôóíêöèè ïî âñåì íàïðàâëåíèÿì ÿâëÿåòñÿ íåîáõîäè-
ìûì óñëîâèåì ñóùåñòâîâàíèÿ äâîéíîãî ïðåäåëà, íî íå äîñòàòî÷íûì, êàê ïî-
êàçûâàåò ñëåäóþùèé ïðèìåð.

Çàäà÷à 4 Äîêàçàòü, ÷òî ó ôóíêöèè

f(x, y) =
xy2

x2 +
(
x− y2

)2
äâîéíîé ïðåäåë ïðè (x, y) → (0, 0) íå ñóùåñòâóåò, õîòÿ ïðåäåëû ïî âñåì
íàïðàâëåíèÿì â ýòîé òî÷êå ñóùåñòâóþò è ðàâíû ìåæäó ñîáîé.

Ðåøåíèå.
Ðàññìîòðèì íàïðàâëåíèå (cosφ, sinφ) è íàéäåì ïðåäåë ïî ýòîìó íàïðàâ-

ëåíèþ.
Åñëè cosφ = 0, òî x = 0, y = ρ sinφ è

lim
ρ→+0
x=0

xy2

x2 + (x− y2)2
= 0

Åñëè æå cosφ ̸= 0, òî

lim
ρ→+0

xy2

x2 + (x− y2)2
= lim

ρ→+0

ρ3 cosφ sin2 φ

ρ2 cos2 φ+ (ρ cosφ− ρ2 sin2 φ)2
=
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= lim
ρ→+0

ρ cosφ sin2 φ

cos2 φ+ (cosφ− ρ sin2 φ)2
= 0

Òàêèì îáðàçîì, ïðåäåëû ïî âñåì íàïðàâëåíèÿì (cosφ, sinφ) ñóùåñòâóþò
è ðàâíû 0.

Ïîêàæåì òåïåðü, ÷òî äâîéíîé ïðåäåë íå ñóùåñòâóåò. Äåéñòâèòåëüíî, åñ-
ëè áû òàêîé ïðåäåë ñóùåñòâîâàë, òî îí áûë áû ðàâåí 0. Îäíàêî âûïîëíåíî
ðàâåíñòâî

lim
x→0
y→0

xy2

x2 + (x− y2)2
= lim

y→0
x=y2

xy2

x2 + (x− y2)2
= lim

y→0

y4

y4
= 1 ̸= 0

îòêóäà ñëåäóåò, ÷òî äâîéíîé ïðåäåë íå ñóùåñòâóåò.

Ïîâòîðíûå ïðåäåëû

Îïðåäåëåíèå 3 Ïðåäåëû âèäà

lim
x→x0

(
lim
y→y0

f(x, y)
)

è lim
y→y0

(
lim
x→x0

f(x, y)
)

íàçûâàþò ïîâòîðíûìè ïðåäåëàìè.

Êîíå÷íî æå, âû÷èñëåíèå ïîâòîðíûõ ïðåäåëîâ ÿâëÿåòñÿ áîëåå ïðîñòîé
îïåðàöèåé, ÷åì âû÷èñëåíèå äâîéíîãî ïðåäåëà, è äîâîëüíî ÷àñòî ó ñòóäåí-
òîâ âîçíèêàåò æåëàíèå çàìåíèòü âû÷èñëåíèå äâîéíîãî ïðåäåëà âû÷èñëåíèåì
ïîâòîðíîãî ïðåäåëà.

Ïîêàæåì íà ïðèìåðàõ, ÷òî ïîâòîðíûå ïðåäåëû íèêàê íå ñâÿçàíû ñ äâîé-
íûìè ïðåäåëàìè.

Â ñëåäóþùåé çàäà÷å ïîâòîðíûå ïðåäåëû ñóùåñòâóþò, íî íå ðàâíû ìåæäó
ñîáîé, äâîéíîé ïðåäåë ïðè ýòîì íå ñóùåñòâóåò.

Çàäà÷à 5 Íàéòè

lim
x→0

(
lim
y→0

x3 − y

x3 + y

)
; lim

y→0

(
lim
x→0

x3 − y

x3 + y

)
; lim

x→0
y→0

x3 − y

x3 + y
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Ðåøåíèå.
Âû÷èñëèì ïåðâûé èç ïîâòîðíûõ ïðåäåëîâ

lim
x→0

(
lim
y→0

x3 − y

x3 + y

)
= lim

x→0

x3

x3
= 1

Âû÷èñëèì âòîðîé èç ïîâòîðíûõ ïðåäåëîâ

lim
y→0

(
lim
x→0

x3 − y

x3 + y

)
= lim

y→0

−y

y
= −1 ̸= 1

Ïîêàæåì, ÷òî äâîéíîé ïðåäåë íå ñóùåñòâóåò. Äëÿ ýòîãî íàéäåì ïðåäåëû

ïî íàïðàâëåíèÿì, çàäàííûì óãëàìè φ = 0 è φ =
π

2
.

Âû÷èñëèì ïðåäåë ïî íàïðàâëåíèþ φ = 0

lim
x→+0
y=0

x3 − y

x3 + y
= lim

x→+0

x3

x3
= 1

Òåïåðü ïîñ÷èòàåì ïðåäåë ïî íàïðàâëåíèþ, çàäàííîìó óãëîì φ =
π

2

lim
y→+0
x=0

x3 − y

x3 + y
= lim

y→+0

−y

y
= −1

Ïîñêîëüêó ïðåäåëû ïî ýòèì äâóì íàïðàâëåíèÿì îêàçàëèñü ðàçíûìè, òî
äâîéíîé ïðåäåë íå ñóùåñòâóåò.

Â ñëåäóþùåé çàäà÷å ïîâòîðíûå ïðåäåëû ñóùåñòâóþò è ðàâíû ìåæäó ñî-
áîé, à äâîéíîé ïðåäåë ïðè ýòîì íå ñóùåñòâóåò.

Çàäà÷à 6 (çàäàíèå �2, �37(2)) Íàéòè

lim
x→0

(
lim
y→0

xy

x2 + y2

)
; lim

y→0

(
lim
x→0

xy

x2 + y2

)
; lim

x→0
y→0

xy

x2 + y2

Ðåøåíèå.
Âû÷èñëèì ïåðâûé èç ïîâòîðíûõ ïðåäåëîâ

lim
x→0

(
lim
y→0

xy

x2 + y2

)
= 0

Âû÷èñëèì âòîðîé èç ïîâòîðíûõ ïðåäåëîâ
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lim
y→0

(
lim
x→0

xy

x2 + y2

)
= 0

Ïîêàæåì, ÷òî äâîéíîé ïðåäåë íå ñóùåñòâóåò. Äëÿ ýòîãî ñíà÷àëà íàéäåì
ïðåäåë ïî íàïðàâëåíèþ, çàäàííîìó óãëîì φ = 0

lim
x→+0
y=0

xy

x2 + y2
= 0

Òåïåðü ïîñ÷èòàåì ïðåäåë ïî íàïðàâëåíèþ, çàäàííîìó óãëîì φ =
π

4

lim
y→+0
x=y

xy

x2 + y2
= lim

y→+0

y2

2y2
=

1

2
̸= 0

Ïîñêîëüêó ïðåäåëû ïî ýòèì äâóì íàïðàâëåíèÿì îêàçàëèñü ðàçíûìè, òî
äâîéíîé ïðåäåë íå ñóùåñòâóåò.

Â ñëåäóþùåé çàäà÷å ïîâòîðíûå ïðåäåëû íå ñóùåñòâóþò, à äâîéíîé ïðåäåë
ïðè ýòîì ñóùåñòâóåò.

Çàäà÷à 7 Íàéòè

lim
x→0

(
lim
y→0

(
x sin

1

y
+ y sin

1

x

))
; lim

y→0

(
lim
x→0

(
x sin

1

y
+ y sin

1

x

))
;

lim
x→0
y→0

(
x sin

1

y
+ y sin

1

x

)
Ðåøåíèå.

Ïîñêîëüêó ïðè ëþáîì x ̸= 0 ïðåäåë

lim
y→0

x sin
1

y

íå ñóùåñòâóåò, òî íå ñóùåñòâóåò è ïåðâûé èç ïîâòîðíûõ ïðåäåëîâ.
Àíàëîãè÷íî, ïîñêîëüêó ïðè ëþáîì y ̸= 0 ïðåäåë

lim
x→0

y sin
1

x
íå ñóùåñòâóåò, òî íå ñóùåñòâóåò è âòîðîé èç ïîâòîðíûõ ïðåäåëîâ.
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Ïîêàæåì, ÷òî äâîéíîé ïðåäåë ñóùåñòâóåò. Äåéñòâèòåëüíî,∣∣∣∣x sin 1

y
+ y sin

1

x

∣∣∣∣ ⩽ ∣∣∣∣x sin 1

y

∣∣∣∣+ ∣∣∣∣y sin 1

x

∣∣∣∣ ⩽ |x|+ |y| ⩽ 2ρ → 0 (ρ → 0)

Ïîýòîìó äâîéíîé ïðåäåë

lim
x→0
y→0

(
x sin

1

y
+ y sin

1

x

)
= 0

Íåïðåðûâíîñòü ôóíêöèè äâóõ ïåðåìåííûõ

Îïðåäåëåíèå 4 Ôóíêöèþ f(x, y) íàçûâàþò íåïðåðûâíîé â òî÷êå
(x0, y0), åñëè îíà îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè ýòîé òî÷êè è ñó-
ùåñòâóåò äâîéíîé ïðåäåë

lim
x→x0
y→y0

f(x, y) = f(x0, y0)

Çàäà÷à 8 (çàäàíèå �2, �54) Íàéòè çíà÷åíèå a, ïðè êîòîðîì ôóíêöèÿ

u =


x2y

x4 + y2
, åñëè x2 + y2 ̸= 0,

a , åñëè x2 + y2 = 0,

â òî÷êå (0, 0) ÿâëÿåòñÿ

1) íåïðåðûâíîé ïî ïðÿìîé x = αt, y = βt, α2 + β2 ̸= 0;

2) íåïðåðûâíîé ïî êðèâîé y = αx2;

3) íåïðåðûâíîé.

Ðåøåíèå.

1) Íà ïðÿìîé x = αt, y = βt, α2 + β2 ̸= 0 ôóíêöèÿ u ÿâëÿåòñÿ
ôóíêöèåé îäíîé ïåðåìåííîé

u = u(t) =


α2β t

α4t2 + β2
, åñëè t ̸= 0,

a , åñëè t = 0,

Ýòà ôóíêöèÿ íåïðåðûâíà ïðè t = 0 òîãäà è òîëüêî òîãäà, êîãäà a = 0.
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2) Íà ïàðàáîëå y = αx2 ôóíêöèÿ u ÿâëÿåòñÿ ôóíêöèåé îäíîé ïåðåìåííîé

u = u(x) =


αx4

x4 + α2x4
, åñëè x ̸= 0,

a , åñëè x = 0,
=


α

1 + α2
, åñëè x ̸= 0,

a , åñëè x = 0,

Ýòà ôóíêöèÿ íåïðåðûâíà ïðè x = 0 òîãäà è òîëüêî òîãäà, êîãäà

a =
α

1 + α2
.

3) Äîêàæåì, ÷òî äâîéíîé ïðåäåë

lim
x→0
y→0

x2y

x4 + y2

íå ñóùåñòâóåò.

Äåéñòâèòåëüíî, åñëè áû ýòîò ïðåäåë ñóùåñòâîâàë, òî îí áûë áû ðàâåí
ïðåäåëàì ïî íàïðàâëåíèÿì, à èìåííî, 0, êàê ìû âûÿñíèëè â ïóíêòå 1).

Ñ äðóãîé ñòîðîíû, îí äîëæåí áûë áû áûòü ðàâíûì ïðåäåëó ïî ïàðàáîëå

y = x2 , êîòîðûé ìû íàøëè â ïóíêòå 2), à èìåííî,
1

2
.

Ïîñêîëüêó ýòè ïðåäåëû íå ñîâïàäàþò, òî äâîéíîé ïðåäåë íå ñóùåñòâóåò.
Çíà÷èò, ôóíêöèÿ u íå ÿâëÿåòñÿ íåïðåðûâíîé íè ïðè êàêîì çíà÷åíèè
a.

Îòâåò. 1) a = 0; 2) a =
α

1 + α2
;

3) ôóíêöèÿ íå ÿâëÿåòñÿ íåïðåðûâíîé íè ïðè êàêîì çíà÷åíèè a.

Ðàâíîìåðíàÿ íåïðåðûâíîñòü ôóíêöèè äâóõ ïåðåìåííûõ

Îïðåäåëåíèå ðàâíîìåðíîé íåïðåðûâíîñòè ôóíêöèè äâóõ ïåðåìåííûõ íà
ìíîæåñòâå A ïîëíîñòüþ àíàëîãè÷íî ñîîòâåòñòâóþùåìó îïðåäåëåíèþ äëÿ
ôóíêöèè îäíîé ïåðåìåííîé.
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Îïðåäåëåíèå 5 Ôóíêöèþ f(x, y) íàçûâàþò ðàâíîìåðíî íåïðåðûâíîé íà
ìíîæåñòâå A, åñëè

∀ε > 0 ∃δ(ε) > 0 : ∀(x1, y1) ∈ A ,∀(x2, y2) ∈ A,√
(x1 − x2)2 + (y1 − y2)2 < δ(ε) ⇒ |f(x1, y1)− f(x2, y2)| < ε

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà Êàíòîðà. Ôóíêöèÿ, íåïðåðûâíàÿ íà çàìêíóòîì îãðàíè÷åííîì
ìíîæåñòâå, ðàâíîìåðíî íåïðåðûâíà íà ýòîì ìíîæåñòâå.

Ðåøèì çàäà÷ó èç äîìàøíåãî çàäàíèÿ.

Çàäà÷à 9 (çàäàíèå �2, �77(3)) Èññëåäîâàòü íà ðàâíîìåðíóþ íåïðåðûâ-
íîñòü ôóíêöèþ

f(x, y) = sin
1

x2 + y2 − 1

íà ìíîæåñòâå A = {x2 + y2 < 1}.

Ðåøåíèå.
Äîêàæåì, ÷òî ôóíêöèÿ f(x, y) íå ÿâëÿåòñÿ ðàâíîìåðíî íåïðåðûâ-

íîé íà ìíîæåñòâå A. Äëÿ ýòîãî ðàññìîòðèì ýòó ôóíêöèþ íà ìíîæåñòâå
A ∩ {y = 0} :

f(x, 0) = sin
1

x2 − 1
, x ∈ (−1; 1).

Íàéäåì òî÷êè x ∈ (0; 1) , â êîòîðûõ f(x, 0) = 1 :

sin
1

x2 − 1
= 1

1

x2 − 1
=

π

2
− 2πn, n ∈ N

xn =

√
2

π − 4πn
+ 1, n ∈ N

Íàéäåì òî÷êè x̃ ∈ (0; 1) , â êîòîðûõ f(x̃, 0) = −1 :
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sin
1

x̃2 − 1
= −1

1

x̃2 − 1
= −π

2
− 2πn, n ∈ N

x̃n =

√
− 2

π + 4πn
+ 1, n ∈ N

Çàìåòèì, ÷òî

lim
n→∞

xn = lim
n→∞

x̃n = 1

ïîýòîìó

lim
n→∞

|xn − x̃n| = 0

Ñëåäîâàòåëüíî,

∀δ > 0 ∃N0 : ∀n ⩾ N0 → |xn − x̃n| < δ

Òåïåðü ïîñòðîèì îòðèöàíèå ê îïðåäåëåíèþ ðàâíîìåðíîé íåïðåðûâíîñòè
ôóíêöèè íà ìíîæåñòâå A.

∃ ε = 2 > 0 : ∀δ > 0 : ∃ (xN0
, 0) ∈ A ,∃ (x̃N0

, 0) ∈ A,

|xN0
− x̃N0

| < δ ⇒ |f(xN0
, 0)− f(x̃N0

, 0)| = 2 ⩾ ε

Äîêàçàíî.

Îòâåò. Ôóíêöèÿ íå ÿâëÿåòñÿ ðàâíîìåðíî íåïðåðûâíîé íà ìíîæåñòâå A.

Cïàñèáî çà âíèìàíèå.
Íå áîëåéòå!
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